Meridional circulation in the atmospheres of uniformly rotating stars of early spectral type by Smith, Robert Connon
 
 
 
 
 
 
 
https://theses.gla.ac.uk/ 
 
 
 
 
Theses Digitisation: 
https://www.gla.ac.uk/myglasgow/research/enlighten/theses/digitisation/ 
This is a digitised version of the original print thesis. 
 
 
 
 
 
 
 
 
Copyright and moral rights for this work are retained by the author 
 
A copy can be downloaded for personal non-commercial research or study, 
without prior permission or charge 
 
This work cannot be reproduced or quoted extensively from without first 
obtaining permission in writing from the author 
 
The content must not be changed in any way or sold commercially in any 
format or medium without the formal permission of the author 
 
When referring to this work, full bibliographic details including the author, 
title, awarding institution and date of the thesis must be given 
 
 
 
 
 
 
 
 
 
 
 
 
 
Enlighten: Theses 
https://theses.gla.ac.uk/ 
research-enlighten@glasgow.ac.uk 
M eridional c ir c u la t io n  
in  th e  atmospheres o f u n iform ly  r o ta t in g  s ta r e
o f ea r ly  s p e c tr a l  type
by
Robert Connon Smith
T h esis  
subm itted  to  the  
UNIVERSITY Of GLASGOW 
fo r  th e  degree o f  
Ph.D.
hexDartment o f Astronomy, 
U n iv e r s ity  o f Glasgow, 
Glasgow TV.2, October 1967
ProQuest Number: 10760478
All rights reserved
INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.
In the unlikely event that the author did not send a com p le te  manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.
uest
ProQuest 10760478
Published by ProQuest LLC(2018). Copyright of the Dissertation is held by the Author.
All rights reserved.
This work is protected against unauthorized copying under Title 17, United States C ode
Microform Edition © ProQuest LLC.
ProQuest LLC.
789 East Eisenhower Parkway 
P.O. Box 1346 
Ann Arbor, Ml 48106- 1346
CONTENTS
Page
SUMMARY i
PREFACE i i i
CHAPTER 1 . INTRODUCTION
I.O b serva tion s
1 .R ota tion  1
2 .Turbulence 5
3 .Magnetism and abundance anom alies 6
4 .R o ta tio n a l spread o f  the main sequence 9
II .T h eory
1.The o r ig in  o f  m eridian c ir c u la t io n  10
2 . M ixing 12
3 .S te a d y -s ta te  co n fig u r a tio n s  14
4 , Su rf ace co n d itio n s 18
5 .O bservational consequences 23
6 .B inary s ta r s  27
CHAPTER 2. DESCRIPTION OF THE BASIC MODEL
1 .Assumptions 29
2 .Equations 39
3 .D e f in it io n s  42
CHAPTER 3 . MERIDIAN CIRCULATION HI AN ATMOSPHERE TEETH A
LOCAL ENERGY TRANSPORT EQUATION
1.The equations 46
2 .D eriv a tio n  and d is c u ss io n  o f the
c ir c u la t io n  cu rren ts 49
3 .Order o f  magnitude o f  the v e lo c i t i e s  a t the  
base o f  the atmosphere
4 .Range o f  v a l id i t y  o f  the theory
54
59
CHAPTER 4 . NON-LOCAL RADIATIVE TRANSFER IN A NON- 
SPHERICAL ATMOSPHERE
1.The equation  o f  tr a n s fe r
2 .A form al exp ress ion  fo r  v s
3 .Methods o f  so lu t io n  o f  the tr a n s fe r  equation
4 .The g e n e ra liz ed  Eddington approxim ations
5 .The n o n -lo c a l equation s in  the (s  
system
65
77
80
86
93
CHAPTER 5 , BOUNDARY CONDITIONS AND THE FORMAL SOLUTION 
OF THE NON-LOCAL THEORY
1 .General co n sid era tio n s
2 .N o n -ro ta tin g  atmospheres -  the p la n e-  
p a r a l le l  approxim ation
3 .E f fe c t s  o f curvature
4 .R o ta tin g  atmospheres -  formal s o lu t io n  in  
the p la n e -p a r a lle l  case
96
103
107
109
CHAPTER 6 . SOLUTION OF THE NON-LOCAL THEORY HI THE
PLANE -PARALLEL APPROXEIATION AN]) for SLovJ w r«noi4
1 . Perturb a t ion  equation s and boundary co n d itio n s 116
2 .The zero order s o lu t io n  120
3 .The f i r s t  order s o lu t io n  123
4 .The c ir c u la t io n  cu rren ts 130
5 .The Richardson number 138
Page
CHAPTER 7 . DISCUSSION OP THE TURBULENT SUIiPAGE LAYER
1„General consequences o f  tiie f a i lu r e  o f  the  
h y d r o s ta t ic  approxim ation
2 .A s e l f - c o n s i s t e n t  order-of-m agnitude model
3 .The model in  more d e t a i l
4 .Q u a lita t iv e  d isc u ss io n  o f  the emergent f lu x
142
152
159
173
CHAPTER 8 SUMMARY AND CONCLUSIONS 173
APPENDIX I ZERO-ROTATION MAIN SEQUENCE
1 .Theory
2 .A p p lica tio n  o f th eory
3 .A method o f f in d in g  v. 
4 .S tr i t tm a t t e r ’s method fo r  f in d in g  n
183
185
188
190
APPENDIX I I .  PROPERTIES OP h(pjr) 194
APPENDIX I I I .  THE GENERAL ENERGY LALANCE EQUATION 200
APPENDIX IV.
APPENDIX V.
SINGULAR PI 1ETURB AT I ON THEORY
1.The problem s ta te d
2 .General r e s u lt s
3 .The problem i l lu s t r a t e d
4.Lighthi11’s method
5 .A s o lu t io n  fo r  r n
6 .The in te r p r e ta tio n  o f  s
SOME RELATIONS INVOLVING
1. A1geb r a i  c r e 1at i  ons
2 .D if f e r e n t ia l  r e la t io n s
203
203
205
209
210
212
216
219
Page
APPENDIX VI. NUMERICAL VALUES FOR 0 AND J _^o 1
1.The va lu e  o f  6 222o
2 .The va lu e  o f  j£  ^ 224
APPENDIX V II. SOLUTION OF THE LOCAL EQUATIONS BY 
PERTURBATION METHODS
1.The lo c a l  equations in  the p la n e -p a r a lle l  
approxim ation 226
2 .The zero order s o lu t io n s  229
3 .The f i r s t  order so lu t io n s  230
4 .The "exact" s o lu t io n  231
APPENDIX V III. BEHAVIOUR OF THE ZERO ORDER FUNCTIONS 234
APPENDIX IX. ALTERNATIVE DERIVATION OF EQUATIONS (4 .1 6 )
AND (4.1Q ) 242
APPENDIX X. NOTES TO CHAPTER 7 243
REFERENCES 246
SUMMAHT
I t  has been recogn ised  s in c e  1925 (Eddingtons "The In ter n a l  
C o n stitu tio n  o f the S tars"  (C .U .P . 1930, p , 285) th a t von Z e ip e l!s 
paradox fo r  un iform ly r o ta t in g  s ta r s  cou ld  be r e so lv e d  i f  a la r g e -  
s c a le  c ir c u la t io n  were s e t  up in  m eridian p la n e s . In v e s t ig a t io n s  
s in c e  then have shown, amongst o th er  th in g s , th a t th e  v e lo c i t y  o f  the  
c ir c u la t io n  currents i s  in v e r s e ly  p rop ortion a l to  the d e n s ity . Thus, 
even though the cu rren ts are very  slow  deep in s id e  a s t a r ,  they  become 
v ery  f a s t  near the su r fa c e . I f  s im p le , zero d e n s ity  boundary 
co n d itio n s  are a p p lied  a t the su r fa c e , th ere  i s  a form al s in g u la r ity  
t h e r e ,
Although th e  su rface  la y e r s  o f  n o n -ro ta tin g  s ta r s  are now 
understood in  co n sid era b le  d e t a i l ,  the same cannot be s a id  fo r  
r o ta t in g  s t a r s .  I t  appears th a t a d e ta i le d  th eory  o f  the su rface  
la y e r s  must take c ir c u la t io n  in to  accou n t. The main purpose o f t h is  
t h e s i s  i s  to  develop such a  th eory , w ith  p a r t ic u la r  emphasis on the  
removal o f  the su r fa ce  s in g u la r i t y .
This s in g u la r i t y  must a r is e  from the n e g le c t  o f  some 
im portant p h y sica l f a c t o r .  I t  has norm ally been assumed th a t v isc o u s  
and i n e r t ia l  fo rc es  are n e g l ig ib le ,  and th is  assum ption must c le a r ly  
be q u estion ed  when the th eory  p r e d ic ts  very  la rg e  v e l o c i t i e s .
However, a prelim in ary  in v e s t ig a t io n  by the author (Sm ith: Z .fttr
i
A strop h ys, 6^  166 1966) su ggested  th a t th is  assum ption i s  v a l id  
a r b i t r a r i ly  near the su rface  i f  the r o ta t io n  speed i s  slow  enough.
An assum ption which i s  c e r ta in ly  in v a l id  whatever the r o ta t io n  speed  
i s  th a t  the photon mean fr e e  path i s  sh o rt near the su r fa c e . That 
assum ption i s  im p l ic i t  in  the use o f  an equation fo r  the r a d ia t iv e  f lu x  
o f  a form norm ally used  on ly  in  the th eo ry  o f s t e l l a r  in t e r io r s .  
A ccord in g ly , a th eory  o f  the su rface  la y e r s  has been developed in  t h is  
t h e s i s  which u ses  the n o n -lo c a l r a d ia t iv e  tr a n s fe r  equation  appropriate  
to  the theory oD s t e l l a r  atm ospheres.
I t  i s  found th a t ,  although the use o f a n o n -lo c a l tr a n s fe r  
equation  does remove the formal s in g u la r i t y  a t the su r fa c e , the  
c ir c u la t io n  speeds near the su rface  are s t i l l  u n r e a l i s t i c a l ly  la r g e ,  
V/lien the assumption th a t v isco u s and i n e r t i a l  fo r c e s  can be n e g le c te d  
i s  re-exam ined, i t  i s  found th a t , a lthough  in e r t ia l  fo r c e s  do become 
im portant near the su r fa c e , th ese  fo r c e s  are not s u f f i c i e n t  to  damp the  
speed o f  the flo w . However, the c ir c u la t io n  v io la t e s  a s t a b i l i t y  
c r i t e r io n  based on the Richardson number ( s e e ,  fo r  exam ple, L, P ran d tl, 
E s s e n t ia ls  o f F lu id  Dynamics, D laclcie 1952 ), and th e  flow  becomes 
tu rb u len t in  a th in  su rfa ce  la y e r . Turbulence s e t s  in  when the flow  
speeds are o f the order o f  the speed o f  sound, and tu rb u len t v i s c o s i t y  
then a c ts  to  prevent the speeds from fu r th e r  in c r e a s in g , A 
q u a l ita t iv e  model o f  the turbu len t su rfa ce  la y e r  has been developed , 
on the b a s is  o f order-of-m agnitude e s t im a te s . A lthough no d e ta i le d  
p r e d ic t io n  i s  g iven  fo r  the emergent f lu x ,  i t  i s  concluded th a t the  
commonly used von Z e ip e l grav ity -d ark en in g  cannot be co rrec t when 
a tu rb u len t la y e r  i s  p resen t.
PREFACE
In Cha.ptor 1 o f  th is  t h e s is  a general survey  i s  g iven  o f  
previous work in  the f i e l d  o f r o ta t in g  s t a r s ,  w ith  p a r t ic u la r  re fer e n c e  
to  the problem o f  m erid ion a l c ir c u la t io n .  In the f i r s t  s e c t io n  o f the  
chapter some re lev a n t ob servation s are discussed^ in  the second s e c t io n  
a d isc u ss io n  i s  g iven  o f the th e o r e t ic a l  r e s u lt s  which le d  to  the  
fo m u la t io n  o f the p resen t problem.
In order to  make the problem tr a c ta b le , i t  was n ecessa ry  to  
make variou s assum ptions and s im p l i f ic a t io n s ,  These are d iscu sse d  in  
Chapter 2 ,
The in t e r io r  model adopted i s  th a t o f Roxburgh, G r if f i t h  and
' i
Sweet ( l9 ^ 5 )# These authors did not d iscu ss  the problem o f m erid ional 
c ir c u la t io n , and the f i r s t  stage  o f the present in v e s t ig a t io n  was to  
d er iv e  the c ir c u la t io n  in  the outer la y e r s  o f th e ir  m odel. This work, 
which has been piiodished (Smith 1966) ,  i s  d escrib ed  in  Chapter 3 .
The model d escrib ed  in  Chapter 3 i s  n ot r e a l i s t i c ,  s in c e  th e  
tr a n s fe r  o f  r a d ia tio n  i s  not prop erly  tr e a te d . In Chapters 4 to  6 a 
model i s  developed which does g iv e  a proper treatm ent o f r a d ia t iv e  
t r a n s fe r , but which i s  based on the assum ption th a t v isc o u s  and i n e r t ia l  
fo r c e s  are n e g l ig ib le .
I t  i s  found in  Chapter 6 th a t the flow  becomes tu rb u len t near  
the su r fa c e . The e f f e c t  o f th is  turbu len ce i s  d iscu ssed  in  Chapter 7> 
whore a q u a lita t iv e  model o f a tu rb u len t la y e r  i s  developed , w ith  
p a r t ic u la r  re feren ce  to  co n d itio n s  a t the su r fa c e . The f in a l  model i s
summarized in  Chapter 8 ,
The work in  Chapters 3 to  8 o f  the th e s is  was done by the  
au th or, w ith  the ex cep tio n  o f s e c t io n  3 o f  Chapter 4 ? which i s  a 
d is c u s s io n  o f var iou s well-known methods o f s o lu t io n  o f the tr a n s fe r  
eq u a tio n , and Chapter 5> which i s  m ostly  a p r e sen ta tio n  o f  known th eory  
in  a form su ita b le  fo r  u se in  the p resen t problem.
The work fo r  th is  t h e s is  was ca rr ied  out w h ile  the author was
a resea rch  stu d en t, and la t e r  a member o f  s t a f f ,  in  th e  Department o f  
Astronomy in  the U n iv e r s ity  o f  Glasgow, One year  o f  the research  
stu d e n tsh ip  was spent in  the Department o f  A pplied Ilathem atics ond 
T h e o r e tic a l P hysics in  the U n iv e r s ity  o f  Cambridge, end the author i s  
g r a te fu l  to  both U n iv e r s it ie s  fo r  p r o v is io n  o f f a c i l i t i e s .  He a lso  
w ish es to  acknowledge the r e c e ip t  o f  a grant from the S cien ce  PlGscorch  
C ouncil fo r  the p eriod  from October 1963 October 1966.
I t  i s  a p lea su re  to  thank P ro fe sso r  P .A . Sweet fo r  h is  
co n sta n t guidance and encouragement and fo r  time spent in  va lu ab le  
d is c u s s io n  o f the problem . The author i s  a lso  very  g r a te fu l to  
P r o fe sso r  L. M este l, who su p erv ised  him w h ile  in  Cambridge,
F in a lly , th e  author w ishes to  record h is  thanks to  h is  w ife
fo r  in v a lu a b le  h elp  in  th e  p reparation  o f  the ty p e s c r ip t .
CHAPTER 1
In tro d u ctio n
"Wherefore, s e e in g  we a ls o  are compassed about w ith  s o  g rea t  
a c lou d  o f w itn e s s e s , l e t  us . . . .  run w ith  p a tien ce  th e  race th a t i s  
s e t  b e fo re  u s , .
The New Testam ent, L e tte r  to  the Hebrews, Ch.12 , v . l .
I .  O bservations
1 .R ota tion
I t  has been known s in c e  the tim e o f  G a lile o  ( l 6 l 2 ) ,  who 
record ed  the motion o f  sp o ts  across th e  Sun's d isk , th a t the Sum 
r o ta te s  about i t s  a x i s .  Y/hen i t  was r e a l is e d  th a t the s ta r s  were
b od ies s im ila r  to  the Sun, i t  was reason ab le  to  suppose th a t ,  in
g e n e r a l, the s ta r s  a ls o  r o ta te d . However, s in c e  a s t a r  does n ot
p resen t a v i s ib l e  d is k , evidence o f  r o ta t io n  i s  n ot so  e a s i ly  or
d ir e c t ly  obtained as i t  i s  fo r  th e  Sun,
The method o f  m easuring s t e l l a r  r o ta t io n a l v e lo c i t i e s  
appears to  have been su g g ested  f i r s t  by Captain V/.de Y.r. Abney (l877)>  
a lthou gh  i t  was th ir ty -tw o  years b e fo re  the f i r s t  su c c e s s fu l  
measurement was made, by S c h le s in g e r  a t the A llegheny O bservatory  
( 1909) .  Abney's method used the f a c t  th a t the r a d ia l v e lo c i t y ,  
measured by the Doppler e f f e c t ,  v a r ie s  across the d isk  o f a s ta r  i f  
th e  s t a r  i s  r o ta t in g . Although i t  i s  not p o s s ib le  to  measure the  
r a d ia l  v e lo c i t i e s  a t op p osite  limbs se p a r a te ly , as can be done fo r  the
Sun, th e  v a r ia t io n  across the d isk  w i l l  cause a broadening o f  l in e s  in  
the s t a r ’s spectrum . Abney i l l u s t r a t e s  t h is  e f f e c t  by supposing th e  
s t e l l a r  d isk  to  be d iv id ed  in to  th ree  s t r ip s ,  one approaching the  
ob serv er , one s ta t io n a r y  and one r ec ed in g . The l ig h t  from the  
c e n tr a l s t r ip  g iv e s  r i s e  to  an u n sh ifte d  l in e ,  w h ile  th e  l in e s  
produced by the two ou ter  s t r ip s  are D o p p ler -sh ifted  in  o p p osite  
d ir e c t io n s .  In a r e a l  s ta r  the v e lo c i t y  in  the l in e  o f  s ig h t  v a r ie s  
sm oothly over the d isk  and one broadened l in e  r e s u l t s , Measurement 
o f  the w idth o f t h i s  l in e  g iv es  the l in e - o f - s ig h t  component o f  the  
e q u a to r ia l v e lo c i t y  o f  r o ta t io n . The measurements are com plicated  in  
p r a c tic e  by the need to  estim ate  the co n tr ib u tio n  o f o th er  broadening  
mechanisms, such as turbu lence and, e s p e c ia l ly  in  e a r ly  type s t a r s ,  
the S tark  e f f e c t .
a lthough Abney's method i s  the one in  gen era l use today , 
S c h le s in g e r 's  ob servation  was made in  a ra th er  d if f e r e n t  way, w h ile  
o b serv in g  the v e lo c ity -c u r v e  o f 5 L ib rae, an A lg o l-ty p e  e c l ip s in g  
b in a ry . ■The e f f e c t  he observed (S ch le s  in g er  1909, 1911; Forbes 1911) 
was due to  the fa in t  companion's su c c e s s iv e  ob scu ration  o f  the lim bs o f  
th e  b r ig h t  s ta r  at p a r t ia l  e c l ip s e ,  cau sin g  the measured r a d ia l v e lo c i t y  
to  be f i r s t  g rea ter  and then l e s s  than exp ected . He found the b r ig h t  
s ta r  to  be r o ta t in g  in  the same d ir e c t io n  as the o r b ita l  m otion, w ith  
a l in e - o f - s ig h t  component o f v e lo c i t y  o f  35 km /sec.
S ince th a t f i r s t  measurement, many ob servation s have been 
made o f  s ta r s  o f  a l l  ty p e s . The b e s t  recen t measurements have been 
summarised by A llen  ( 1963 , p .2 0 4 \  An in t e r e s t in g ,  and s t i l l
- 2 -
u n exp la in ed , fea tu re  o f  the r e s u lt s  i s  the stro n g  dependence o f  
e q u a to r ia l v e lo c i t y  on sp e c tr a l type (F ig , l ) ,  f i r s t  recogn ised  by 
Struve (1 9 3 0 ). This dependence has been confirm ed by d e ta ile d  
su rveys by (among o th e r s )  Su Shu Huang (1953) &nd Boiarchuk and 
Kopylov ( 195Q). On average, s ta r s  o f  e a r ly  sp e c tr a l  type ro ta te  
f a s t e r  than t io s e  o f  la t e r  ty p e , which r o ta te  on ly  s lo w ly , i f  a t a l l .  
The Sun, fo r  example, o f  type G2V, has an e q u a to r ia l v e lo c i t y  o f  about 
2 k m /sec .
In main sequence s ta r s  ( lu m in o s ity  c la s s  V) the d iv is io n  
between f a s t  and slow  r o ta to r s  occurs a t  about s p e c tr a l  type F, a t a 
p o in t where another d iv is io n  can be made. The s tr u c tu r e  o f  s ta r s  
v a r ie s  sy s te m a t ic a lly  w ith  t h e ir  c e n tr a l and su rface  tem p eratures.
The c e n tr a l tem perature determ ines the process o f  n u c le a r  energy  
g en era tio n  and the su r fa ce  tem perature determ ines th e  degree o f  
io n is a t io n  o f the su r fa ce  g a s e L ate -typ e  s ta r s  have o u ter  convection  
zones (F ig . 2 ) ,  caused by hydrogen io n is a t io n ,  which become n e g l ig ib le  
a t  about sp e c tr a l type F (Ll/M > 1 .7  5 StrBmgren 19^5 > Baker 1963), 
E a r ly -ty p e  s t a r s ,  whose f u l ly - io n iz e d  o u ter  la y e r s  are in  r a d ia t iv e  
eq u ilib r iu m , begin  to  develop c o n v e c tiv e  cores a t about the same 
s p e c tr a l  type (StrBmgren 1965)? due to  the change-over from the  
proton-proton  chain to  the more te m p e r a tu r e -se n s it iv e  CN c y c le  a 
method o f  hydrogen-burning.
Thus i t  appears th a t , in  g e n e r a l, s ta r s  w ith  co n v ectiv e  
co res and r a d ia t iv e  en velop es are f a s t  r o ta to r s , w h ile  s ta r s  w ith  
r a d ia t iv e  cores and ou ter  con vection  zones ( l ik e  the Sun) are slow
- 3-
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T'Tie dependence of < ve sin i > on spectral type is represented
(a) for stars of the luminosity classes III,  IV7 and V (after Boiarchuk and 
K opvlov1). T he open circles indicate values obtained after cor­
rection for the exclusion of Ap V or Am stars.
(b) for stars of the luminosity class V after correction for the exclusion 
of Ap or Am and Be stars.
(c) for stars of the luminosity classes I and II (after Boiarchuk and 
K opylov1). 1 U l t l ) ___________________________________
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S p e c t r a l  T y p e
Fig. 2. - -R e g io n s  in the Hertsprung-Russell D iagram . R e­
gions C and C'  correspond to stars w ith a convective zone, 
D without a convective zone. In region Cl stars present 
electrom agnetic and equatorial mass loss ; in region Oil ,  
only electrom agnetic m ass loss.
r o ta to r s . E .P .J , van don Heuvel has g iven  a recen t d isc u ss io n  o f  t h is  
c o r r e la t io n  ( 1965) and has su ggested  a s o lu tio n  in  terms o f  the  
m agnetic braking o f  la te - ty p e  s ta r s  by a c o -r o ta t in g  corona, the  
braking occu rrin g  a f t e r  the s ta r  has reached the main sequence, A 
recen t paper on the s o la r  wind by Srandt ( 1966) len d s some support to  
t h i s  id e a . On the o th er  hand, Schatzman ( 1962) favours m agnetic  
b rak in g  in  the pre--m ain-sequence phase o f  e v o lu tio n . His id ea s  have 
r e c e n t ly  been supported by W ilson ( 1966) and by d e ta i le d  c a lc u la t io n s  
by M estel ( 1967) .  O ther l e s s  con ven tion a l so lu t io n s  have been  
proposed ( e .g .  Gough 1966) but no exp lan ation  has y e t  gained general 
a ccep ta n ce ,
Whatever th e  exp lan ation  may b e , the c o r r e la t io n  enab les a 
s im p li f ic a t io n  to  be made in  the stu d y  o f  the e f f e c t s  o f r o ta t io n .
The e f f e c t s  w i l l  be g r e a te s t  in  e a r ly -ty p e  s ta r s  w ith  r a d ia t iv e  en velop es  
and sm all in  s ta r s  w ith  ou ter  con vection  zones, which are n o to r io u s ly  
more d i f f i c u l t  to  t r e a t  in  d e t a i l .  A ccord ingly , i t  i s  reason ab le  to  
r e s t r i c t  o n e s e lf ,  in  th e  f i r s t  in s ta n c e , to  c o n sid er in g  the th eo ry  o f  
m erid ional c ir c u la t io n , one o f  the e f f e c t s  o f  r o ta t io n , in  r a d ia t iv e  
atm ospheres. The th e o ry  i s  q u ite  d if fe r e n t  in  zones in  co n v ectiv e  
eq u ilib r iu m  (fierm ann 1951 , 1958? Kippenhahn 1959 ,1960 ,1963) and 
co n v ec tiv e  zones w i l l  n o t be con sid ered  in  th is  t h e s i s .  A b r ie f  
review  o f  the th eory  in  co n v ectiv e  envelopes has been g iven  by M estel 
( 1965) .  The problem i s  com plicated  by the need to  in trod u ce an 
a n iso tr o p ic  ( te n so r )  v i s c o s i t y ,  whose r a d ia l component i s  la r g e r  
than the oth er  components,
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2 .Turbulence
Measurements o f  r o ta t io n  by Abney’s method are com plicated  
by the fa c t  th a t l in e s  may be broadened by tu rb u len t m otions as w e ll  
as by r o ta t io n . Host ob servation s o f  turbu lence have been made o f  
la t e - ty p e  s ta r s  ( s e e ,  fo r  example, B e ll  and Rodgers 1964,1967) &nd th ere  
i s  l i t t l e  ev idence fo r  turbulence in  e a r ly -ty p e  s t a r s .  The 
phenomenon has been observed in  e a r ly -ty p e  s t a r s ,  however (U n d erh ill 
1967, personal communico,tion), and, in  view  o f  the p r e d ic t io n  o f  t h is  
t h e s is  th a t th ere  are tu rb u len t m otions in  the su rfa ce  la y er s  o f  a 
r o ta t in g  e a r ly -ty p e  s t a r ,  i t  i s  worth c o n sid er in g  v ery  b r i e f ly  the  
d i f f i c u l t i e s  in v o lv ed  in  ob serv in g  tu rb u len ce .
F ir s t  o f  a l l ,  the broadening due to  turbu lence must be 
d is tin g u ish e d  from th a t due to  r o ta t io n . In the paper in  which the  
phenomenon o f  tu rb u len ce  in  s ta r s  was f i r s t  c o n c lu s iv e ly  dem onstrated, 
Struve and E lvey (1934) showed th a t t h i s  cou ld  be done by u s in g  the  
curve o f  growth, s in c e  the grad ien t o f  the curve o f  growth i s  a f fe c te d  
by turbulence but not by r o ta t io n .
Second ly , the s i z e  o f  the tu rb u len t v e l o c i t i e s  can be 
estim ated  in  se v e r a l w .y s . These have been c o n v e n ien tly  summarized 
by Su Shu Hu.jig (1 9 5 0 ) , who d is t in g u is h e s  the fo llo w in g  th ree  methods s
( i )  l in e -p r o f  i l o  measurements 5 th e se  r e fe r  to  both la r g e  rind sm all 
e d d ie s , which broaden the l in o  in  d if f e r e n t  manners.
( i i )  curve o f  growth measurements; t h i s  i s  the commonest method, and 
y ie ld s  the most probable v e lo c i t y  o f  th e  sm all e d d ie s . I t  g iv es  
110 inform ation about la rg e  e d d ie s .
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( i i i )  D o p p ler -sh ift  measurements; th e se  r e fe r  to  in d iv id u a l la rg e  
e d d ie s .
In g e n e ra l, the r e s u lt s  from the th ree  methods d i f f e r ,  I f  measure­
ments are a v a ila b le  from both o f  the f i r s t  two m ethods, the d if fe r e n c e s  
may be used to  f in d  the spectrum o f  the tu rb u len ce . U n fortu n ately , 
l in e - p r o f i l e  measurements are o ften  n ot a v a ila b le  and i t  i s  then  
im p ossib le  to  say  how the energy i s  d is tr ib u te d  between variou s s iz e s  
o f  e d d ie s . The in te r p r e ta t io n  o f  the observed tu rb u len t v e lo c i t y  i s  
u n certa in  in  th a t c a se .
3 . Magnetism and abundance anom alies
Like r o ta t io n , a magnet..'c f i e l d  produces n a n -sp h er ica l  
d is to r t io n s  in  a s ta r  and the e f f e c t s  have to  be d is t in g u ish e d .
The f i r s t  s t e l l a r  m agnetic f i e l d  was measured by Babcock (1 9 4 7 )? who 
found ci f i e l d  o f  1500 gauss in  78 V i r , , a p e c u lia r  A -s ta r  (A2p), 
u s in g  the Zeeman e f f e c t ,  Babcock's la t e r  work su g g ests  th a t s t e l l a r  
m agnetic f i e ld s  are probably ub iqu itous(B abcock 1958a) and th a t  
stro n g  coherent m agnetic f i e l d s  e x i s t  in  a l l  r a p id ly  r o ta t in g  s ta r s  
w ith  su rface  con vection  zones (Babcock 1958b ) . The measured f i e l d s  
are o ften  o f  the order o f  k ilo g a u s s , and they a l l  vary  w ith  tim e, some 
ir r e g u la r ly . However, Babcock’s claim  th at rap id  r o ta t io n  and stro n g  
m agnetic f i e ld s  are c o r r e la te d  i s  based on c ir cu m sta n tia l ev id en ce , 
s in c e  he could not measure both in  the same s t a r  -  th e  Zeeman e f f e c t  
can on ly  be measured in  s ta r s  w ith  narrow sp e c tr a l l i n e s ,  and not in  
th ose  w ith  l in e s  broadened by r o ta t io n . Babcock’s argument i s
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based  on two fa c ts s  th a t most o f  the m agnetic s ta r s  which he observed  
were o f sp e c tr a l type A, and th a t i t  i s  in  t h is  sp e c tr a l  c la s s  th a t  
th e  mean angular v e lo c i t y  o f  s ta r s  reaches a maximum as a fu n ctio n  o f  
s p e c tr a l  type ("talker 1965b ) .
In order to  t e s t  h is  c la im , i t  i s  n ecessa ry  to  look  more 
c lo s e ly  at the s ta r s  in  which m agnetic f i e l d s  have been d e tec ted  to  
se e  i f  th ere  i s  any d ir e c t  ev id en ce fo r  r o ta t io n . Two groups o f  
sh a r p -lin e d  A -stars are im portant fo r  t h is  purpose (S le tte b a k  1954).
One i s  th a t o f  the m e ta l l ic  l in e  s ta r s  (Am) d efin ed  by Roman, Morgan 
and Eggen (1 9 4 $ ), o f  which a few p o ssess  weal: m agnetic f i e l d s  (a  few  
hundred gauss -  Babcock 1958b). Abt ( 1961) has su g g ested  th at the  
Am s ta r s  are probably a l l  b in a r ie s  w ith  in h e r e n tly  slow  r o ta t io n .  
S tr it tm a t te r  and Sargent ( 1966) g iv e  ev idence to  support the  
in te r p r e ta t io n  o f  the Am s ta r s  as i n t r in s i c a l l y  slow  r o ta to r s , and 
u se t h i s  in te r p r e ta tio n  to  determ ine e m p ir ic a lly  the approximate p o s it io n  
o f  the z e r o -r o ta t io n  main sequence fo r  c lu s te r s  in  which Am s ta r s  are  
found (se e  a lso  n ext s e c t io n ) .
The other group com prises the p e c u lia r  A -sta rs  (Ap), 
d isc u sse d  by, fo r  exam ple, Dentsch (l9 i3 6 ), which a l l  p o sse ss  stro n g  
f i e l d s .  There i s  disagreem ent as to  whether th e se  s ta r s  aro 
i n t r in s i c a l l y  slow  r o ta to r s  or whether th ey  are rap id  r o ta to r s  seen  
p o le -o n , us su ggested  by Babcock (1 9 5 8 b ). Evidence fo r  both  
p o s s i b i l i t i e s  has been d iscu sse d  r e c e n tly  by Walker ( 1965a ,b , 1966) 
who concludes f i n a l l y  ( 1966) ,  from a stu d y  o f abundances, th a t ,  
although some Ap s ta r s  may be seen  p o le -o n , Ap s ta r s  in  general
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MLJO.
s p e c t r a /  type
F i g . 3
S h o w s  the inc id en ce  o f  stars foun d  to p o sse ss  m a g n et ic  fields by 
Babcock. S o l id  bars indicate  m a g n et ic  stars, w h i le  o p e n  bar9 ind icate  
probab le  m agnet ic  stars.
cannot be ra p id ly  r o ta t in g  normal A -s ta rs  seen  p o le -o n . A s im ila r  
con c lu sion  was reached by Sargent and S ea r le  (1966)* and by Sargent 
and S tr it tm a tte r  ( 1966) ,  who showed th a t the abnorm ally weak helium  
l in e s  in  c er ta in  B -s ta r s  cannot be ex p la in ed  as b e in g  produced by 
asp ect e f f e c t s  in  r a p id ly  r o ta t in g  s t a r s ,  as had been su g g ested  by 
Huang and Struve (1956) and by G uthrie ( 1964) ,
However, th e  main con troversy  (and the argument i s  by no 
means over) cen tres  on th e  A -s ta r s , in  which sp e c tr a l  c la s s  Babcock 
found most stows w ith  m agnetic f i e l d s .  Indeed, h is  r e s u l t s  (F ig . 3) 
su g g est th a t th ere are v ery  few m agnetic s ta r s  o u ts id e  the range B5 
to  F2, but th is  co n c lu s io n  i s  ra th er  dou btfu l because o f  o b serv a tio n a l  
s e l e c t io n .  For ease  o f  measurement, sh a r p -lin e d  s t a r s ,  such as Ap or 
Am, are to  be p re fe rr e d , and F ig . 3 probably on ly  means th a t  Babcock 
observed fa r  more s t  r s  o f  t h i s  k ind than o f any o th e r , and th ere fo re  
an u n n a tu ra lly  h igh  proportion  o f  A -s ta r s . Indeed, he p o in ts  th is  
out in  h is  ca ta logu e (Babcock 1956a). There i s  no o b serv a tio n a l  
re.eson why B O -stars, fo r  exam ple, sh ou ld  not a ls o  p o sse ss  la rg e  
m agnetic f i e l d s .
I t  i s  o b v io u sly  im portant to  ob ta in  good th e o r e t ic a l  models 
o f  r o ta t in g  s ta r s  in  order to  be ab le  to  decide more d e f in i t e ly  
between the variou s in te r p r e ta t io n s  o f  th e  ob serva tion s o f  the Am and 
Ap s t a r s .  In p a r t ic u la r , i t  i s  im portant to  know what e f f e c t  
c ir c u la t io n  cu rren ts cou ld  have near the su r fa c e , s in c e  some observed  
abundances might perhaps be exp la in ed  i f  i t  were p o s s ib le ,  fo r  example, 
fo r  m a ter ia l to  be m ixed throughout th e  s ta r  by the c u r re n ts . This
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t h e s i s  confirm s th a t th a t i s  u n l ik e ly .  C ircu la tio n  cu rren ts may a ls o
be exp ected  to  a f f e c t  m agnetic f i e l d s .  However, i t  seems l i k e l y  th a t
in  s ta r s  w ith  stro n g  m agnetic f i e l d s  th ere  i s  no c ir c u la t io n  (M estel 
1966, personal communication -  see  Chapter 7 ) .  S tro n g ly  m agnetic  
s ta r s  w i l l  n o t, th e r e fo r e , be con sid ered  in  th is  t h e s i s .
4 .R o ta tio n a l spread o f  the main sequence
Although m agnetic f i e l d s  undoubtedly e x is t  and are o f
im portance in  many r o ta t in g  s t a r s ,  th e y  are not them selves n e c e s s a r i ly
e f f e c t s  o f r o ta t io n . The main in t r in s i c  e f f e c t  o f  r o ta t io n  i s  to
d is to r t  the fip u re  o f  a r o ta t in g  s ta r  from a sp h ere . The a x is  o f
r o ta t io n  n e c e s s a r i ly  in trod u ces a p referred  d ir e c t io n  in  space and i t
i s  to  be expected  th a t  variou s observed q u a n tit ie s  w i l l  vary w ith  tho
angle  o f  in c l in a t io n ,  i ,  o f  the r o ta t io n  a x is  to  the l in e  o f  s ig h t .
Even the measured e q u a to r ia l r o ta t io n  v e lo c i t y  i s  a fu n c tio n  o f i ,
s in c e ,  i f  v^ i s  the a c tu a l e q u a to r ia l v e lo c i t y ,  the measured q u a n tity
i s  v  sin. i  . A ctual r o ta t io n  v e lo c i t i e s  can be found only i f  i  can
be determ ined, as in  e c l ip s in g  b in ary  system s. O therw ise,
s t a t i s t i c a l  a n a ly s is  i s  needed to  f in d  average v a lu e s  o f  v^ fo r  a
g iven  sp e c tr a l ty p e , and i t  has not been p o s s ib le  u n t i l  very  r e c e n t ly
to  f in d  v  fo r  a p a r t ic u la r  s t a r .  A method fo r  doin g  so has now been  e 0
d escr ib ed  by Roxburgh, Sargent and S t r i t t m .t t e r  ( 1966) .  The method 
makes use o f  the e f f e c t  o f  r o ta t io n  on the lu m in o s ity  and sp e c tr a l  
type (o r  co lou r) o f  a s t a r .
The f i r s t  q u a n tita t iv e  e stim a te  o f  t h i s  e f f e c t  was made by
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Sweet and Roy (1 9 5 3 ), who showed th a t r o ta t io n  cou ld  produce a spread  
in  a H ertzsoru n g-R u ssell diagram o f  as much as h a l f  a magnitude fo r  a 
given  sp e c tr a l ty p e . This cou ld  account fo r  a t l e a s t  part o f  the  
observed spread in  th e  upper h a l f  o f  the main sequence o f  c lu s te r s  
(S tr it tm a tte r  i 960) ,  even though t h e ir  r e s u lt s  need some m o d ifica tio n  
(Sweet 196p, personal com m unication). A more d e ta i le d  d iscu ss io n  o f  
the spread due to  r o ta t io n  i s  con ta in ed  in  Appendix I ,  where a 
c r i t ic is m  o f a method o f  o b ta in in g  th e  z e r o -r o ta t io n  main sequence fo r  
c lu s te r s  i s  g iv en . A d isc u ss io n  o f  th e o r e t ic a l  r e s u lt s  i s  g iven  in  
s e c t io n  I I  5 o f  t h i s  ch ap ter.
II .T h eory
l.T h e  o r ig in  o f  m eridian c ir c u la t io n
C ircu la tio n  cu rren ts in  the atmospheres o f  r o ta t in g  s ta r s  
cannot be d ir e c t ly  observed , and t h e ir  presence must be in fe r r e d  from 
t h e ir  e f f e c t  on o th er  q u a n tit ie s  which can be observed . I t  i s  
th e r e fo r e  e s s e n t ia l  to  have a th e o r e t ic a l  model which w i l l  g iv e  the  
e f f e c t s  o f  c ir c u la t io n  on the su rfa ce  co n d itio n s in  s t a r s .  I t  i s  
the aim o f  th is  t h e s is  to  provide such a m odel. In the r e s t  o f  t h is  
ch a r ter  a summary v / i l l  be given o f  the most im portant previous work 
on c ir c u la t io n  in  r o ta t in g  s t a r s .
The f i r s t  im portant th e o r e t ic a l  r e s u lt  i s  th a t due to  von 
Z e ip e l ( l9 2 4 a ,b ) ,  whose famous paradox concerns the r a te  o f  energy  
gen era tion  in  a un iform ly  r o ta t in g  s t a r .  Von Z e ip e l* s  r e s u lt  was th a t
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where £ i s  the ra te  o f  energy g en era tion  a t a p o in t where the d e n s ity  
i s  p, S L  i s  the con stan t angular sp eed  o f  r o ta t io n  and G i s  the  
g r a v ita t io n a l  c o n sta n t. I t  i s  c le a r  th a t , s in c e  the d e n s ity  
d ecrea ses  to  zero in  th e  outer la y e r s  o f  a s t a r ,  th e  energy gen era tion  
must become n eg a tiv e  a t some c r i t i c a l  d e n s ity  near the su r fa c e , th a t  
i s ,  energy w i l l  be absorbed ra th er  than l ib e r a te d . I t  appears th a t  
von Z e ip e l h im se lf  b e l ie v e d  t h is  r e s u lt  (Eddington 1 9 2 5 ), but i t  i s  
n ot now taken s e r io u s ly ,  although th ere  i s  s t i l l  a p la ce  in  the th eory  
fo r  a c r i t i c a l  d e n s ity , as w i l l  be seen  la t e r  (M estel 1 9 6 6 ), The 
paradox was r e so lv e d  alm ost s im u lta n eo u sly  by Vogt ( l9 2 p )  ond 
Addington ( l9 2 p ) .  Eddington g iv es  a very  c le a r  d is c u ss io n  o f  the  
problem in  h is  book (1930 , pp 2 8 2 -2 8 0 ).
Von Z e ip e l* s r e s u lt  depends on the s t r i c t  m aintenance o f  
r a d ia t iv e  eq u ilib r iu m , th a t i s ,  on th e  b a lan cin g  o f  the d ivergence o f  
the r a d ia t iv e  f lu x  o n ly  by (n u c lea r ) energy g en era tio n . The paradox 
may be r eso lv ed  by removing t h is  s t r i c t  c o n d itio n . In th a t c a se , 
eq u ilib r iu m  must be m aintained by some a d d it io n a l form o f  energy  
tr a n sp o r t . An obvious tran sp ort p rocess i s  c o n v ectio n . However, 
co n v ectio n  in  t h i s  co n tex t has n ot th e  meaning u s u a lly  understood in  
s t e l l a r  s tr u c tu r e . An atmosphere in  r a d ia t iv e  eq u ilib r iu m  i s  sa id  to  
be u n sta b le  a g a in st (ord in ary) con vection  i f  the tem perature grad ien t  
i s  g r e a te r  than the a d ia b a tic  tem perature grad ien t (S ch w arzsch ild 's  
c r i t e r io n  (1906) -  t h i s  c r it e r io n  i s  a lte r e d  in  the presen ce o f  a
m agnetic f i e l d  w ith  a v e r t ic a l  component, which ten ds to  s t a b i l i z e  the  
atmosphere (Gough and T ayler 1 9 6 6 )) . Convection then s t a r t s ,  and the  
tem perature grad ien t s e t t l e s  down to  a va lue n e a r ly  equal t o ,  and 
s l i g h t l y  g rea ter  than , the a d ia b a tic  v a lu e . In th a t case  most o f the  
energy i s  c a rr ied  by the con vection  currents and r a d ia t iv e  energy  
tra n sp o rt can be ign ored .
However, i f  the atmosphere i s  r a d ia t iv e ly  s t a b le ,  as i s  
assumed in  the p resen t c a s e , ord inary con vection  w i l l  not appear. 
In s te a d , la r g e -s c a le  lam inar c ir c u la t io n  currents are s e t  up, caused  
by th e  break-down in  r a d ia t iv e  eq u ilib r iu m , the tem perature grad ien t  
rem ains su b ad iab atic  and the r a d ia t iv e  f lu x  c a r r ie s  most o f the en ergy . 
The 1 a r g e -sc a le  -con vection "  currents carry  only  enough energy to  
m ain ta in  a stead y  s t a t s ,  and the s tr u c tu r e  i s  s t i l l  e s s e n t ia l ly  th a t  
o f  a reg ion  in  r a d ia t iv e  eq u ilib r iu m . The c ir c u la t io n  i s  confined  
to  m eridian p lanes and i s  g e n e r a lly  r e fe r r e d  to  as m erid ian , or 
m er id io n a l, c ir c u la t io n . C ir cu la tio n  o f th is  kind may a lso  occur in  
zones o f  weak con vection  where much o f  the energy i s  c a rr ie d  by 
r a d ia t io n . In th a t c a se , the flow  i s  turbu len t (Kippenhahn 1959)•
2 .M ixing
One e f f e c t  o f  the c ir c u la t io n  currents i s  to  mix the m a ter ia l  
o f  th e  s t a r .  C a lcu la tio n s by Eddington ( 1929) su g g ested  th a t the  
cu rren ts  were f a s t  enough to  keep th e  s t a r  w ell-m ixed  and th ere fo re  
o f  homogeneous com p osition . However, an inhomogeneous model was 
s u c c e s s fu l  in  e x p la in in g  the e x is te n c e  o f  red g ia n ts  (H oyle and
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L y ttle to n  1942), and when d e ta ile d  work on the e v o lu tio n  o f  v /e l l-  
mixed s ta r s  ceme to  he done by the Bondis and others about 1956 i t  
became apparent th a t th ere  was some disagreem ent w ith  ob servation  ( s e e  
I l e s t e l ' s  summary ( l 9 5 9 ) \  This d iscrep an cy  was ex p la in ed  when 
Eddington' s c a lc u la t io n s  were co rrec ted  by Swee t  (1950) sad Opik (1 9 5 1 ) ,  
They found, th a t the speed o f the cu rren ts in  the in t e r io r  was a 
m ill io n  tim es slow er than Eddington had p r e d ic te d , so  th a t the tim e 
req u ired  fo r  com plete m ixing i s  too  grea t fo r  s ta r s  to  be even n e a r ly  
homogeneous.
Further work on th is  problem was done by m este l (1 9 5 3 ), who 
in v e s t ig a te d  the e f f e c t  o f  a n on -con stan t m olecular w e ig h t. I t  was 
found th a t inh om ogeneities o f  th a t k ind  a lso  cause c ir c u la t io n  cu rren ts  
( "p-cu rren os"). These currents are in  the op p osite  sen se  to  the  
Eddington-Sweet c ir c u la t io n  and fu r th e r  reduce the m ixing e f f e c t  o f  
the l a t t e r .  I t  i s  now g e n e r a lly  ..greed th a t the m ixing by m erid ional 
c ir c u la t io n  currents i s  n e g l ig ib le  fo r  the purposes o f  s t e l l a r  
e v o lu t io n . This has been q u estion ed  by P o r f ir 'e v  (l9& 3), who p o in ts  
out th a t the above r e s u l t s  aro based on the assum ption o f uniform  
ro t a t io n , which w i l l  be r a p id ly  d estroyed  by Hie c ir c u la t io n  i t s e l f .  
Although th is  i s  tru e in  the absence o f  any c o n s tr a in t , the assumption  
may bo j u s t i f i e d  i f  a s u ita b le  c o n str a in t  i s  p o s tu la te d , as v / i l l  be 
seen  la t e r ,  P o r f ir 'e v  produces no q u a n tita t iv e  th eo ry  to  support h is  
con ten tion  th a t the speed  o f the cu rren ts i s  f a s t  enough in  a non- 
uniform ly r o ta t in g  s t a r  to  cause m ix in g , and h is  second se c t io n  
depends on the in v a lid  assum ption th a t  the su rfa ce  o f  a s ta r  i s  a
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stream lin e  o f  the c ir c u la t io n . A lso , h is  work on r o ta t io n  w ithout 
m eridian c ir c u la t io n  appears to  be c o n tra d ic ted  by th a t o f  Roxburgh 
(1 9 6 4 a ,b )# S ch w arzsch ild ’s paper on the same su b je c t  (1947) i s  wrong 
because o f  the in c o r r e c t  tru n ca tion  o f  a s e r ie s  (Roxburgh 1964a) and 
i t  i s  l ik e l y  th a t P o r f i r ’e v ’s paper i s  wrong fo r  a s im ila r  reason .
3 .Steady s t a t e  c o n fig u r a tio n s
The c ir c u la t io n  currents a r is in g  in  a s ta r  in  uniform  
r o ta t io n  carry angu lar momentum. The r e su lta n t  C o r io lis  fo rc es  
w i l l  r a p id ly  d estro y  the u n iform ity  o f  the r o ta t io n  u n le ss  th ere  i s  
some c o n s tr a in t . Such c o n str a in ts  w i l l  be con sid ered  s h o r t ly . In  
the absence o f  c o n s tr a in ts ,  on ly  two f in a l  stead y  s t a t e s  are p o s s ib le .  
The s ta r  must s e t t l e  down in  a s t a t e  o f  non-uniform  r o ta t io n , e ith e r  
w ithout m eridian c ir c u la t io n  or w ith  m eridian c ir c u la t io n  and w ith  the  
angular momentum per u n it  mass cons te n t  on stream l in e s  o f  the  
c ir c u la t io n  (Roxburgh 1964a). The l a t t e r  case i s  extrem ely  d i f f i c u l t  
to  t r e a t ,  as the r o ta t io n  law i s  in  general unknown i f  the stream  
l in e s  are unknown w h ile  the form o f  the stream l in e s  i s  i t s e l f  
determ ined by the r o ta t io n  law . This kind o f  problem recurs in  
every  case where s te a d y  c ir c u la t io n  cou ld  a r is e ,  and no s o lu t io n  i s  
y e t  known. A s o lu t io n  fo r  the case o f  aero c ir c u la t io n  has been 
g iven  by Roxburgh ( 1964a ,b ) .  In th a t case  the angular v e lo c i t y  i s  a
fu n c tio n  o f  the rad iu s on ly  and d ecreases outwards. His work 
r ep la c es  e a r l ie r  (in co rrec t^  work by Schw urzschild (1947) ^ d  two 
ra th er  a r t i f i c i a l  models due to  R osseland (1 9 3 6 ), Roxburgh has ,JLso
31101711( 1966) ,  by an ex ten s io n  o f  von Z e ip e l’s theorem (l9 2 4 & ,b ), th a t ,  
in  a r o ta t in g  s ta r  w ith  no c o n s tr a in ts , th ere  i s  no s te a d y  s t a t e  
co n fig u ra tio n  h ere  th e  angular v e lo c i t y  depends on ly  on the d is ta n ce  
from the r o ta tio n  a x is .
Some i t e r a t iv e  num erical work on the case o f  stea d y  
c ir c u la t io n  has been attem pted by H.Mohes varan ( l 9 66 , person al 
communication) who f in d s  th a t the c ir c u la t io n  breaks up in to  se v e r a l  
zo n es. This may be symptomatic o f  the r e s u lt  found by ST.Fricke 
( 1967 , personal communication; to  bo p u b lish e d ), who has been  
in v e s t ig a t in g  the s t a b i l i t y  o f  s t e a d y -s ta te  c o n fig u r a tio n s  w ithout 
c o n s tr a in ts .  He f in d s  th a t Roxburgh's model (Roxburgh 1964a ,b )  i s  
u n sta b le  to  sm all p er tu rb a tio n s . He has a lso  in v e s t ig a te d  the  
problem o f stead y  c ir c u la t io n  in  the r a d ia t iv e  zone o f  a Cowling 
m odel. Using the B oussinesq  approxim ation, lie has been ab le  to  
show th a t th is  co n fig u r a tio n  i s  a ls o  u n sta b le . He concludes th a t no 
s ta b le  stead y  s ta t e  co n fig u ra tio n  i s  p o s s ib le  fo r  a non-un iform ly  
r o ta t in g  s ta r  w ithout c o n s tr a in ts .
The th e o r e t ic ia n  i s  th e r e fo r e  fo rced  to  c o n sid er  the problem  
o f  r o t a t i  n in  the presence o f  c o n s tr a in t s .  S in ce  c o n s tr a in ts  are  
n e c essa ry  in  any c a se , i t  seems b e s t  in  th e  f i r s t  in s ta n c e  to  co n sid er  
c o n str a in ts  which keep th e  r o ta t io n  uniform . That ca se  has the  
advantage o f  s im p l ic i t y .  a l s o ,  th ere  i s  some o b ser v a tio n a l ev id en ce  
th a t  uniform r o ta t io n  may be the most r e a l i s t i c  assum ption (T .R .
S t  o e c k ley  196 7 > pe rs onal c ammuni c a t i  on) .
One p la u s ib le  c o n str a in t i s  v i s c o s i t y .  In s t e l l a r
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c o n d it io n s , however, m olecular end r a d ia t iv e  v i s c o s i t i e s  are "both so  
sm all th a t v isco u s fo r c e s  are g e n e r a lly  n e g l ig ib le  compared to  
c e n tr ifu g a l  fo r c e s , even near the su r fa c e  (Sm ith 1966) ,  In the  
in t e r io r  o f  a s ta r  th e  e f f e c t  o f  v isc o u s  fo r c e s  on the r o ta t io n  lav; 
i s  c e r ta in ly  n e g l ig ib le  ( Jeans 1 9 2 9 ). I f  th ere  i s  tu rb u len ce , the  
s i t u a t io n  i s  d i f f e r e n t .  Turbulent v i s c o s i t y  i s  many tim es g r ea ter  
than r a d ia t iv e  v i s c o s i t y  and may have an im portant e f f e c t .  This 
s i t u a t io n  has been con sid ered  by Kippenhahn (1959) Osaki ( 1966) 
and w i l l  be d iscu sse d  in  d e ta i l  in  Chapter 7 . The problem i s  g r e a t ly  
com H ic a te d  by the s t i l l  inadequate s t a t e  o f  the th eory  o f  tu rb u len ce ,
A process which may sometimes be e f f e c t iv e  i s  th e  braking o f  
a s t a r  by the r a d ia t iv e  tran sp ort o f angular momentum (Jeans 1926, 
1 9 2 9 ). However, in  most ca ses t h i s  e f f e c t  i s  much sm a ller  than  
th a t  o f  the C o r io lis  fo r c e s  and can be ign ored  (H oste l 196p) .
.Che in e f f e c t iv e n e s s  o f th ose  p ro cesses  and the prevalence  
o f  m agnetic f i e ld s  in  s t a r s ,  noted  in  s e c t io n  I 3, su g g es ts  th a t  
m agnetic fo rc es  are the most l ik e l y  ones to  have an ap p reciab le  e f f e c t  
on r o ta t io n . This has been supported by most o f  the recen t work on 
m agnetic so a r s . As in  a non-m agnetic s t a r ,  s t r i c t  u n ifo rm ity  o f  
r o ta t io n  i s  not p o s s ib le  because o f th e  p ertu rb in g  e f f e c t  o f  the  
c ir c u la t io n .  However, in  a m agnetic s ta r  two stea d y  s t a t e s  w ith  
c ir c u la t io n  are amenable to  treatm ent (Roxburgh 1963) .  In one o f
The r o ta t io n  may a lso  be a f fe c te d  by the "spin-down" mechanism 
d isc u sse d  r e c e n tly  by Howard, LToore and S p ie g e l ( 1967) ,  This 
mechanism should  a lso  tend to  make th e  r o ta t io n  uniform .
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th ese  the c e n tr ifu g a l fo rc e  i s  taken us the dominant p er tu rb a tio n , 
w ith  n e a r ly  uniform r o ta t io n  m aintained  by a weak p o lo id a l f i e l d .
In the oth er  case  the dominant p ertu rb ation  i s  a to r o id a l m agnetic  
f i e l d  o f  a p a r t ic u la r  form, T h ile  the f i r s t  case may be re lev a n t  
to  e a r ly -ty p e  r o ta t in g  s t a r s ,  the second seems u n l ik e ly  to  have any 
a p p lic a t io n  in  view  o f  th e o r ie s  o f  the o r ig in  o f  m agnetic f i e ld s  in  
s ta r s  (Roxburgh 1963 r l ie s t e l  1965) ,  a l l  o f  which su g g est much stro n g er  
p o lo id a l f i e ld s  than the second case would a llo w . No s o lu t io n  has 
y e t  been obtained fo r  any oth er  c a se .
As b e fo r e , a stea d y  s ta t e  w ithou t m eridian c ir c u la t io n  can 
a ls o  be con sid ered . Various s p e c ia l  models o f  non-uniform ly r o ta t in g  
m agnetic s ta r s  w ithout c ir c u la t io n  have been stu d ied  by Roxburgh and 
S tr it tm a tte r  (Roxburgh i 9 6 0 ,  Roxburgh and S tr i itm a t te r  1 9 6 6 a ,b ) .
These models d i f f e r  from the non-m agnetic models con sid ered  by 
Roxburgh ( 1964a ,b )  in  th a t the angu lar v e lo c i t y  in c r e a se s  outwards 
r ic h e r  than inw ards. These models are not ru led  out by F r ick e 's  
in v e s t ig a t io n s  on s t a b i l i t y .  However, the models used  are ra th er  
a r t i f i c i a l ,  s in c e  the m agnetic f i e l d  i s  p u rely  to r o id a l ,  b e in g  b u i l t  
up by Eiormann's "battery" e f f e c t  ( 1950) .  I t  i s  known ( l ie s t e l  and 
Roxburgh 1962) th a t even a very  weak p o lo id a l f i e l d  i s  enough to  
prevent the "battery" from o p era tin g , £nd i t  th e re fo re  seems u n lik e ly  
th a t the models o f  Roxburgh and S tr it tm a tte r  are a p p lic a b le  to  many 
r e a l s t a r s .
Thus, o f  the cases fo r  which s o lu t io n s  e x i s t ,  the on ly  ones 
which seem l ik e l y  to  be re lev a n t to  r e a l s ta r s  are th e  case  o f  a non-
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m agnetic s t a r  in  s te a d y  non-uniform  r o ta t io n  v/ithout c ir c u la t io n  and 
the case  o f  a m agnetic s t a r  v/ith c ir c u la t io n  and in  n e a r ly  uniform  
r o ta t io n . The l a t t e r  i s  th ere fo re  th e  only stea d y  s t a t e  model 
a v a ila b le  as a b a s is  fo r  a c lo s e r  stu d y  o f  m eridian c ir c u la t io n ,
4 ^Surface co n d itio n s
The c o n str u c tio n  o f  r o ta t in g  model s ta r s  i s  so  complex th a t  
u n t i l  r e c e n tly  the s im p le st  boundary co n d itio n s  have been taken . In  
gen era l th is  has meant ta k in g  sim ple zero  pressu re and tem perature 
c o n d itio n s a t th e  su r fa c e . In t h is  way a model can be con stru cted  
which g iv es  a good d e sc r ip t io n  o f  the in t e r io r  o f  the s ta r  but says  
very  l i t t l e  about the ou ter  la y e r s , Boundary c o n d itio n s  fo r  the  
v e lo c i t y  f i e l d  are a ls o  req u ired , end i t  i s  u s u a lly  assumed th a t  th e  
v e lo c i t i e s  a t the su r fa c e  are f i n i t e  and th a t th ere  i s  no n et  
outward flow  o f  m atter  through any c lo s e d  su rfa ce  surrounding the s t a r .  
(S e e , fo r  example, Sweet 1950.)
U n fortu n ate ly , i t  seems th a t th ese  boundary co n d itio n s  f o r  
the v e lo c i t y  f i e l d  are in c o n s is te n t  w ith  the sim ple zero pressure and 
tem perature boundary co n d itio n s  fo r  th e  s tr u c tu r e . That r e s u lt  i s
U  t f
im p l ic i t  in  O pik's paper (1 9 5 1 /. Opik used  a p ertu rb ation  th eory  to  
d eter-lin e  the c ir c u la t io n  currents in  a un iform ly r o ta t in g  s t a r ,  
em ploying an ex ten sio n  o f  von Z e ip e l ' s argument (Sddington 1930 ). 
Although h is  th eory  was accurate o n ly  to  the f i r s t  order in  the r a t io  
o f  c e n tr ifu g a l fo rce  to  g r a v ity , he r e ta in e d  a second order term, 
p rop ortion a l to  l /d e n s i t y ,  which became dominant near the su r fa c e .
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This term did  not cause trou b le  in  O pik's m odel, which had a su rfa ce  
con vection  zone in  which the th eory  was in v a l id .  There was th e r e fo r e  
no su g g estio n  o f  a s in g u la r i ty  a t the su r fa c e .
However, c e i’ta in  d i f f i c u l t i e s  presen t them selves even 
w ithout co n sid er in g  O pik's second order term. L lestel has noted  (1953 )  
th a t ,  although the r a d ia l component o f  the v e lo c i t y  f i e l d  in  S w eet's  
model ( l 950) i s  f i n i t e ,  the ta n g e n tia l component has s in g u la r i t i e s  a t  
the su rface  and a t th e  boundary o f  a con vection  zone. A model o f  
v isc o u s  d is s ip a t io n  was proposed to  r e so lv e  t h is  problem .
A more d e ta i le d  study o f  th e  behaviour o f  th e  c ir c u la t io n  
near the 'surface has been p u b lish ed  by Baker and Kippenhahn (1 9 5 9 ).
They showed th a t , near the su rface  o f a non-u n iform ly  r o ta t in g  s t a r ,  
the r a d ia l component o f  the v e lo c i t y  f i e l d  7/as p ro p o rtio n a l to  
l /d e n s i t y ,  even u s in g  a f i r s t  order p ertu rb ation  th eo ry . T heir paper 
showed th a t the f i n i t e  r a d ia l component in  Sw eet's work (1950) ~vTas cTuc 
e n t ir e ly  to  the use o f  uniform r o ta t io n , a s p e c ia l  ca se  o f  th e  more 
gen era l c la s s  o f  r o ta t io n  laws
r  s in
O . -  / c ,  + ■■ w - v - ■ ( 1 . 2 )
((?!, C2 c o n sta n ts) fo r  which a f i r s t  order p ertu rb ation  theory y ie ld s  
a f i n i t e  r a d ia l component a t the su r fa c e .
Although t h i s  r e s u lt  showed 'uniform r o ta t io n  to  be a s p e c ia l
w
case  when a f i r s t  order p ertu rb ation  th eory  i s  u sed , O pik's r e s u lt  
threw some doubt on the v a l id i t y  o f  a pertu rb ation  th eo ry  near the
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su r fa c e , s in c e  in  h is  model the second order term dominates over the  
f i r s t  order term as the su rface  i s  approached. To be sure why the  
s in g u la r i ty  occu rs, one should in v e s t ig a te  the behaviour o f  the  
v e lo c i t y  f i e l d  near th e  su rface  w ithout r e so r t in g  to  a p ertu rb ation  
th eo ry . This has r e c e n t ly  been done by M estel ( 1966) .  I t  i s  now 
c le a r  th a t the l /d e n s i t y  dependence i s  a general fe a tu r e  o f  the  
v e lo c i t y  f i e l d  fo r  any r o ta tio n  law , and th a t uni.torm r o ta t io n  i s  a 
s p e c ia l  case on ly  in  the sense th a t the l /d e n s i t y  terms are o f  second  
order in  the r a t io  o f  c e n tr ifu g a l fo r c e  to  g r a v ity  due to  the exact  
c a n c e lla t io n  o f  the s in g u la r  f i r s t  order term s, A s l i g h t l y  l e s s  
gen era l form o f  the same r e s u lt  had a lread y  been found by the  
p resen t author (Sm ith 1966) w ith  the use o f  a Roche g r a v ita t io n a l  
p o t e n t ia l .  This work i s  d escrib ed  in  Chapter 3 .
I t  i s  th e r e fo r e  c le a r  th a t th e  use o f  a u n iform ly  r o ta t in g  
model i s  v a l id  but th a t  a more r e a l i s t i c  model o f the su rface  la y e r s  
i s  req u ired . The p resen t t h e s is  d e sc r ib es  such a m odel.
The main assum ptions made in  the above models are
( i )  th a t v isco u s and in e r t ia l  fo r c e s  are n e g l ig ib le  compared to  the  
c e n tr ifu g a l fo rc es  due to  r o ta t io n
( i i )  th a t the lo c a l  equation  o f  energy tr a n s fe r  y . o c  grad T
= r a d ia tiv e  f lu x ,  T = tem perature) can be u sed ./Nj
V liile  the author has shown th a t assum ption ( i )  i s  c o n s is te n t  w ith  the  
r e s u l t s  obtained from a Roche model (Sm ith 1966) ,  the second  
assum ption i s  c le a r ly  dubious in  the ou ter  la y er s  o f  a s ta r ,  s in c e  i t  
assumes th at the photon mean fr e e  path i s  much l e s s  than the s c a le
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h e ig h t . M este l's  work ( 1966) su g g e s ts  th a t i t  i s  the form o f  the  
lo c a l  equation which lea d s d ir e c t ly  to  th e  l /d e n s i t y  s in g u la r ity , but 
even w ithout th a t r e s u lt  one would be su rp r ised  i f  a lo c a l  equation  
were to  g ive  r e a l i s t i c  r e s u lt s  in  a reg ion  where the photon mean fr e e
path i s  com paratively  lo n g . A ll previous s tu d ie s  o f  s t e l l a r
atmospheres have req u ired  to  use the n o n -lo c a l tr a n s fe r  equation  
(which reduces to the lo c a l  equation  a t grea t de pths in  the s ta r  -  see  
fo r  example, Chandrasekhar 1939? PP 203-211) and one would hard ly  
expect a r o ta t in g  s t e l l a r  atmosphere to  be d if fe r e n t  in  th a t r e sp e c t .
The on ly  reason th a t a n o n -lo c a l equation  has not been used
u n t i l  r e c e n tly  in  the study o f  r o ta t in g  s ta r s  i s  th a t a lo c a l  equation  
i s  e a s ie r  to  handle m athem atica lly  and g iv e s  p e r fe c t ly  adequate r e s u lt  
fo r  the o v e ra ll s tr u c tu r e  o f the s t a r .  Only when the s tru c tu re  o f  
th e  atmosphere i s  con sid ered  i s  a n o n -lo c a l treatm ent n ecessa ry .
I t  i s  found th a t the use o f  a n o n -lo c a l tr a n s fe r  equation  
lea d s to  the more r e a l i s t i c  r e su lr  th a t the v e lo c i t y  i s  f i n i t e  at the  
su r fa c e . A form al proof o f t h is  r e s u lt  may be g iven  very b r ie f ly ,  
u s in g  known r e s u lt s ;  fo r  example, i t  may be proved from p # 11 o f  
Chandrasekhar's book on r a d ia t iv e  tr a n s fe r  (1950 -  h e r e a fte r  r e fer r ed
1 1
to  as R .T .) by u s in g  equation (9 ) o f  the au th o r's  paper (Smith 1 9 6 6 ). 
However, to  f in d  the va lu e  o f  the v e lo c i t y  a t the su rfa ce  i s  more 
d i f f i c u l t ,  and req u ires  a s o lu t io n  o f  the n o n -lo c a l tr a n s fe r  equation  
in  a n o n -sp h er ica l atm osphere. An approximate s o lu t io n  i s  d erived  in  
t h i s  th e s is  (Chapters 4 to  6 ) .
R ecen tly , Osaki ( 1966) has a ls o  produced a th eory  o f  a
r o ta t in g  atmosphere w ith  a n o n -lo c a l tr a n s fe r  eq u a tio n . He assumes 
th a t  the atmosphere i s  l o c a l ly  p la n e -p a r e lle l  and u ses  the exact  
p la n e -p a r a lle l  s o lu t io n  o f  the tr a n s fe r  equation to  show th a t the  
co n d itio n  o f  r a d ia t iv e  eq u ilib riu m  i s  g r o ss ly  v io la t e d .  U n fortu n ate ly , 
although h is  treatm ent adequately  rep resen ts  the v a r ia t io n  o f  var iou s  
q u a n t it ie s  w ith  la t i t u d e ,  he does n o t take any sy stem a tic  account o f  
the e f f e c t  o f  curvature in  the atmosphere and i t  i s  n o t c le a r  how one 
would extend h is  model to  in c lu d e  curvature e f f e c t s .  The equations  
in  Chapters 4 and 5 o f  t h i s  t h e s is  rep resen t e x a c t ly  th e  e f f e c t s  o f  
cu rva tu re , although so  fa r  the eq u ation s have on ly  been so lv e d  in  the  
p la n e -p a r a lle l  approxim ation.
The p resen t author agrees w ith  Osaki th a t th e  co n d itio n  o f  
r a d ia t iv e  eq u ilib riu m  i s  g r o ss ly  v io la t e d ,  so th a t th e  n o n -lo c a l  
th eory  i s  s in g u la r  in  the sense th a t i t  p r e d ic ts  u n r e a l i s t i c a l ly  la r g e  
c ir c u la t io n  sp eed s. This r e s u lt  was obtained  ind ep en dently  o f  
O saki.
Osaki proposed two models o f  the su rface  la y e r s  which 
m ight be more r e a l i s t i c .  In both models the r o ta t io n  i s  non-uniform .
In one m odel, the angular v e lo c i t y  i s  supposed r e d is tr ib u te d  in  such a 
?/ay th a t  th ere i s  no c ir c u la t io n  and the s ta r  i s  in  r a d ia t iv e
4 i
e q u ilib r iu m . In the o th er  m odel, th e  c ir c u la t io n  speeds are supposed  
l im ite d  by tu rb u len t d is s ip a t io n . The p resen t author r e je c t s  both  
th e se  m odels. I t  i s  found th a t the flow  i s  u n sta b le , so th a t  
tu rb u len ce  i s  c e r ta in ly  p r e sen t. However, O saki! s tu rb u len t model i s  
in t e r n a l ly  in c o n s is t e n t ,  fo r  reasons which w i l l  ex p la in ed  in
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Chapter 7> and the tu rb u len t v e lo c i t i e s  turn out to  be about one
t
hundred tim es la r g e r  than those e stim ated  by O saki, I t  has n o t
proved p o s s ib le  to  ob ta in  a q u a n tita t iv e  model o f  th e  su rfa ce  la y e r s ,
i
but i t  i s  c e r ta in  from the q u a l i t a t i v e  model g iven  m  Chapter 7 th a t  
tu rb u len t v e lo c i t i e s  o f  the order o f  the speed o f sound are to  be 
exp ected  near the su rfa ce  o f  a r o ta t in g  e a r ly -ty p e  s ta r *
5 . O bservational consequences
The p resen t th e s is  i s  the f i r s t  d e ta i le d  stu d y  o f  m eridian  
c ir c u la t io n  in  an atmosphere w ith  n o n -lo c a l r a d ia t iv e  t r a n s fe r .  
However, i t  i s  n e c essa ry  to  co n sid er  n o n -lo ca l e f f e c t s  to  some e x te n t  
i f  th e  v a r ia t io n  o f  b r ig h tn ess  over the su rface o f  a r o ta t in g  s t a r  i s  
to  be c a lc u la te d , and se v e r a l authors have used the th eo ry  o f  s t e l l a r  
atm ospheres fo r  t h is  purpose, w ithout c o n sid er in g  c ir c u la t io n .
The su rfa ce  v a r ia t io n  o f b r ig h tn ess  was f i r s t  s tu d ie d  by  
Sweet and Hoy (1953) who used a r o ta t in g  Cowling-model s ta r  w ith  a 
lo c a l  tr a n s fe r  equ ation  and a lim b-darkening c o e f f i c i e n t  o f 0 .6 .
More d e ta i le d  work has been done r e c e n t ly  by ( fo r  exam ple) C o llin s  
( 1963 , 1965) and Roxburgh and S tr it tm a tte r  ( 1965)* These authors u se  
a com bination o f  n o n -lo c a l tr a n s fe r  th eory  in  a p la n e -p a r a lle l  
atmosphere and the von Z eip el g ra v ity -d a rk en in g , which i s  s t r i c t l y  
tru e  on ly  fo r  a lo c a l  tr a n s fe r  th eo ry . I t  i s  n ot obvious a p r io r i  
th a t von Z e ip e l1 s r e s u l t  i s  a good approxim ation fo r  a n o n -lo c a l  
th eo ry  and i t  i s  not assumed by e ith e r  Osaki or the p resen t au th or. 
N o n e th e le ss , i t  i s  u n l ik e ly  th a t t h e ir  co n c lu sio n s are much in  error
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fo r  s ta r s  w ithout m eridian c ir c u la t io n .
Both C o llin s  and Roxburgh and S tr it tm a tte r  use  a Roche 
g r a v ita t io n a l  p o t e n t ia l .  The main d if fe r e n c e  between t h e ir  approaches 
i s  th a t Roxburgh and S tr it tm a tte r  u se a r o ta t in g  in t e r io r  fo r  th e ir  
s t e l l a r  model based on the r o ta t in g  s t e l l a r  model o f  Roxburgh, G r i f f i t h  
and S7<reot (19^ 5). The use o f  t h i s  in t e r io r  model en ab les them to  
d isp en se  v/ith the assum ptions made by C o llin s  th a t th e  lu m in o sity  and 
p o la r  rad iu s are th e  same in  a r o ta t in g  s ta r  as in  a n o n -r o ta tin g  s t a r  
o f  th e  same mass and chem ical com p osition . T heir r e s u l t s  show th ese  
assum ptions o f C o llin s  to  be in c o r r e c t ,  but are otherw ise  in  good 
agreement w ith  C o l l in s 1 r e s u l t s .  The main q u a l ita t iv e  d iffe r e n c e  i s  
in  the behaviour, fo r  sm all r o ta t io n  sp eed s, o f s ta r s  in c lin e d  a t a  
sm all an g le  to  the l in e  o f s ig h t ,  -Che i n i t i a l  d ecrease in  lu m in o s ity  
as the r o ta t io n  speed in c re a se s  from zero , caused by a lower c e n tr a l  
tem perature, i s  not found by C o ll in s ,  Apart from t h i s ,  C o l l in s ’
i
assum ptions g ive  q u a l i t a t iv e ly  c o r r e c t  r e s u l t s .  In h is  la t e r  work, 
C o llin s  (C o llin s  and H arrington 1966) has used the Roxburgh, G r if f i th  
and Sweet r o ta t in g  in t e r io r  as a b a s is  fo r  the c a lc u la t io n  o f H|3 l in e
' 1
p r o f i le s  fo r  fa m ilie s  o f  r o ta t in g  B s ta r s*
The most im portant r e s u lt  o f  work on the v a r ia t io n  o f  
b r ig h tn ess  over th e  su rfa ce  o f a r o ta t in g  s ta r  i s  th a t  the observed  
lu m in o s ity  and so the a b so lu te  magnitude o f  a s ta r  o f  a g iven  mass 
and chem ical com position  i s  a fu n c tio n  o f  two th in g s;  the angle o f  
in c l in a t io n ,  i ,  o f  th e  r o ta t io n  a x is  to  th e  l in e  o f  s ig h t  and the speed  
o f  ro ta tio n ,-C L , The e f f e c t iv e  tem perature, and so the co lo u r , or
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s p e c tr a l  typ e , i s  a ls o  a fu n ctio n  o f  i  a n d -fx . There i s  thus a 
spread in  a colour-m agnitude diagram, due to  the r o ta t io n  o f the s ta r s  
p lo t te d  on i t .  R o ta tin g  s ta r s  appear to  the r ig h t  o f  a n o tio n a l main 
sequence fo r  n o n -r o ta tin g  s t a r s .  This was reco g n ised  by Sweet and Roy 
( 1953) who found a l im it in g  spread o f  about h a lf  a m agnitude.
Roxburgh and S tr it tm a t te r  f in d  a ra th er  la r g e r  spread (R ig , 4)*
S im ila r  r e s u l t s  have been found by Ire lan d  ( 1965) ,  who 
co n sid ers the two extreme cases o f  a Roche model and o f  a model o f  
■uniform d e n s ity . Re f in d s  th a t th e se  models g iv e  s im ila r  r e s u lt s  
d e sp ite  t h e ir  grea t p h y sic a l d if fe r e n c e . Although ho dees not 
s p e c i f i c a l l y  r e fe r  h is  r e s u lt s  to  a colour-m agnitude diagram, he does 
show th a t  r o ta t io n  may change t i e  s p e c tr a l  type o f  a s t a r  by as many 
as f i v e  s u b -c la s s e s ,  a r e s u lt  more in  agreement w ith  Roxburgh and 
S tr it tm a tte r  than w ith  Sweet and Roy. I t  should  be n oted , however, 
th a t Ire la n d  makes no allow ance fo r  lim b-darkening.
A ll the above work i s  fo r  s ta r s  in  un ifonn r o ta t io n ,
Roxburgh and S tr it tm a t te r  and Ire la n d  have a lso  con sid ered  non-uniform ly  
r o ta t in g  s ta r s  (Roxburgh and S tr it tm a tte r  1966b; Roxburgh 1963,19665  
Ir e la n d  1967) .  A s im ila r  spread i s  found in  the HR diagram.
Ir e la n d  ( 1967) f in d s  th a t ,  fo r  r a p id ly  r o ta t in g  s t a r s ,  the spread in  
lu m in o s ity  i s  more s e n s i t iv e  to  the degree o f  n on -un iform ity  o f  the  
r o ta t io n  than to  changes in  the r o ta t io n  speed i t s e l f .  However, he 
u ses a very  s p e c ia l  form o f  r o ta t io n  law .
As noted  by Roxburgh, Sargent and S tr it tm a tte r  (Roxburgh, 
Sargent and S tr it tm a tte r  19665 S tr it tm a tte r  1966; S tr it tm a tte r
- 25-
and Sargent 1966 ), the th e o r e t ic a l  p r e d ic tio n s  can, in  p r in c ip le ,  he 
combined w ith  the observed spread in  the main sequence to  ob ta in  a 
z e r o -r o ts io n  main sequence fo r  s t e l l a r  c lu s t e r s ,  A summary o f  the  
method th ey  su ggest i s  g iven  in  Appendix I ,  where i t  i s  shown th a t i t  
i s  not a t a l l  c le a r  th a t th e ir  method i s  r e l ia b le  w ith  the sm all 
number o f  cu rren tly  a v a ila b le  o b ser v a tio n s , n o n e th e le s s , i t  i s  now 
p o s s ib le ,  in  p r in c ip le , to  ob ta in  v  as w e ll as v  s in  i  fo r  the  
in d iv id u a l s ta r s  in  a c lu s t e r .
I f  i t  i s  assumed th a t the r e s u lt s  obtained  by S tr it tm a tte r  
e t  a l  cue s u b s ta n t ia l ly  c o r r e c t , on in t e r e s t in g  fa c t  em erges. The 
th e o r e t ic a l  models which appear to  agree most c o n v in c in g ly  w ith  the  
o b serv a tio n s are the models o f  non-uniform ly r o ta t in g  s ta r s  w ithout 
m erid ian  c ir c u la t io n  (S tr it tm a tte r  and Sargent 1966) .  The un iform ly  
r o ta t in g  models p red ict a spread in  lu m in o sity  f o r  a g iven  co lou r  
which i s  l e s s  than one f i f t h  o f  th a t observed , This d iscrepancy  
appears to  be too  la rg e  to  be exp la in ed  by the u n c e r ta in t ie s  in  the  
ob s e rva t i  on s.
However, the un iform ly r o ta t in g  models must a l l  contain  
c ir c u la t io n  cu rren ts , the e f f e c t  o f  which has been ignored  in  previou s  
c a lc u la t io n s  ( c f .  Ire la n d  196p, p .3 6 ) , I t  i s  p o s s ib le  th at the  
in c lu s io n  o f c ir c u la t io n  currents in  the treatm ent o f  the su rface  
la y e r s  o f  uniform ly r o ta t in g  s ta r s  may le a d  to  a b e t t e r  agreement w ith  
o b ser v a tio n . At any r a te ,  th is  t h e s is  shows th a t the su rface  
c o n d itio n s  are ra th er  d if fe r e n t  from th ose  assumed in  previous  
u n iform ly  r o ta t in g  m odels, and th ere i s  l i t t l e  doubt th a t the von
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Z eip el grav ity -d ark en in g  assumed in  th e se  models i s  a poor approxim ation
6 .B inary s ta r s
The th eory  o f  r o t dr (j s t e l l a r  atmospheres may he a p p lied , 
as in d ic a te d  in  s e c t io n  p, to  obtain  the angle  o f  in c l in a t io n  o f  the  
r o ta t io n  a x is  to  the l in e  o f  s ig h t .  In b in ary  s t a r s ,  fo r  which the  
angle o f  in c l in a t io n  can o ften  be found by ob serv in g  e c l ip s e s ,  the  
th eory  has another a p p lic a t io n . The problem d escr ib ed  below was, in  
f a c t ,  th e  o r ig in a l m otiva tion  fo r  th e  p resen t t h e s i s ,  and i t  i s  hoped 
to  retu rn  to  t h is  problem a t a la t e r  d a te .
In a c lo s e  b in ary  system , each s t a r  i s  i llu m in a te d  by the  
o th er  on the in w ard -fac in g  hem isphere. The r a d ia tio n  from the other  
s t a r  w i l l  be absorbed, or sc a tte r e d , and e v e n tu a lly  r e -e m itte d . This 
i s  the well-known r e f le c t io n  e f f e c t  ( s e e ,  fo r  example, Eopal 1959). 
R ecen tly  (Ovenden 19^3) some ob serva tion s have been made o f  57 C ygii 
which do not seem to  be e x p lic a b le  in  terms o f the normal r e f le c t io n  
e f f e c t  (iTapier 19 6 6 ). I t  i s  hoped th a t  the fo llo w in g  co n sid era tio n s  
may throw some l ig h t  on the problem.
The ex te rn a l i llu m in a tio n  may be exp ected  to  s e t  up fu r th er  
m otions in  the atm ospheric g a s . The p resen t t h e s is  shows th a t th ese  
m otions w i l l  be tu r b u le n t, but the problem in  a c lo s e  b in ary  system  
i s  com plicated  by th e  la ck  o f  a x ia l  symmetry and i t  i s  p o s s ib le  th at  
now la r g e - s c a le  scream ing may be s e t  up w ith in  the tu rb u len t reg io n , 
which w i l l  r e d is tr ib u te  the energy in  the in c id e n t r a d ia tio n  over the 
su r fa c e  o f  the s t a r .
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In the absence o f  ex tern a l illu m in a tio n , th e  boundary co n d itio n  
fo r  the in t e n s i t y  o f  ra d ia tio n  i s  th a t th e  inward in t e n s i t y  i s  zero a t  
th e  su r fa c e . For a c lo s e  b in ary  system , the ex tern a l illu m in a tio n  on 
each s ta r  o f the system  would be rep resen ted  by an inward in t e n s i t y  a t  
the su r fa c e , vary in g  in  some p rescr ib ed  way over the hemisphere fa c in g  
the o th er  s ta r  and zero  over the o th er  hem isphere. I f  the system  i s  
in  synchronous r o ta t io n , so  th a t the axes o f r o ta t io n  o f  the two s ta r s  
are p a r a l le l  to  each o th er  and to  the a x is  o f  r o ta t io n  o f  the whole 
system  and the p er iod  o f r o ta t io n  o f  each s ta r  i s  the same as th a t o f  
i t s  r ev o lu tio n  about the common cen tre  o f  g r a v ity , the two s ta r s  always 
p resen t the same fa c e  to  each oth er  and the problem i s  independent o f  
tim e , n o n e th e le ss , the problem i s  more com plicated than th at o f  a 
s in g le  s ta r ,  s in c e  the boundary co n d itio n  i s  not a x ia l ly  symmetric and 
an e x tr a  independent v a r ia b le  i s  in trod u ced , The n o n -a x ia l .ly- 
symmetric problem has not been attem pted . A s o lu t io n  has been obta in ed  
o n ly  fo r  the a r t i f i c i a l  a x ia lly -sy m m etr ie  case o f  illu m in a tio n  p a r a l le l  
to  the a x is  o f r o ta t io n  (Sweet 19&5 -  u n p u b lish ed ).
Only c ir c u la r  o r b its  are tr u ly  synchronous. E l l i p t i c a l
o r b i t s ,  or general non-synchronous o r b i t s ,  in troduce the fu r th er  
com p lication  o f  time v a r ia t io n , probably s l i g h t l y  s im p lif ie d  by the  
e x is te n c e  o f  a p e r io d ic  s o lu t io n . This tim e-depend en t, n o n -a x ia lly -  
symmetric problem i s  w e ll outw ith  the scope o f the p resen t t h e s i s .
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CHAPTER 2 
D escr ip tio n  o f  th e  b a s ic  model
"The b a s is  or substratum  -  what you w i l l  -  
Of th e  impending e ig h ty  thousand l i n e s , ”
C .S , C a lv er ley , The Cock and the B u ll .
1 .Assumptions
To make the problem o f  m eridian c ir c u la t io n  m athem atica lly  
tr a c ta b le ,  i t  i s  n e c essa ry  th a t the b a s ic  s t e l l a r  model be reason ab ly  
s im p le , although o f  course i t  must be s u f f i c i e n t ly  r e a l i s t i c  th a t the  
r e s u l t s  obtained are m eaningfu l. In t h i s  chapter va r io u s s im p lify in g
assum ptions are d iscu sse d  and the b a s ic  equations and d e f in i t io n s  are  
s t a te d .
As m entioned in  Chapter 1 , on ly  e a r ly -ty p e  s ta r s  w i l l  be 
con sid ered , both because the e f f e c t s  o f r o ta t io n  are expected  to  be 
la r g e r  in  such s ta r s  (on o b serv a tio n a l grounds -  s e e ,  for" example, 
van den Ileuvel 1965) and because deep con vection  zones are not p resen t  
in  t h e ir  atm ospheres. Convection i s  n ot y e t w e ll enough understood  
fo r  a sim ple d e sc r ip tio n  to  be known to  be adequate, and i t  was thought 
b e t t e r  to  r e s t r i c t  th e  in v e s t ig a t io n  to  r a d ia t iv e  atm ospheres, such as 
are to  be expected  in  s ta r s  o f  e a r ly  sp e c tr a l  ty p e .
Even in  e a r ly -ty p e  s ta r s  th ere  i s  a con vection  zone near the  
s u r fa c e , a s so c ia te d  w ith  the io n iz a t io n  o f  helium  in  the same way as 
the deep convection  zones o f la te - ty p e  s ta r s  are a s s o c ia te d  w ith  the
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io n iz a t io n  o f hydrogen. However, in  s ta r s  e a r l ie r  than about 03 the
helium  convection  zone seems to  have d isappeared (U n d erh ill 1950, 1951)
and even when i t  i s  p resen t ( in  s ta r s  la t e r  than 03) i t  i s  u s u a lly  weak
and o n ly  s t a r t s  a t se v e r a l o p t ic a l  depths below the su rface  (U n d erh ill
1950; Rudkjobing 1 9 4 7 ). Helium io n iz a t io n  e f f e c t s  w i l l  th ere fo re  be
&ign ored  in  th is  t h e s i s ,  fo r  the sake o f s im p l ic i t y ,  and the atmosphere
w i l l  be assumed to  be s ta b le  a g a in s t  tu rb u len t co n v ectio n .
The r o le  o f  helium  in  e a r ly -ty p e  atmospheres i s  fu r th er
d isc u sse d  in  a la t e r  paper by H iss U n d erh ill (1 9 5 7 ), where she n o tes
tha.t the presence o f  a sm all amount o f  helium  has l i t t l e  e f f e c t  on the
tem perature and p ressu re  d is tr ib u t io n . Thai i s ,  to  f in d  the s tr u c tu r e
o f  the atmosphere o f m  e a r ly -ty p e  s t a r  i t  i s  s u f f i c i e n t  to  assume
th a t  i t  c o n s is ts  o f  pure hydrogen. S in ce  the d is tr ib u t io n  o f
m olecu lar  weight would in  any case  have been assumed to  be homogeneous,
the assumption o f pure hydrogen does n o t cause to  be m issed  any e f f e c t
due to  v a r ia t io n  in  m olecu lar w eig h t, such as the " p -cu rren ts"
in v e s t ig a te d  by H e ste l (1933 -  se e  Chapter 1 , s e c t io n  I I  2 ) .  S ince
the jo in t  e f f e c t  o f  the p -cu rren ts and the m eridian c ir c u la t io n  can be
found ( to  f i r s t  order) sim ply by su p erp osin g  the v e lo c i t y  f i e l d s ,  i t
would seem to  add l i t t l e  to  the in v e s t ig a t io n  to  co n sid er  the p -cu rren ts
as w e l l .  B e s id e s , the v e lo c i t i e s  in  the atmosphere o f  a s ta r  w i l l  be
found to  be such th a t the m ater ia l near the su rface  may be expected  to
be extrem ely  w ell-m ixed . The ^ -cu rren ts would then be n e g l ig ib le .
“  _ _ _   --------------------------------------------------------------------------------------------------
In a p r iv a te  con versa tion  ( 1967, XCII IAU) K iss U n d erh ill has
confirm ed th at th is  i s  a good approxim ation.
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The m olecu lar  w eight w i l l  th ere fo re  be taken as a con stan t throughout, 
o f  v a lu e  l / 2  s in c e  a t  the tenrperatures concerned the hydrogen w i l l  be 
v i r t u a l l y  f u l l y  io n iz e d .
A p o ss ib le  com p lication  in  e a r ly -ty p e  s ta r s  i s  the e f f e c t  o f  
r a d ia t io n  pressure on the e f f e c t iv e  g r a v ity . This problem a ls o  has 
been d isc u sse d  by Miss U n derh ill (1 9 4 9 ). Comparison o f  Table 1 o f her  
paper v /ith  the ta b le s  on pp 201, 207-8 o f  A lle n !s "A strop hysics!  
Q u a n tit ie s '1 ( 1963) shows th a t ,  fo r  m ain-sequence s ta r s  la t e r  than about 
08, the ra d ia tio n  p ressu re  grad ien t i s  l e s s  than 10$ o f  the gas p ressu re  
g r a d ie n t . T h ile  t h i s  could  change the e f f e c t iv e  g r a v ity  by an amount 
comparable w ith  the change due to  r o ta t io n , the r a d ia tio n  pressure i s  
s t i l l  b a s ic a l ly  a sm all p er tu rb a tio n . To i s o la t e  the e f f e c t  o f  a 
p a r t ic u la r  p ertu rb a tio n , i t  i s  u s e fu l to  con sid er  i t  as the on ly  one 
a c t in g . T herefore, s in c e  the r a d ia tio n  pressure c le a r ly  has no 
dominant e f f e c t ,  i t  w i l l  be om itted  from the model d iscu sse d  in  th is  
t h e s i s ,  Rurther reasons fo r  o m ittin g  i t  are th a t the e f f e c t  o f  
r a d ia tio n  pressure has a lread y  been con sid ered  (U n d erh ill 1949) and 
th a t i t s  in c lu s io n  unduly com p licates the eq u ation s.
I t  should be noted  th a t , fo r  a d e ta ile d  mod.el atmosphere, 
e i t h e r  the r a d ia tio n  pressu re ( fo r  0 s ta r s )  or a helium  io n iz a t io n  
zone ( f o r  s ta r s  la t e r  than about 08) should  be co n sid ered . In the  
l i g h t  o f the above d is c u ss io n , however, the models w ith  th ese  e f f e c t s  
in c lu d ed  should not d i f f e r  q u a l i t a t iv e ly  from the models w ithout the  
e f f e c t s .  The model used  in  th is  t h e s is  may th e re fo re  be expected  to  
rep resen t roughly s ta r s  w ith  sp e c tr a l types in  the range 05 to  AO.
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For d e f in i t e n e s s ,  th e  data below fo r  a BO s ta r  w i l l  be u sed  when making
num erical e s t im a te s ,
Under the co n d itio n s o f  the V og i-H u ssell theorem ( s e e ,  fo r
exam ple, Chandrasekhar 1939), a s ta r  i s  u n iq u ely  determ ined by i t s
mass and chem ical com p osition . S in ce  th ese  param eters are not a f fe c te d
by r o ta t io n  (u n le ss  the s ta r  i s  r o ta t in g  so f a s t  th a t th ere  i s  mans lo s s
a t the equator or the c e n tr a l tem perature changes s u f f i c i e n t ly  to  a l t e r
s i g n i f i c a n t ly  the r a te  o f  n u clea r  r e a c t io n s ) ,  a r o ta t in g  s t a r  may be
u n iq u ely  s p e c i f ie d  by i t s  r o ta t io n  speed  and the mass and chem ical
com position  o f  i c s  n o n -r o ta tin g  cou n terp art, which w i l l  n o t in  gen era l
be o f  the same s p e c tr a l  type (Ir e la n d  19 3 5 ), A ty p ic a l  n o n -ro ta tin g
30 s t a r  (A llen  1963) has a mass o f about 17^ h.-, (U = 3 .4 x l0 ^ g m ) ,  a
rad ius o f  about 7*611^ (R = 5*3 x lO ^ cm ) and a lu m in o s ity  o f about
1 .3 x l0 ^ V >  = 4*9 * 1 0 ^ e r g /s e c ) , These va lu es w i l l  be adopted
fo r  the n o n -ro ta tin g  s t a r  o f the same mass and chem ical com position  as
the r o ta t in g  model under c o n s id e r a tio n , A va lu e  o f  2 .2  x 10^°K w i l l
be u sed  fo r  the e f f e c t iv e  tem perature. This does n o t q u ite  agree
w ith  A lle n 's  va lu e  ( 2 ,1 x  10^r°IC), but was chosen to  s a t i s f y  approxim ately
2 4the r e la t io n  L = 4rcR r"T (se e  s e c t io n  3 o f  t h i s  c h a n te r ) ,o e
In a more d e ta i le d  in v e s t ig a t io n , the r a d iu s , lu m in o s ity  and 
e f f e c t iv e  temperature would emerge as r e s u lt s  o f  an in te g r a t io n  o f  the  
com plete stru ctu re  eq uation s o f  the s t a r .  However, s in c e  s t e l l a r  
in te r io r s  are in  gen era l f a i r l y  w e ll understood, and the p resen t th e s is  
i s  in v e s t ig a t in g  e s s e n t i a l ly  on ly  the q u a l ita t iv e  su r fa ce  p ro p ertie s  
o f  th e  s ta r , i t  did n ot seem worth r ep ea tin g  standard in t e r io r
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in te g r a t io n s .  Of co u rse , the r o ta t io n  o f  the s ta r  w i l l  a l t e r  i t s  
in te r n a l  s tr a c tu r e  to  a c e r ta in  e x te n t .  F o rtu n a te ly , th is  e f f e c t  has 
a lrea d y  been d iscu sse d  (Roxburgh, G r if f i t h  and Sweet 19&5) i t  i s
it
p o s s ib le  to  use  an e x is t in g  r o ta t in g  in t e r io r  model as a b a s is  fo r  the  
new atm ospheric in v e s t ig a t io n .
To ob ta in  a s im p le , s e l f - c o n s i s t e n t ,  s te a d y -s ta te  m odel, 
Roxburgh, G r if f ith  and Sweet chose to  con sid er  a un iform ly  r o ta t in g  s t a r  
w ith  a weak p o lo id a l m agnetic f i e l d .  The r o le  o f  t h i s  m agnetic f i e l d  
( c f ,  Chapter 1 , s e c t io n  I I  3 and Roxburgh 1963) s o l e ly  to  keep th e  
r o ta t io n  uniform by b a la n cin g  the ( t o r o id a l)  C o r io lis  fo rces  due to  
the m eridian c ir c u la t io n .  In r e a l i t y ,  the r o ta tio n  i s  u n lik e ly  to  be 
co m p lete ly  uniform . However, s in c e  uniform r o ta t io n  does n ot seem to  
be a s in g u la r  cane, i t  i s  p erm iss ib le  to  make the conven ient 
id e a l i s a t io n  th a t the r o ta t io n  i s  s t r i c t l y  uniform . I t  i s  assumed 
th a t any m eridian p lane component o f  the m agnetic fo rc e  i s  n e g l ig ib le  
compared to  the c e n tr ifu g a l fo rc es  due to  the r o ta t io n . This 
assum ption has the grea t m erit th a t a m agnetic f i e l d  never appears 
e x p l i c i t l y  in  the s tr u c tu r e  e q u a tio n s .
%  /  /The data quoted above do not q u ite  agree w ith  the m a ss /ra d iu s , m ass/
lu m in o s ity  diagrams g iven  Roxburgh e t  a l ( 1965) ,  'This i s  not
im portant, s in ce  the on ly  num erical r e s u lt s  taken from th a t paper are
on the v a r ia t io n  o f  R and L with, r o ta t io n  speed (Roxburgh and
S tr it tm a tte r  1963) .  This v a r ia t io n  appeal's to  be v ir t u a l ly  independent
o f  th e  exact model adopted.
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As a f i r s t  approxim ation, i t  Y /ill a lso  be assumed th a t the  
speed o f  the m eridian c ir c u la t io n  i s  slow  enough th a t v isc o u s  and 
i n e r t i a l  fo rc es  are n e g l ig ib le  compared w ith  the c e n tr ifu g a l fo r c e s  
( c f .  Chapter l s s e c t io n  I I  3 ) .  This assum ption i s  made in  the f i r s t  
p la ce  as a m athem atical conven ience, but i t  w i l l  be seen  to  be at 
l e a s t  p a r t ia l ly  j u s t i f i e d .  Only v ery  near the su rfa ce  (Chapters 6 , 7 ) 
does v i s c o s i t y  have to  be con sid ered , and the in e r t i a l  fo r c e s  are 
always n e g l ig ib le .
The s te a d y -s ta te  equation  o f  motion fo r  the s t e l l a r  m a ter ia l  
(assumed to  be a p e r fe c t  gas) can then be w r itten  sim ply  as
— grad P = grad <?} + S i. <S ( 2 #l )
P *
where P and p are the pressu re and d e n s ity , $  i s  th e  g r a v ita t io n a l  
p o t e n t ia l ,  XL i s  the r o ta t io n  speed (a. con stan t) and <Sb i s  the v e c to r  
d is ta n ce  from the a x is  o f  r o ta t io n . The g r a v ita t io n a l p o te n t ia l  o f  a 
g a seo u s, s e l f - g r a v i t a t in g  mass in  r o ta t io n  i s  ra th er  com plicated , 
p a r t ic u la r ly  i f  the r o ta t io n  i s  ra p id . I t  would be convenient to  
f in d  an approxim ation which s im p lif ie d  the mathematics w h ile  s t i l l  
r e ta in in g  the essen ce  o f the p h y sic a l s i t u a t io n .
Such an approxim ation has been developed by Roxburgh,
G r if f i th  and Sweet (19&5 -  th is  paper v / i l l  h e r e a fte r  be r e fer r ed  to  
as RGS). In th e ir  model the s ta r  i s  e s s e n t ia l ly  d iv id ed  in to  two 
r e g io n s . In the outer reg ion  the d e n s ity  i s  s u f f i c i e n t ly  low th a t  
the g r a v ita t io n a l p o te n t ia l  can be taken as due e n t ir e ly  to  the  
m a ter ia l o f the in n er  re;g io n . I t  i s  th ere fo re  found by s o lv in g
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L ap lace1s eq u ation . Assuming th a t the in n er  reg ion  con ta in s e s s e n t ia l ly  
a l l  th e  mass o f  the s t a r  (an assum ption which m ust, o f  cou rse , be 
checked when the whole model has been assem bled. However, Eddingrbon, s 
model s ta r s  (Eddington 1930) su ggest th a t i t  i s  l i k e l y  to  be a good 
approxim ation), tho so lu t io n  i s
_ GM I v —* a
(£) = —  j 1 + >  —  P (n )Vr n n v^ '
r  ^  'T?*! r
( 2 . 2)
where G = gravitational co n sta n t, II = mass o f  in n er  reg io n  ( -  mass o f
s t a r ) ,  r  = d is ta n ce  from c en tr e , Pn (n ) i s  the Legendre polynom ial o f
order n , |1 « cos 0 where 0 i s  th e  an g le  between the r o ta t io n  a x is  and
the rad iu s v e c to r , and the a are a r b itr a r y  c o n s ta n ts . The a are9 n n
determ ined by the degree o f  d is to r t io n  from th e sp h e r ic a l o f the in n er  
r e g io n . I t  was found by Monaghan end Roxburgh ( 1965) th a t the  
g r a v ita t io n a l  e f f e c t  o f  the d is to r t io n  o f  the in n er reg io n  i s  sm all 
( in  p o ly tr o p e s) compared w ith  the c e n tr ifu g a l fo r c e s  and th a t only  the  
term needs to  be con sid ered . For p resen t purposes, even t h is  term  
can be ignored , th a t i s ,  a l l  the may be taken as zero  (as i s  in  f a c t
done in  RGS) and (jp i s  rep resen ted  sim ply  by the Roche p o te n t ia l
r  GM
6  -  —  . ( 2 . 3 )
In the in n e r  reg ion  o f  the s t a r ,  th e  mass i s  n o t n e g l ig ib le ,  
but a, the ratio , o f  c e n tr ifu g a l fo rc e  to  g r a v ity , i s  sm a ll, even i f  
t h is  r a t io  i s  u n ity  a t the su r fa c e . This fa c t  a llow s th e  use o f  a 
f i r s t  order p ertu rb ation  th eory , s im ila r  to  th a t used by Chandrasekhar 
(1933) end Sweet and Roy (1 9 5 3 ). D e ta ils  o f  t h is  th eo ry , and the
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c r i t e r ia  used to  f i t  the two r e g io n s , are g iven  f u l l y  in  RGS, where i t  
i s  shown th a t the approxim ations are l i k e l y  to  le a d  to  errors o f l e s s  
than one per c e n t . The p resen t th eory  o f  m eridian c ir c u la t io n  makes 
no e x p l i c i t  use o f th e  str u c tu r e  o f  the' in n er  r eg io n , and i t  w i l l  not 
be fu r th e r  con sid ered  h ere .
reason ab le  to  assume symmetry about th e  a x is  o f r o ta t io n  and about th e  
e q u a to r ia l p la n e . I t  i s  a lso  reason ab le  to  assume th a t th ere  are no 
n u c le a r  energy sou rces in  the su rfa ce  la y e r s . Indeed, no energy  
produ ction  i s  l ik e l y  by any means n ear the su r fa c e . I t  i s  a ls o  
assumed th a t th ere  i s  no energy d is s ip a t io n  in  the su rfa ce  la y e r s .
This assumxDtion i s  re-exam ined in  Chapter 7* on ly  p la u s ib le
d is s ip a t iv e  mechanism i s  v i s c o s i t y ,  and the assum ption o f n e g l ig ib le  
v isc o u s  fo rc es  su g g ests  th a t v isc o u s  d is s ip a t io n  i s  l i k e l y  to  be 
n e g l ig ib le  as w e l l .
s o l e ly  by r a d ia t io n , and by a la r g e - s c a le  lam inar c ir c u la t io n  in  
m eridian p la n es . The tr a n s fe r  o f r a d ia t io n  can be tr e a te d  in  two
Various o th er  assum ptions are made. I t  i s  c le a r ly
As a lread y  m entioned, energy tr a n s fe r  i s  supposed to  be
w ays. In a " loca l"  th eory  (norm ally used  m ainly in  s t e l l a r  
i n t e r i o r s ) ,  the r a d ia t iv e  f lu x  can be w r itte n  as
( 2 .4 )
( s e e ,  fo r  example, Scliw arzsch ild  1 9 5 8 ), When g iven  by th is  form ula,
p and grad T ( l  i s  the tem perature, 
CTis S te fa n 's  con stan t and h i s  the o p a c ity ) . In the outer la y er s
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o f  a s t a r ,  where th e  photon mean f r e e  path i s  lo n g , i t  would be 
su r p r is in g  i f  such a lo c a l  theory were to  be adequate. N o n eth e less , 
lo c a l  them odynam ic eq u ilib r iu m , which m ight a ls o  be expected  to  f a i l  
where th e  mean fr e e  path i s  lo n g , w i l l  be assumed, and i t  seemed worth  
in v e s t ig a t in g  the r e s u l t s  o f a lo c a l  th eo ry .
In f a c t ,  i t  w i l l  be seen  th a t the lo c a l  th eory  does f a i l .
The assum ption o f lo c a l  thermodynamic eq u ilib riu m  i s  n ot in v a lid a te d  
by t h i s  r e s u l t ,  th e  accuracy o f  the LTE approxim ation h o ld in g
* i
remarkably c lo s e  to  the su rface  o f a s t a r  (K ourganoff 1952 p .B ), but i t  
i s  n ecessa ry  to  use a n o n -lo ca l th eory  fo r  the tr a n s fe r  o f  r a d ia t io n .  
The re lev a n t equation s w i l l  be quoted in  the summary in  the n ext  
s e c t io n .
F in a lly ,  the o p a c ity  must be con sid ered . For m athem atical 
s im p l ic i t y ,  i t  i s  convenient to  co n sid er  a gray atmosphere w ith  
e ith e r  a Kramer's o p a c ity  (woe p* ) or sim ply k *= co n sta n t, 
corresponding to  an e le c tr o n -s c a t te r in g  atm osphere. The l a t t e r  i s  
c e r ta in ly  the sim p ler  and w i l l  be adopted throughout, a lth o u ^ i i t  
must be recogn ised  th a t t h is  i s  not a p a r t ic u la r ly  good approxim ation  
fo r  the atmosphere o f  a BO s t a r .  However, the m athem atics becomes 
ra th er  complex in  the n o n -lo c a l th eory  and i t  seemed b e t t e r  in  the
The lo c a l  theorry was in v e s t ig a te d  b e fo re  M estel ( 1966) had shown th a t  
the l /d e n s i t y  dependence was a gen era l fe a tu r e . However, even i f  th a t  
r e s u lt  had been known, i t  would s t i l l  have been u s e fu l  to  have the r e s u l t s
' j
o f  the lo c a l  theory f o r  comparison w ith  the n o n -lo c a l th eo ry .
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f i r s t  T>lace to  aim fo r  m athem atical s im p l ic i ty  r a th er  than fo r  a h ig h ly  
accu rate  p h y sica l p ic tu r e . The e le c tr o n -s c a t te r in g  o p a c ity  should  be 
good enough to  g iv e  a q u a l i t a t iv e ly  accu rate  r e s u l t .  I t  seems 
u n lik e ly  th a t a more accu rate  o p a c ity  lavr would a l t e r  th e  r e s u lt s  o f  
Chapters 6 and 7 enough to  change t h e ir  s ig n if ic a n c e .  For an 
atmosphere o f pure hydrogen, n has the va lu e  0 ,3 8  (A llen  19&3 P *94).
To summarise, th en , the i n i t i a l  assum ptions are as fo l lo w s ,  
in  no p a r t ic u la r  order:
( i )  S te a d y -s ta te ,
( i i )  Uniform r o ta t io n , m aintained a g a in s t  C o r io lis  fo r c e s  by a weak 
m agnetic f i e l d ,
( i i i )  S tar  d iv id ed  in to  two reg io n s; Roche g r a v ita t io n a l  p o te n t ia l  
in  ou ter r eg io n , the on ly  reg io n  con sid ered .
( i v )  A xia l and e q u a to r ia l symmetry,
(v )  P er fec t gas -  pure hydrogen atm osphere,
( v i )  pLadiation p ressu re  n e g l ig ib le .
( v i i )  N on -ro ta tin g  s t a r  o f  same mass and chem ical com position  would 
be BO,
( v i i i )  Atmosphere s ta b le  a g a in st c o n v ectio n , o th er  than la rg e  s c a le  
c ir c u la t io n .
( ix )  M agnetic, v isc o u s  and i n e r t ia l  fo r c e s  n e g l ig ib le  compared w ith  
c e n tr ifu g a l f o r c e s .
i
(x )  No energy production  or d is s ip a t io n  in  the atm osphere.
( x i )  Local thennodynamic eq u ilib r iu m .
( x i i )  Gray atmosphere w ith  con stan t ( e le c t r o n - s c a t t e r in g )  o p a c ity ,
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2 mBquations
Y/ith the above assum ptions, th e  equations to  be so lv e d  are 
r e l a t iv e l y  sim p le . S in ce  the in t e r io r  i s  not b e in g  con sid ered , the  
on ly  equation s req u ired  are th ose  which apply in  the atm osphere, and 
th e se  w i l l  now be summarised.
Consider f i r s t  the equation  o f  m otion. In view  o f  
assum ptions ( i )  and ( i x ) ,  the h y d r o s ta t ic  approxim ation (eq u ation  ( 2 , l ) )  
may be u sed . S in ce uniform r o ta t io n  and a Roche g r a v ita t io n a l  
p o te n t ia l  are b e in g  assumed (assum ptions ( i i )  and ( i i i ) ) ,  i t  i s  
p o s s ib le  to  d efin e  a jo in t  p o te n t ia l  'vj/’ by
T  O O O
Y  = —  + *2.J L  r  s in  e , ( 2 .5 )
r
The m erid ian-p lane component o f  the equation  o f  m otion may then be 
w r itte n  in  the conven ient form
grad P « p grad ( 2 .6 )
which shows th a t su r fa ces  o f con stan t P and con stan t Hjf c o in c id e , so
th a t P = P(nJ r). Hence a lso  p = p(''20 equation  (2 .6^  may be w r itte n  
in  the a lte r n a t iv e  form
dP
— = p . (2 . 6)
Because o f  assum ptions (v )  and ( v i ) ,  the equation  o f  s t a t e  i s  sim ply
* = f p 1 ( 2 . 7 )
(Hft *= gas con stan t, m = mean m olecu lar  w eight = l / 2 )  which shows th a t  
T i s  a ls o  a fu n ctio n  o f  “VT o n ly . These r e s u lt s  show th a t i t  i s
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con ven ien t to  use as a co o rd in a te , A coord in ate  system  "based on *vjr 
i s  d e fin ed  in  the n ex t s e c t io n .
The co in c id en ce  o f  su r fa ces  o f  con stan t p ressu re , d e n s ity  
and tem peraturey which con sid erab ly  s im p li f ie s  the subsequent 
m athem atics, depends c r u c ia l ly  on assum ptions ( i i )  and ( i x ) .  Some 
o f  th e  d i f f i c u l t i e s  which a r is e  when assum ption ( ix )  i s  n o t v a l id  are  
d isc u sse d  in  Chapter 7 . A jo in t  p o te n t ia l  can s t i l l  be d efin ed  i f  
the r o ta t io n  lav/ i s  o f  the form XL = X l ( © )  ( &  * d is ta n ce  from
a x is  o f  r o ta t io n ) , bu t the on ly  fu n ctio n  o f  th is  form which lea d s to  a 
s e l f - c o n s i s t e n t  and tr a c ta b le  model i s  -fL = co n sta n t. Any more 
gen era l fu n ction  lea d s to  a s in g u la r ity  on the a x is  i f  a m agnetic f i e l d  
(w ith  . 0 -  © ^ con stan t on f i e l d  l in o s )  i s  invoked to  m aintain  a stea d y  
s t a t e  ( c f .  H ostel 1965 , 1966) .
S ince the equation  o f  m otion i s  b e in g  used in  the h y d r o s ta t ic  
approxim ation, i t  g iv e s  no in form ation  about the c ir c u la t io n  c u r re n ts . 
The c ir c u la t io n  v e lo c i t y  v  has two, m erid ian -p lan e, components which 
are r e la te d  by the c o n t in u ity  eq u ation . For a com pressib le  f lu id  in  
a stea d y  s t a t e  t h is  may be w r itte n
^ iv (p v) = 0 ( 2 . 8 ) ( a )
or
ypv»dS = 0 over any c lo se d  su r fa c e , ( 2 , 8 ) ( b )
The component o f v  p erp en d icu lar  to  a i f  -su r fa c e  i s  determ ined by the  
equation  o f  thermal eq u ilib r iu m , which, by assum ption ( x ) ,  i s
■^Aj-v.grad lo g  (p /p Y) « -  d iv  ^  ( 2 , 9 )
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( c f .  Sweet 1950 ), Here Y i s  the r a t io  o f  the p r in c ip a l s p e c i f i c  h ea ts
o f  the gas and i s  the r a d ia t iv e  f lu x .  Y w i l l  be assumed throughout
to  be 5 /3 .
T nether the r a d ia t iv e  f lu x  i s  g iven  by a lo c a l  or  a n o n -lo c a l  
eq u ation , i t  must s a t i s f y  the energy balance equation
L = \  H '.d S  over a su rfa ce  $ =  c o n sta n t. ( 2 . 1 0 )
V
In t h is  equation L i s  the t o t a l  lu m in o s ity  o f  the s t a r  and i s  determ ined  
by th e  in t e r io r  s o lu t io n .  I t s  va lu e  depends on the r o ta tio n  speed  
(Roxburgh and S tr it tm a tte r  1965? see  a lso  Appendix V i ) ,  Equation 
( 2 . 1 0 )  takes i t s  sim ple fo m  because the su rface  o f  in te g r a t io n  i s  a 
l e v e l  su r fa c e . I t  i s  derived  from the more general energy balance  
equ ation  (d isc u sse d  in  Appendix I I I )  by u s in g  equation  (2 .Q^(b) ,
Equations ( 2 . 6 )  to ( 2 . 10 )  are f iv e  equation s fo r  th ree s c a la r  
and t"o v ec to r  fu n c t io n s . 'To com plete the s e t ,  an ex p ress io n  fo r  the  
v e c to r  fu n ction  £  i s  n ecessa ry , and s u f f i c i e n t .  The ex p ress io n
depends on whether a lo c a l  or a n o n -lo c a l treatm ent i s  to  be used . In
the lo c a l  th eory , the exp ression  fo r  ^  i s  sim ply (eq u ation  ( 2 , 4 ) )
/“'~t 16 CT T^  dT nr. / 0 - .n
i  = “ T h p ( 2 - n )
where <r i s  S te fa n ’s con stan t and u i s  the o p a c ity  (c o n sta n t , by 
assum ption ( x i i ) ) .  In the n o n -lo c a l th eo ry , one may w r ite
1  -  ( 2 . 1 2 )
where 7j\r.» end ^  are  the components o f  £  in  the ( ^  , , <£ ) 
coord in ate  system d e fin e d  in  the n ext s e c t io n .  The f i r s t  two
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components o f  a r e , r e s p e c t iv e ly , p a r a l le l  and perpend icu lar to  grad'lj/
r'-y,
and ZSfi i s  the to r o id a l component. They are given  by s
«  r
'Sp = -  \I  cos X d o
0 \  = ( i  s in  X cos t| d o  ( 2 . 1 3 )
s in  X s in  ri d o
w here% I  i s  the in t e n s i t y  o f  r a d ia tio n ; X and r\ are an g les d e f in in g  
th e  d ir e c t io n  o f  I ,  X b e in g  the an g le  between the outward normal to  
the lo c a l  h|r su rfa ce  and the d ir e c t io n  o f  I and *n b e in g  the angle  
between the m eridian 0  = con stan t and the p r o jec tio n  o f  the d ir e c t io n  
o f  I  on tlio su rface  hjr = con stan t ( s e e  F ig s , 9 and 10 in  Chapter 4)5 
d o  i s  mi elem ent o f  s o l i d  angle about the d ir e c t io n  o f  I ,
The in t e n s i t y  I  i s  g iven  by the d i f f e r e n t ia l  equation
g  = -  np ( I  -  B) ( 2 . 1 4 )
(th e  " tra n sfer  equation"; s e e ,  fo r  example, Kourganoff 1952) .  Here 
th e  d e r iv a t iv e  i s  in  th e  d ir e c t io n  o f  I and B i s  the in te g r a te d  Planck  
fu n c tio n  (by cl ssum ption ( x i ) ) ,  g iven  by
m4
B -  „ . O - w )
3 ,D e f in it io n s
This chapter w i l l  be com pleted by d e f in in g  two parameters 
and d e sc r ib in g  the coord in ate  system s u sed .
Equation ( 2 . 5 ) may be w r itte n ;
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I o
f GM ! ,  , i r  . 2 .  I / ,  , / s-  —  1 1 + i  fc - 3  S in  6 I (.2 .16;
R  !
where
v
GM
' f p 3 , ' X
€  = = ~ -  . ( 2 . 1 7 )
‘The param eter £  i s  a measure o f  a, the r a t io  o f  c e n tr ifu g a l  fo rc e  to  
g r a v ity  a t the su r fa c e . I f  £  1 , a p ertu rb ation  th eo ry  may be used
to  s o lv e  the eq u a tio n s, as i s  shown la t e r .  S t r i c t l y ,  6  ^ a , but £
and a may be taken to  be the same fo r  most purposes. The r e la t io n
between then i s  d iscu sse d  in  Appendix V,
A fu r th er  parameter i s  d efin ed  by
£l -  5  _ e (n i f
* “ R ~ m GM 12*1 0 ;
where H = pressure s c a le  h e igh t in  an isotherm al atmosphere o f  
tem perature T , and Tg i s  a mean e f f e c t iv e  tem perature, d efin ed  by
L = 4jiR2o - f  . (2 .19 )o e
-3 / -4i s  independent o f  the r o ta tio n  sp eed , and i s  about 10 (3 .5x10
fo r  the assumed 10 s t a r ) .  I t s  s ig n if ic a n c e  w i l l  be d iscu sse d  in  
Chapter 5*
In th ese  form ulae, R i s  the rad ius and i s  the lu m in o sity
o f  the corresponding- n o n -ro ta tin g  s t a r ,  The p h y s ic a l s ig n if ic a n c e
o f  R and T i s  b lu rred  somewhat in  a n o n -sp h er ica l s t a r ,  but th ey  are
V
u s e fu l  to  d efin e  a s c a le  fo r  the system..
f in a l ly ,  th e  two main coord in a te  system s used  must be 
d escr ib ed . They are els f o l lo w s .
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(a )  S p h erica l p o lar  coord in ates ( f ,G ,  d>).
0>) The orthogonal s e t  ( i o n  lie re i s  d e fin ed  by equation
( 2 , 5 )  or by equation ( 2 , 16) and the su rfa ces  lC  -  con stan t are chosen  
to  be orthogonal to  the su rfa ces 3jr =* co n sta n t. That i s ,  th ey  are 
chosen so that
grad , grad H  = 0 everywhere ( 2 , 2 0 )
The general s o lu tio n  o f  t h i s  eq u ation , w ith  the co n d itio n  = co n sta n t,
i s
q 3 1
-“(cos G + lo g  tan  ( e / 2 ) )  + cos 0 = ( 2 , 2 l )
where f  i s  an a r b itra r y  fu n ction  o f  ^  , An obvious p a r t ic u la r  
so lu t io n  i s
£ ( X )  = X  ( 2 . 22)
and th is  i s  used fo r  a l l  the exact th eory  (Chapter 3 ) ,  A so lu t io n  
which i s  approxim ate, but which g iv e s  more meaning to  X-* o*s a co o rd in a te , 
i s  used  in  the p ertu rb ation  th eo ry . f ( X )  i s  chosen in  such a v;ay th a t
3 f 6 2 s
X  = 0 +  s i n  6 cos 0 +  £ *  —r  s in  0 cos 0 ( l  +  s in  0 )  + 0 ( £ ^ )
IT R
(2 . 23)
ITote th a t ^ 6 = 0  when 0 = 0, n/2  and re.
I t  should be noted  th a t , s in c e  in c re a se s  inw ards, the  
coord in ates (*j? , 'Jf , fi ) form a le ft-h a n d e d  coord inate system . Also ,  
l r does not have the dim ensions o f  a len g th , so th a t i t  i s  not a, 
n a tu ra l coordinate to  work w ith . I t  i s  th ere fo re  conven ien t in  the
p ertu rb a tio n  th eory  to  d efin e  a new v a r ia b le  s , w ith  the dim ensions 
o f  a le n g th , such th a t su rfaces o f  constan t s and con stan t c o in c id e  
and such th a t s in c r e a se s  outwards, Tho coord in a tes ( S * X » ^  ) 
a righ t-h an d ed  system , and th ere fo re  3 ^  -  -  . Reasons are g iven
in  Appendix IV, s e c t io n  5 , fo r  ch oosin g  a p a r t ic u la r  d e f in i t io n  fo r  s 
which has the above p r o p e r tie s . That d e f in i t io n  i s  used  throughout 
th e  main t e x t .
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CHAPTER 3 
M eridian c ir c u la t io n  
in  an atmosphere w ith  a lo c a l  energy tran sp ort equation
" S in g u la r ity  i s  alm ost in v a r ia b ly  a c lu e ,"
S i r  A.Conan D oyle, The Adventures o f  Sherlock  Holmes.
1 .The equations
In t h is  chapter the m eridian c ir c u la t io n  v e lo c i t y  f i e l d  in  
the atmosphere o f  the Roche model d escrib ed  in  Chapter 2 i s  determ ined  
u s in g  the lo c a l  energy tran sp ort equation  fo r  • This work has 
been pu b lish ed  as a sh o rt paper in  Z e it s c l ir i f t  ftir A strophysik  (Sm ith  
1966) .  I t  should  be noted th a t in  s e c t io n s  1 end 2 th ere  i s  no 
r e s t r ic t io n  on the v a lu e  o f  J~ l.. The general ex p ress io n s fo r  the  
v e lo c i t y  would th e re fo re  be v a l id  fo r  ra p id ly  r o ta t in g  s ta r s  were i t  
not fo r  the co n c lu sio n s o f  s e c t io n  4 .
The b a s ic  equations are equation s ( 2 . 3 )  to ( 2 , l l )  o f  
Chapter 2 , r esea ted  here fo r  con ven ien ce .
to. GM j 2 . 2  \Y  * ”  + t  U r s i n e  ( 3 . 1 )
grad P = p gradhj? or ~  = p ( 3 , 2 )
P -  'f 'p T  ( 3 . 3 )
Aiv (pv) = 0 ( 3 . 4 )
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-— v .g ra d  lo g  (P /p Y) = -  d i v l l  ( 3 . 5 )
L = J  P '.dS  ( 3 . 6 )
c o n st .
2  3 H p d $  & ^
( cT i s  S t e f an ' s  constant $ the a s t e r is k  i s  employed in  th is  chapter  
to  d is t in g u is h  i t  from the d im ension loss v a r ia b le , CT, d efin ed  be low . )
In the fo llo w in g  formal th eory , i t  i s  no more d i f f i c u l t  to  
t r e a t  h as v a r ia b le  than i t  i s  to  take k as a c o n sta n t. In equation
( 3 . 7 ) f th e r e fo r e , u i s  taken to  be the Kramer's o p a c ity
H -  Kq p0"1 f -3 “S ( 3 , 8 )
where h  , e and s are c o n sta n ts . The con stan t b = 6 + s + e i s  o'
a ls o  u sed .
These equations are n ot in  a convenient form fo r  s o lu t io n .
The dincns io n l e s s  v a r ia b le s  o f  RGS w i l l  be used , w ith  a s l ig h t  change 
in  n o ta t io n . 'There the n o ta tio n  d i f f e r s  from th a t o f  RGS, the  
fo llo w in g  tr a n s la t io n  ra le s  apply s
<T= x *  , h = Y *  , 'yr = ‘si/*’ , P = P* , t  = t*  .
The d im en sion less v a r ia b le s  are d e fin ed  bys
r  = (2 G 3 V x d f3o -
&  ^ 3 t
,1
q r  = ( a i i i r 4 2“ q ,'
P = J(64n cf/3LK0 )(fflr)*'*3+‘*‘(ia/,R ) ,*3+^“e ( £ ^ /2 ) ,^ |'''/e p = A p  say
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p = A (Gi l f l ) "  ! 2 3 p*
T = ( m/ f t )  ( f f i t a f 3 2‘ ^ t -
v =  ( l / 4 n )  ( - 0- / 2GM) * A”1 u
and 3  = ( L/ 4n)  ( 1
A rf  -A f
•
U sing e q u a t io n  ( 3 ,3 ) , end th e  second, o f  e q u a t io n s  ( 3 , 2 ) ,  t he
e q u a t io n s  i n  d im e n s io n le s s  f o m ares
ii 1 " . 2 — + <r s i n  6 <r ( 3 . 9 )
npi v^-
n3|rd J2t ( 3 . 10 )
p = p*t
1
( 3 . H )
d iv  ( o*u) a- — 0 ( 3 .1 2 )
i  - P (3 .1 3 )
Y?i u . g rad ff 1 o g (p /p * Y) = -  d iv  T<r — ( 3 .1 4 )
d t e. P ___ ( 3 .1 5 )d-y t bh ( y )
E q u a t io n  (3 ,1 5 )  i s  d e r iv e d  from e q u a t io n  ( 3 , 6 )  w i th  th e  h e lp  o f e q u a t io r
( 3 . 1 3 ) .  h i s  de f i n e d  by
2 1!
= c o n s t .
( 3 .1 6 )
The p r o p e r t i e s  o f  th e  f u n c t io n  h a re  c o n s id e re d  i n  Appendix I I . In
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terms o f  h s equation  ( 3 , 13) can be r e -w r it te n  as;
i f "  _ h ^ ) sra d - t  • ( 3 -17)
The su b scr ip t o ' in  the above equation s denotes the use o f  the  
d im en sion less sp h e r ic a l p o lar  coord in ates (c~ , 6 , ^ )  ? so t h a t , f o r  
exam ple,
grad ^  == \  ~  , o )
s in c e  a x ia l  symmetry i s  b e in g  assumed. The su b scr ip t w i l l  be dropped 
in  what fo llo w s .
The great m athem atical advantage o f  th is  model a r is e s  from 
the decoupling o f  the s tru c tu re  equation s from the equations fo r  the  
m eridian c ir c u la t io n . The run o f  tem perature and p ressu re  in  the 
atmosphore con be found from equation s ( 3 . 9 ) s ( 3 . 10) ,  ( 3 , 15) and ( 3 „16 ) ,  
together, w ith  s u ita b le  boundary c o n d it io n s , w ithout re feren ce  to  the  
c ir c u la t io n  c u r re n ts . That was done in  RGS in  the s p e c ia l  case where 
the c e n tr ifu g a l fo rce  i s  e x a c t ly  equal to  su rfa ce  g r a v ity  a t the  
equator (a  = 1 in  the n o ta tio n  o f  the previous c h a p te r ) . The 
boundary co n d itio n s in  t h i s  c r i t i c a l  c o n fig u r a tio n , in  which the s ta r
i s  on the verge o f  r o ta t io n a l  break-up, are p = t  = 0 a t  = ')su rfa ce
= 3x2 , (oeo RGS and Appendix I I . )  I t  w i l l  be seen  th a t in  fa c t  th e
th eo ry  i s  not v a l id  fo r  such la rg e  v a lu es  o f a.
2 . D er iv a tio n  and d is c u ss io n  o f the c ir c u la t io n  cu rren ts
The eq uation s fo r  h , p , t  and p*~ are such th a t th ese  fu n ctio n s
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h i#  K q u i p o t e n t i a l s  f o r  K o r H k ' i  m o d e l .  T h e  <f i s h e d  c i r c l e  is t h e  l o c u s  o f  t h e  p o i n t *  w h e r e  t h e  c e n t r i f u g a l  f o r t e  b a l a n c e s  
e x a c t l y  t h e  h o r i z o n t a l  c o m p o n e n t  o f  t h e  g r a v i t a t i o n a l  a t t r a c t i o n .  I h e  h e a v y  l i n e  r e p r e s e n t s  t h e  c r i t i c a l  e q u i p o t e n t i a l .
A Lz-Ago-k (*? *3 & H a-w.JUn o-cts Jw PVv*^I.cVc  ^ G "X^
can in  p r a c tic e  on ly  be found by num erical in te g r a tio n *  S in ce a  
procedure fo r  the num erical s o lu t io n  o f the equation s has been l a id  
down in  RGS, and s in c e  the primary in t e r e s t  in  th is  t h e s i s  i s  in  the  
c ir c u la t io n  cu rren ts , the fu n ctio n s h , p , t  and p* w i l l  be supposed to  
be known fu n ctio n s o f 'ijf and the c ir c u la t io n  v e lo c i t y  w i l l  be found in  
terms o f  th ese  known fu n c t io n s , u s in g  equations ( 3 . 12) ,  ( 3 . 14) and
( 3 . 1 7 ) .
For th is  purpose, i t  i s  conven ient to  use the non-dim ensional 
form o f  th e  orthogonal coord in ate system  (rjr, , (p ) d e fin ed  in  th e  
l a s t  ch ap ter. In the d im en sion less v a r i a b l e s ,^  i s  d efin ed  by 
equation  ( 3 , 9 ) and ^  by
yC = ~ (co s 6 + lo g  tan ( 0/ 2) )  + crcos*© (3 ,1 3 )
The su r fa ces  'Xjf = con stan t are shown in  F ig , 5 . The ^ - s u r f a c e s  are  
orthogonal to  them. The m eridian c ir c u la t io n  v e lo c i t y  u may then be 
exp ressed  in  terms o f i t s  components u ^  , u^ p erp en d icu lar  and 
ta n g e n t ia l  r e s p e c t iv e ly  to  the su r fa c es  = c o n s ta n t5 i . e .
u , u .grad±  .gradTL ( 1 1 9 )
— }'jgrad^V( x [grad'X| *
The procedure fo r  f in d in g  u , u ^  i s  as fo llo w s  s
(1 )  Find grad lo g  (p/p* ) ,  which i s  p rop ortion a l to  grad ^ .
( 2 ) Find u^ . from equations (3 .1 4 )  end ( 3 .1 7 ) .
(3 )  Find u^  from equation  ( 3 .1 2 ) .
F ir s t  o f a l l , ,  i t  i s  e a s i l y  shown th a t
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grad lo g  (p /p * r ) = -T— -- r ,;'" 'Y  : -  lj grad-\|r ( 3 , 20)
u s in g  equations ( 3 ,1 0 ) ,  ( 3 . 1 l ) .  Hence from equations ( 3 . 1 l ) ,  ( 3 .1 4 ) ,  
(3 .1 7 )  and ( 3 .1 9 ) ,
* v * V  1 dh
u
1 ,1
h lVM rl h--d“p 1 -  ^  1 f 
u  -----------   ( 3 . 2 1 )
* Y dt -  1.:P j
S in ce  y|r i s  known, a fu r th e r  stop  i s  p o s s ib le .  From equation ( 3 .9 ) ,
g r a d ^  = ( -  “ i. + 2 c s in *  6, 2 crsin  0 cos 0, 0) 
so  th a t jgradqff j = G(:T", 0)/& '*  (3 .2 2 )
where G (cr, e) = ( l  -  AcT^sin^ + 4^ "6>s in a o ) 1* (3 .2 3 )
A lso  i t  may be shov/n th a t
= 4 (3 .2 4 )
Hence f i n a l ly
u _  = —
4cr 1 dh G i 
G " h d-f o--2 ]
p l-Y -  1 d-vjr i L J
( 3 . 25)
This should  be compared w ith  the more general form ula d erived  r e c e n t ly  
by lies t e l  ( 1966) .
To f in d  , equation (3 ,1 2 )  must be s o lv e d . The boundary 
co n d itio n  u~  ^ = 0 when 0 = 0 i s  u sed , A formal s o lu t io n  i s  e a s i ly  
obta in ed  in  the coord in ate  system  in  vdiich equation
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( 3 . 12) can be w r itte n
*"i — —i
1 __| Jt- OTs in  6
~6nV L U'f'' I3r a d n
^ c~~sin 8 j 
V X -iP 1 grad^i ]
u _  i s  obtained  from t h is  by in te g r a t in g  w ith  r e sp ec t to  96 over a 
su r fa c e  'yf = c o n sta n t . Ctn such a su rfa ce
.  VX ~*lC
d?.. = —  d ^  + ^ ~ 6  d6
0 -  dT; -  'zrLm d0" +* ^cr 1> e
and s o , e lim in a tin g  d«r- and u s in g  equation s ( 3 ,9 ) ,  ( 3 ,1 3 ) ,  (3 ,2 3 )
3 cos^0 G( CT', o) ^d-v = ■*— : TTTT ? •’ v^T d0 on nir = con stan t2 s in  0(1 -  2c*S2Ji d) T
Of co u rse , on ^ " » con stan t :T i s  a fu n ctio n  o f "N^F and 0 g iven  by 
equation  ( 3 ,9 ) ,  which cannot be e x p l i c i t l y  so lv e d  fo r  or'. Hence
lw (n j/ , <r(^y , © ) , © )  =
-  G (g ~ (« M ),0 )
(T ) .r? (V, 0 ) s in  0
r  i]-3cos_y_G_(_g' (r!f.x),x) |«  Ipg_^sin6 il , , ,  s
2s^inx(l-2“, ^  , z  )sii?5c)  ^ t^ yg lsrad 'K  j J f S -  x ) V '
Jo I  J ' '
This e x p r e ss io n , a lb e i t  p u rely  form al, shows the same
• *
l /d e n s i t y  dependence as i s  shown in  the exp ress ion  ( 3 . 25) fo r  u^, .
The boundary c o n d itio n s p = t  = 0 a t  the su rface  (d isc u s se d  in  Chapter 
5) req u ire  -  0 a ls o  at the su rfa ce  (se e  the s o lu t io n  in  RC-S) and 
so  the c ir c u la t io n  v e lo c i t y  has a s in g u la r i ty  a t th e  su r fa c e . As 
ex p la in ed  in  Chapter 1 , t h is  fea tu re  i s  not due to  th e  u se o f a Roche 
p o te n t ia l  ( c f ,  M estel 1966) ,  However, n e ith e r  can i t  be a ttr ib u te d  
to  the use o f  a p ertu rb ation  th eory , as might have been thought
4
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because o f  the r e s u l t s  o f Opik ( l 9 5 l )  an <3- Haker and Kippenhahn (1 9 5 9 ) . 
The s in g u la r i ty  im p lie s  th a t one o f  the p h y sica l assum ptions made i s  
in v a lid *
The two l e a s t  p la u s ib le  assum ptions made are
(1 )  th e  tr a n s fe r  o f  r a d ia tio n  can be d escrib ed  by a " lo c a l” equation
*
( 2 ) in e r t i a l  and v isc o u s  © ..fects are n e g l ig ib le .
The f i r s t  assum ption i s  im p l ic i t  in  the u se  o f  equation ( 3 .7 )  
fo r  which, i s '  a #r? l o c a l ” equation  in  the sen se  th a t ^ ( r )  depends 
o n ly  on th e  lo c a l  v a lu e s  o f  p, T and grad T at the p o in t r ,  As n oted  
in  th e  l a s t  chapter, i t  would not r e a l ly  be su r p r is in g  i f  th is  
eq u a tio n , the standard one in  the theory  o f  s t e l l a r  in t e r io r s ,  were 
inadequate in  the atmosphere o f a s t a r ,  where the r a d ia t iv e  tr a n s fe r  
i s  u s u a lly  describ ed  by the " n o n -lo ca l” equations ( 2 .1 2 ) to  ( 2 , 15) .
I t  w i l l  be shown in  Chapter 4 th a t the n o n -lo ca l th eory  does remove 
th e  su r fa ce  s in g u la r i ty .
However, .assumption ( 2 ) cou ld  a lso  be wrong. I n i t i a l l y ,  i t  
would seem l ik e ly  th a t the v e lo c i t i e s  in  a n o n -lo c a l theory  would 
d i f f e r  from the p resen t v e lo c i t i e s  on ly  in  a f a i r l y  th in  la y e r  near  
the su r fa ce  o f  the s t a r ,  perhaps o f the order o f a s c a le  h e ig h t in  
th ic k n e s s .  Thus a t ,  sa y , one o p t ic a l  depth below the su rface  the
-V-
v e l o c i t i e s  might be exp ected  to  be alm ost as great as on the lo c a l
ITote th a t th is  i s  a v ery  p e s s im is t ic  v iew p o in t. The f a c t ,  proved in  
Chapter 6 , th a t the n o n -lo c a l theory  p r e d ic ts  la r g e r  v e lo c i t i e s  a t one 
o p t ic a l  depth than the lo c a l  theory  could  hardly  have been a n t ic ip a te d  
from the r e s u lt s  so  f a r .
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th eo ry .
In th a t case  i t  i s  p o s s ib le  th a t v isc o u s  and in e r t ia l  fo r c e s  
cou ld  be im portant n ear the su r fa c e . To t e s t  t h i s ,  th e  exp ress ion s  
( 3 . 25) ,  ( 3 . 27) W ill be used  to  d er ive  an order o f  magnitude e stim a te  
fo r  the c ir c u la t io n  v e lo c i t i e s  in  terms o f  the r o ta t io n  sp eed . I t  
w i l l  be seen  th a t assum ption ( 2 ) may s t i l l  be made i f  the r o ta t io n  
speed i s  s u f f i c i e n t ly  slow ,
3 . Order o f  magnitude o f  the v e lo c i t i e s  a t the base o f  the atmosphere 
P r o v is io n a lly , slow  r o ta t io n  i s  assumed. This i s  d e fin ed
by a = a(R )<< 1 , where a (r )  = iX rV ® -1 -  r a t io  o f c e n tr ifu g a l fo rc eeq
to  g r a v ity  in  the e q u a to r ia l p lan e, and R i s  the e q u a to r ia l rad iu s  
o f  th e  r o ta t in g  s ta r  ( c f .  Appendix V ). The fo llo w in g  v a lu es  are 
taken fo r  the co n sta n ts  in vo lved :
= 8 ,3  y 10? e rg /d eg /m o le  
m -  1 / 2
p  p
G = ^•7x10*" dyne cm /gm
y « 5 /3
The v a lu es  taken fo r  the p h y sica l param eters are th o se  g iven  in  
Chapter 2 (p . 3 2 ), as suming a BO s t a r ,  ITo c o r r e c tio n  fo r  r o ta t io n  
has been ap p lied  to  R or L, s in c e  the c a lc u la t io n  below  i s  only very  
approxim ate. For s im p l ic i t y  an e le c tr o n -s c a t te r in g  o p a c ity  i s  
assumed (an in  RGS), so  th a t ( c f ,  equation  ( 3 .d ) )  © ” 1 , s -  -  3 , 
b = 4 and w = kq <-w 0 ,3 8  fo r  pure hydrogen (A llen  1363) .
The d e n s ity  and tem perature a t u n it  o p t ic a l  depth ('X  ” l )
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are req u ired . For slow  r o ta t io n , i t  i s  approxim ately tru e th a t
-  pe (3 .2 8 )
A lso  ~  -  -  pw (3 .2 9 )
2
by d e f in i t io n .  Assuming g ^  Gll/R = c o n sta n t, and th a t  P = 0 a t the  
su rfa ce  = 0 )
GM -r
Thus p m <3,1 Xnil T
The temperature a t  ” 1 i s  near enough T , Hence
T x = 1 i - > T Q ~  2 . 2 X 104 °K ( 3 . 3 0 )
Gita 1 q ,
p 'X= 1 ~  — 5---- = --------- ^ 5 . 8x10"^ gm/cm ( 3 . 3 l )
wE'TftT h f.R  e 1
The awkward part o f equation  (3 .2 5 )  i s  h (h lr). However, in  
the case  o f slow  r o ta t io n , an expansion in  a  can bo u sed . S in ce
— CM
4 -r 1 + -r a (r )  s i i f  61
the su r fa c e  va lu e  o f  ”U>' i s
2 '/3 GM
o fc  ^  ------- X,—  = i ~  )
l~  (GMJZ)^R \a)
Thus, s in c e  0^ > ’^ rs , h('\jf) can be expanded in  powers o f  1/Ajr . I t  
may be shorn ( c f .  Appendix I I ) th a t
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•The expansion fo r  h(pi/ ) may he used in  a s e r ie s  s o lu t io n  o f  
eq uation s (3 ,1 0 )  and (3 .1 5 )  fo r  sm all oC m I t  may be shown th a t
a t i  i - *-j to  zero order m  a  oMf 4
For la r g e  <*\|f , ( f  may be w r itten  (from (3.9)) as
^  1 [  J  • 2 fl ,
^  L  ^ v 3S:m
so  th a t
(3.34)
G(cr, e)= 1 - A s i d e  + . . .
These expansions may be u sed  in  equation  (3 .2 5 )  to  f in d  an 
expansion fo r  u^r. The term in  i / a^ v a n ish es id e n t ic a l ly ,  le a v in g  
th e  lea d in g  term
u 512 1 1 / - ,  3 . 2 ^
*  " 9  i p ?  (1 " 2 Sln 0) (3.35)
h o te  th a t  the 0-dependence i s  ju s t  P^(cos ©) where P^ i s  the Legendre 
polynom ial o f order 2 ,
ur£ may now be found by u s in g  the above exp an sion s, and the
Is r a a x l -  |^ T n “ e G(<r» e ) ’ 
liquation (3 .2 7 )  y ie ld s  an expansion fo r  u ^  whose le a d in g  tenn i s
f a c t  that
u, 1 1 (3 .3 6 )X -  J - ^ 6  ?  s in  26 
To f in d  num erical e s t im a te s , th e se  e x p ress io n s must be put in
dim ensional form. Thus, fo r  example, 
\Yj ,  ____  .IA ( £ k \ \  512 JL a £ _ ,  f l  _ I  s in 2 N 
\2GIiJ A 9 T^s  p ( s . l l l > » '  2
Using- ^ ^  *ys ^  ( 2/ a) and a <-■* £V"?L /GM, th i3  g iv es
\  ^  9?  a f e  7  ( 1  + 3 o o s  2 o )
S im ila r ly  ~  ^  ~  7 s in  20 of" J1  J i _  1 -  - • -  — -2
-9t 9n  GMR "p
(3 .3 7 )
g o
^  2 ,2 x 1 0  ( l  + 3 cos 20) a cm/sec"'|^
6 2 / I2 , 2 k. 10 7 s in  20 a cm /sec 1
(3 .3 3 )
u s in g  the va lu es g iven  above, (See a lso  Appendix V II, s e c t io n  4 . )
I t  i s  im m ediately apparent th a t v ^  and v ^  are comparable 
in  s i z e ,  which c o n tr a d ic ts  the u su a l approxim ation to  the c o n tin u ity  
equation
n
v  —• V -r
X H i  ’
found by assuming th a t py .^ changes a p p rec iab ly  in  a s c a le  h e ig h t H 
w h ile  py-  ^ has a s c a le  o f  v a r ia t io n  o f  R, In f a c t ,  s in c e  v ^  «C l / p , 
pVg. i s  roughly con stan t in  the atmosphere and the u su a l approxim ation  
i s  not v a l id .  The approxim ation to  the c o n tin u ity  equation  w i l l  be 
found to  be v a l id  in  the n o n -lo c a l th eo ry , where the l /p  dependence 
does n ot appear.
The next p o in t to  n o te  i s  th a t  the v e lo c i t y  i s  p rop ortion a l
2
to  a to  low est o rd er . S in ce a f i r s t  order p ertu rb ation  theory  
p r e d ic ts  non-zero v e l o c i t y  terms ( s e e ,  fo r  example, K e s te l 1965*
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equation  ( 2 l ) ) ,  t h is  r e s u lt  i s  a t f i r s t  ra th er  su r p r is in g . The 
expansion has shown th a t f i r s t  order terms appear, hut can cel 
id e n t ic a l ly  (th e  term in  1 /fy  v a n is h e s ) .  This c a n c e lla t io n  turns out 
to  he a consequence o f  the use  o f th e  Roche p o t e n t ia l .  I f  the Roche 
p o te n t ia l  i s  used in  the d e r iv a tio n  o f  M e ste l's  equation  ( 2 l )  in s te a d  
o f  a general g r a v ita t io n a l  p o te n t ia l ,  th e  f i r s t  order v e lo c i t y  i s  
indeed  zero . This r e s u lt  throws doubt on the u se  o f  the Roche 
p o t e n t ia l ,  s in c e  th ere  w i l l ,  in  g e n e r a l, be non-zero f i r s t  order term s. 
However, fo r  uniform r o ta t io n  th e se  w i l l  be f i n i t e ,  or a t  worst 
p ro p o rtio n a l to  p '/p  (Sweet 1950; Ivlestel 1965) ,  and so  the second order  
terms w i l l  dominate near the su r fa c e . The equations (3 ,3 7 )  may 
th e r e fo r e  be expected  to  g ive  the r ig h t  order o f magnitude fo r  the  
v e lo c i t i e s  in  the su rfa ce  la y e r s .
I t  w i l l  be seen  la t e r  th a t the v a n ish in g  o f  the f i r s t  order  
terms i s  in  part due to  the u se o f  a lo c a l  th eo ry . The n o n -lo c a l  
th eory  y ie ld s  n on -van ish in g  f i r s t  order terms even w ith  a Roche
• 1
p o t e n t ia l .
The th ir d  p o in t to  be n o t ic e d  i s  the s ig n  o f  the v e lo c i t y
components. S in ce  u^ . i s  d efin ed  by equation (3 .1 9 )  to  be in  the
d ir e c t io n  o f grad'\|/' , and s in c e  %|f in c r e a se s  inw ards, th e  s ig n  fo r  y ^
g iven  by equa t io n  (3 ,3 7 )  means th a t th e  c ir c u la t io n  r i s e s  a t the
equator and sin k s a t the p o le s ,  con trary  to  the u su a l f i r s t  order
r e s u l t  (Baker and Kippenhahn 1959; Sweet 1 9 5 0 ). This c ir c u la t io n
r e v e r sa l in  the ou ter  la y er s  was f i r s t  mentioned by Opik ( l9 5 l )
has r e c e n tly  been r ed isc u sse d  by M estel ( 1966) . S in ce  v^ i s
(
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p o s i t iv e  throughout, and ^  in c r e a se s  w ith  0, th e  stream  l in e s  are as
shorn in  F ig . 6 , whioh agrees
I!
w ith  Opik’s r e s u l t .  This i s  
a ra th er  odd r e s u l t ,  which 
su g g ests  th a t the p o lar  
reg ion s c o n tin u a lly  lo s e  m ass. 
The n o n -lo c a l theory  w i l l  
show th a t t h i s  m ater ia l in  
fa c t  retu rn s to  the p o le s  
F ig . 6 . Local th eory  stream l i n e s .  very  near the su r fa c e .
x
4 .Range o f v a l id i t y  o f  the theory
The equation s (3 .3B ) con now he used to  t e s t  the v a l id i t y  o f  
assum ption ( 2 ) o f  s e c t io n  2 , C onsider f i r s t  the f u l l  s te a d y -s ta te  
equation  o f motion (w ithou t the m agnetic fo r c e s )s
(V.V)V + grad P = g r a d $  + 4  Vgxad d iv  V -  c u r lc u r l V (3 .3 9 )
—  -  p  o  “  “
whore Y = v  + £l&t i s  the general v e lo c i t y  o f the s t e l l a r  m ater ia l 
v  = v e lo c i t y  in  a m eridian plane  
jt = u n it  to r o id a l v e c to r  
and \? -  r a d ia t iv e  (k in em atic) v i s c o s i t y
16
2 2 Ipnp c
( s e e ,  e . g . ,  Cowling 1953)
Since v  changes ra p id ly  n ear th e  su r fa c e , w h ile  ©  does n o t ,  
the m eridian-plane component o f equation  (3 .3 9 )  g iv es  1
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i v i 2I  ■ in e r t ia l  terms ^  jg j
E
V » v isc o u s  terms ** ^  j —1
H2
C = c e n tr ifu g a l terms ^  X X r
q
where H -  s c a le  h e ig h t « R =* 4 .5 /1 0  cm*
An approxim ation fo r  V may be found as fo l lo w s .  Taking T ^T  ,e
m3 m
o -  l i i h  6 i  J L
3 k p H 5 2
■3 P °
4* T
But —  ~  | ~  ^  j*"Jj ^  fo r  slow  r o ta t io n , and (u s in g
eq u ation  (3 ,3 4 )  and the d e f in it io n s  o f  t  and 'vj/ )
I dr I 4 H
Hence V ^  ~  - i -  r- 9 t6*10^ cm2/ s e c  (3 .4 0 )
5 pc nR
For Jv J , the root mean square va lu e  o f  v  i s  taken , th a t i s ,
 : \V*fv .  + v  ) s i n  6 d© i  K (3 .4 1 )
/8 8 1 S' L ' 1 2 , , n7 2
>/ 3 9n  a m  p —  1 .2 x 1 0  “  .
Then, u s in g  - T i - _ ^  1 ^ 10“® a ,
R
I  ~
C 40 <2 (3 .4 2 )
I n e r t ia l  terms are th ere fo re  n e g l ig ib le  compared w ith  c e n tr ifu g a l  
terms i f  40 cc,<C*C. 1 , i . e .  i f
O f«  0 .3  . ( 3 .4 3 )
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( in  th e  author*s paper (Sm ith 1966) s l i g h t l y  cruder estim a tes were u sed , 
le a d in g  to  the s l i g h t l y  l e s s  s tr in g e n t  r e s u lt  a ^ < 0 , 4  * The r e s u lt  
i s  c le a r ly  q u a l i t a t iv e ly  unchanged.)
In the same way i t  may he shown th a t
|  ~  7 .2 X1 0 '6 a «  l  fo r  a < <  1 .4x10s . ( 3 .4 4 )
Thus v isc o u s  terms can always be ign ored , and i n e r t i a l  terms can be 
ign ored  i f  the r o ta t io n  i s  slow  enough.
I t  should be noted  th at th e se  r e s u lt s  mean th a t the s t e l l a r  
model used  i s  not accu rate  fo r  a  = 1 , the value adopted in  RGS, s in c e  
in  th a t  case in e r t ia l  terms are some 40 tim es g r ea ter  than the c e n tr i ­
fu g a l term s. However, the p resen t order-of-m agnitude c a lc u la t io n  i s  
i t s e l f  in accu rate  u n le ss  a «  1 , so th a t one i s  e n t i t l e d  to  sa y  on ly  
th a t th e  in e r t ia l  and c e n tr ifu g a l terms are l ik e l y  to  be comparable 
n ear the su rface  fo r  a = 1 and th a t equation (3 ,2 )  can no lon ger  be 
assumed to  be v a l id  fo r  such r a p id ly  r o ta t in g  s t a r s .
F ortu n ately , few s ta r s  are observed to  r o ta te  as f a s t  as th a t .  
A llen  ( 1963) quotes a mean va lu e  fo r  a o f  about lO"'*’ fo r  BO s t a r s ,  so  
th a t to  a reasonable approxim ation th e  above theory  a p p lie s  to  the more 
s lo w ly  r o ta t in g  B s t a r s .  This co n c lu sio n  might ap >ear to  be in  
disagreem ent w ith  the r e s u lt s  o f  t a lk e r  ( 1965b), whose f ig u r e s  su g g est  
th a t a l l  BO s ta r s  are r o ta t in g  on the verge o f  break-up. However, 
th e  presen t author's com putations, on the same d a ta , do not support 
W alker's r e s u l t ,
TThoever i s  r ig h t ,  th ere  i s  s t i l l  no doubt th a t some s ta r s
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e x i s t  fo r  which assum ption ( 2 ) i s  v a l id .  A tten tio n  from now on w i l l  
he con cen trated  on such s t a r s ,  fo r  which on ly  assum ption ( l )  need be 
d isca rd ed . The d e t a i ls  o f  the n o n -lo c a l th eory  which rep la ces th a t  
assum ption w i l l  be given  in  Chapters 4 to  6 .
However, i t  i s  appropriate to  mention here a snag which w i l l  
appear again  la t e r  in  more form idable g u is e , Lies e e l  has p o in ted  out 
( 1965) th a t strong h o r izo n ta l sh ea r in g  can sometimes g iv e  r is e  to  
tu rb u len ce , the energy in  the flow  b e in g  s u f f ic i e n t  to  u p set the  
oth erw ise  s ta b le  d e n s ity  s t r a t i f i c a t i o n .  This i s  an example o f  the  
K elvin-H elm holtz i n s t a b i l i t y ,  mid a s u f f ic i e n t  c r it e r io n  fo r  s t a b i l i t y  
i s  th a t  the Richardson number
j  _ &(-p /p )
R ~
(dv^ /dr) .
sh ou ld  be g rea ter  than about l / 4 .  (S e e , e . g . ,  Chandrasekhar 1961. )
I f  the flow  did become tu r b u len t, the e f f e c t iv e  v i s c o s i t y  o f  the gas 
would be much la rg e r  than the r a d ia t iv e  va lue and v isc o u s  e f f e c t s  m ight 
not be n e g l ig ib le .
The r e s u lt s  quoted here are d erived  in  Appendices IV and V II, 
where the n o ta tio n  used i s  f u l l y  ex p la in ed . To lo w est order l )
“ (3 .4 5 )
(dVg/dr)^
S t r i c t l y  speaking, t h i s  exp ression  fo r  the Richardson number a p p lie s  
on ly  in  an incom pressib le  f lu id .  However, th e  ex p ress io n  a p p lic a b le  
in  a com pressib le f l u i d  d i f f e r s  from i t  on ly  by a fa c to r  o f  order u n ity
-  se e  Chapiter 6, soctican 5 .
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GM 1where gQ -  - g  ~  
R y
y = s/R ( s  = r  to  low est order, and y  ■ 1 cit the boundary)
7
and ^  6 , V  §  « * tJ  s i n 20 £ 3 r _ _  A  _ J S L
(i-y )3 d -y )4
From th e se  r e s u lt s
j  „  j V .  J M L _______—_____ ( l . - g ) .7. ... ( 3 4 6 )
E 21472 w2£f3L 2 s±n22 6 ^  y 17(8 “5 y )2
Assuming the va lu es above fo r  G, M, h , £ , ,  R and L, and ta k in g  y  = 1
*y
excep t in  the term ( l~ y )  ,
j r = 3 .6 * io 15
s i n ^ © ^
2 4
The c r i t i c a l  va lu e  o f  i s  l /4 *  = l / 4  i f  ( l - y ) ^  f i . e . ,
2 / -1  3 .4*10
ta k in g  s in  2 6 ^ 1 /2  and £  -  10 , i f
l - y  = l . i x i o -3  ( 3 .4 7 )
S in ce  > 1 / 4  fo r  l - y  g rea ter  than t h is  v a lu e , i n s t a b i l i t y  i s  on ly  
p o s s ib le  in  a very  th in  la y e r  near the su r fa c e , <1 l / 4  on ly  in  a
boundary la y e r  o f  th ick n ess
5 « 1 .1*10“3 B = 1 .3  H (3 .4 3 )
th a t i s ,  about one s c a le  h e ig h t or about one o p t ic a l  depth. Thus 
i n s t a b i l i t y  i s  only p o s s ib le  (and the c r it e r io n  does not req u ire  
i n s t a b i l i t y  fo r  l / 4 )  in  the reg ion  where i t  has a lread y  been
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su g g ested  th a t the lo c a l  theory  does not apply. I t  i s  th e re fo re  
l o g i c a l l y  p erm iss ib le  to  ignore fo r  the p resen t the p o s s i b i l i t y  o f  a 
tu rb u len t su rface  la y e r , in  the hope th a t the n o n -lo c a l th eory  w i l l  
show th a t the v e lo c i t y  grad ien t i s  sm all enough th a t turbu lence can 
n ever appear. That i s  not in  fa c t  s o ,  and the consequences w i l l  be 
d isc u sse d  in  Chapter 7 .
- 64-
CHAPTER 4
Ilo n -lo ca l r a d ia t iv e  tr a n s fe r  in  a n o n -sp h er ica l atm osphere.
nI  do a tten d  here on the g e n e r a l . . ."
VI, Shakespeare, O th e llo , Act I I I  S c . i v .
1 . The equation o f  tr a n s fe r
The n o n -lo c a l th eory  d i f f e r s  from the lo c a l  th eory  
p r in c ip a l ly  in  i t s  r ep re sen ta tio n  o f  the tr a n s fe r  o f  ra d ia tio n  
through the atmosphere. The lo c a l  equation  fo r  the r a d ia t iv e  f lu x ,
,3
3 h p- grad T ,
i s  rep laced  by the s e t  o f  equations
where
=
a  - \ l  cos K dc3
% Cl s in  A. cos n d o  
f l  s in  \  s in  ti d o
>
J
and
JS
dl
B
-  np(l-B)
€ l
n
4
( 4 .1 )
(4 .2 )
( 4 .3 )
( 4 .4 )
( 4 .5 )
These equations have a lrea d y  been p resen ted , in  Chapter 2 S where the  
n o ta t io n  was exp la in ed . The d e f in i t io n  o f  s i s  g iven  in  Appendix IV.
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Equation (4*2) m erely d e fin e s  and to  be th e  components o f
C"31 in  the d ir e c t io n s  o f  grad s ,  grad 'X  and grad <6 r e s p e c t iv e ly ,
r -
Equation (4*3) r e la t e s  "5 to  the in t e n s i t y  o f  r a d ia t io n  I ,  which 
s a t i s f i e s  the d i f f e r e n t ia l  equation  (4*4 )* Equation (4 ,3 )  i d e n t i f i e s  
B as the in te g r a te d  Planck fu n c tio n .
S in ce the tem perature T appears in  equation (4 * 5 )> t h is  s e t  
o f  equations m ust, o f  co u rse , be so lv e d  in  con ju n ction  w ith  the u su a l  
s tr u c tu r e  eq u a tio n s. I t  i s ,  however, u s e fu l to  r e s t r i c t  a t te n t io n  
fo r  th e  moment to  eq uation s ( 4 .2 )  to  ( 4 .5 )  and in  p a r t ic u la r  to  
co n sid er  equation ( 4 .4 ) ,  the "equation o f  tr a n sfe r " , in  more d e t a i l .
The in t e n s i t y  I  i s  a fu n ctio n  o f  d ir e c t io n  as w e ll as o f  
p o s i t io n , a fa c t  which con ip licates the general ex p ress io n  fo r  d l / d l ,  
th e  d e r iv a tiv e  o f  I  in  the d ir e c t io n  o f  I .  Consider f i r s t  the sim ple  
case  o f  a n o n -r o ta tin g , s p h e r ic a lly  symmetric s ta r .  I t  i s  customary  
in  th a t case to  take th e  atmosphere as s t r a t i f i e d  in  p lane p a r a l le l  
la y e r s .  S ince the fu n c tio n s  d e sc r ib in g  the s tr u c tu r e  o f  the  
atmosphere depend on ly  on r ,  the d is ta n ce  from th e c en tr e  o f  the s t a r ,  
and s in c e  the rad ius o f  curvature o f  the atmosphere i s  la rg e  compared 
w ith  the mean fr e e  path o f  a photon, th is  i s  a very  good approxim ation  
( s e e  Chapter 5 ) .  £n th a t case
dr w c o s A d l (4 *6 )
v,rhere f \  i s  the angle between the rad iu s  v e c to r  and the  d ire c tio n  d l 
(F ig . 7 ) . Since in  th i s  simple s i tu a t io n  I  must d.epend only on r  and 
A  , attd l \  i s  constan t along d l ,  equation (4 .4 )  then reduces
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dr
r+dr
im m ediately to
co sA  ~  = 1 - 3dX
"lie re ' X - r
( 4 .7 )
no d r1
Here T  i s  the " o p tic a l depth". The low er l im it  o f  in te g r a t io n  i s  
co n v e n tio n a lly  chosen to  make % -  0 a t the"surface"  o f  the s t a r  (se e  
Chapter 5 ) .
I f  the mean fr e e  path o f  a photon i s  n o t sm all compared to  
the s t e l l a r  r a d iu s , as w i l l  he the case fo r  s ta r s  w ith  extended  
en velop es ( s e e ,  e . g . ,  McCrea 1923, Chapman 1966) ,  th e  plane p a r a l le l  
approxim ation no lo n g er  h o ld s , and equation  ( 4 .6 )  must he supplem ented
dr y "'
F ig . 3 . See te x t
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by the equation
r  a A  = - s in A  cLl (4 .8 )
where the n eg a tiv e  sign  e .rises because A  decreases a lon g  d l (F ig . 8 ) .
In th a t  case, equation (4 .4 ) becomes
c o s A |“  -  = -  HP ( I  -  B) (4 .9 )
( c f ,  R.T. p .2 3 ) . This fo m  o f  the tr a n s fe r  equation  i s  v a l id  a t any
le v e l in  the  atmosphere of a n o n -ro ta tin g  s ta r .
In  a r o ta t in g  s t a r ,  f u r th e r  g e n e ra lisa tio n  i s  necessary .
Since the symmetry i s  a x ia l ,  r a th e r  than sp h e r ic a l, I  w il l  depend on
the c o - la t i tu d e  6 as w ell as on r ,  although i t  w ill  s t i l l  be independent
of Also, one angle i s  no longer s u f f ic ie n t  to  sp e c ify  the d ire c tio n
d l ,  I  i s  th e re fo re  in  general a function  of the fo u r v a ria b le s  r ,  6,
A *A  and H 1 whore H measures the d ire c tio n  of I  w ith re sp ec t to  a 
m eridian p lane, = constan t (see F ig s , 9 - 11, which w ill  be 
explained s h o r t ly ) ,
However, b ea rin g  in  mind the  r e s u l ts  o f Appendix IV, these 
v a r ia b le s  are no t the most s u ita b le  f o r  a  r o ta t in g  s t a r .  I t  i s  b e t t e r  
to  choose as p o s itio n  coord inates the  v a r ia b le s  s ,  defined in  
C hapter 2 and Appendix IV and as angu lar v a r ia b le s  the angles A, r\ 
defined  in  Chapter 2 and by F ig s, 9 -  11. The r e s u l t in g  equation w il l  
then be in  the co rrec t fo m  fo r  p e rtu rb a tio n  theo ry  to  be used in  i t s
In  th i s  con tex t, H is  the Creek l e t t e r  " c a p ita l e ta " .  I t  should not 
be confused w ith E, the sc a le  h e ig h t.
-6 8 -
s o lu t io n .
I f  the c o r r e c t  form fo r  equation  ( 4 .4 )  i s  to  be ob ta in ed , i t  
i s  n e c essa ry  to  f in d
d l ,  _  , > « I  ds dX ^ > 1  d \  dm
a i ( B , X »  M } = 5 1  d i + ^ x d r  + 5 \  d l + ^ d i  •
To f in d  the c o e f f i c i e n t s  o f  the d e r iv a t iv e s  o f  I  i s  a lab or iou s
( 4 .1 0 )
procedure, which i s  most e a s i ly  c a r r ie d  out in  two s t a g e s .  These ares
( i )  the c a lc u la t io n  o f  d r /d l ,  d 0 /d l, d A /d l  and d H /d l  in  terms o f  
r ,  e , A , H .  This w i l l  g iv e  the gen era l form o f  th e  tr a n s fe r  equation  
in  sp h e r ic a l p o la r  co o rd in a te s .
^ - o  (a rb itra ry )
F i g .  9 ,  See t e x t
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( i i )  u s in g  th e  r e la t io n s  betw een ( s , y £ ; \ 9 rj) ( r f 0 , / \  , H ) f ^<3- 
u s in g  th e  r e s u lt s  o f  s ta g e  ( i ) ,  th e  c a lc u la t io n  o f  d s / d l ,  d^ C /d l, 6 \ / 61 
and dr)/d l in  terms o f s , % , A. and v .
However, b e fo r e  p ro co ed in g  to  t h i s  c a lc u la t io n  i t  i s  
n e c e s s a r y  to  e x p la in  F ig s .  y  -  11 in  some d e t a i l .  F ig .  9 shows 
p o r t io n s  o f  th e  sp h eres r  = c o n s ta n t , r+dr = c o n s ta n t .  The p o in t  
P (r + d r , 0+de) i s  o b ta in ed  from th e  p o in t  0 ( r ,  0 ) by  m oving a 
d is ta n c e  d l in  the d ir e c t io n  o f  I ,  i . e .  in  th e  d ir e c t io n  d l s p e c i f i e d
F ig .  1 0 . See t e s t
K O k  -  T|
eoB = H
d l
i f  - s u r f  axe
y p  « c o n sta n t  
6 ( su r fa c e  :r -  con stan t^
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A and H or by \  and r\. The a n g le s  A and \  sire th e  a n g le s  
b etw een  th e  d ir e c t io n  d l ahd^the norm als a t  0 to  th e  su r fa c e s  o f  
c o n s ta n t  r  and co n s ta n t  (o r  s )  r e s p e c t iv e ly ,  The a n g le s  and n
i
a r e ,  r e s p e c t iv e ly ,  th e  a n g le s  betw een th e  m erid ian  ( p  « co n sta n t  
th rou gh  0 and th e  p r o je c t io n  o f  d l on to  the s u r fa c e s  o f  co n sta n t r  and 
c o n s ta n t  *\J5r (o r  s )  through 0 .  The normal d ir e c t io n s  to  th e se  s u r fa c e s  
are  shown by th e arrows la b e l l e d  r ,  n r e s p e c t iv e ly ,  r  + d r , n' d en ote  
th e  norm al d ir e c t io n s  to  th e  co rresp o n d in g  s u r fa c e s  through  P*
The a n g le  betw een  th e  norm als to  th e  s u r fa c e s  o f  co n sta n t - f  
and c o n sta n t r  through  0 i s  d en oted  by &  , I t  i s  d e f in e d  by
C0S.A = n . r  ( 4 , l l )
where 2. d en otes a u n i t  v e c t o r .  By d e f in i t io n
'' grad d [f
3  M ‘ lgrad-5r| y  (4>12)
r  * ( l , 0 , 0 )  in  s p h e r ic a l  p o la r s
Eences 'br1 -  £  p ^ sin  e
C 0 S A  »    r —  ( 4 . 1 3 )
(1 - 2 £ ^ s i n  6 +.4 —-fcSin 0)
I t  i s  n o t  p o s s ib le  t o  ex p ress  t h i s  e x a c t ly  as an e x p l i c i t  fu n c t io n  o f  
s  a n d p f , However, A  may be found from t h is  e q u a t io n , to  any 
d e s ir e d  ord er  in  c  , as a fu n c tio n  o f  ( r ,  o) or  o f  ( s ,  X). For  
p r e s e n t  p u rp o ses , A  i s  s im p ly  regard ed  as a known fu n c t io n  and i t  i s  
n o t e x p l i c i t l y  e v a lu a te d .
F ig ,  10 shows th e  r e g io n  n ea r  0 in  more d e t a i l ,  to  c l a r i f y
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the d e f in i t io n  o f  p , and i s  la r g e ly  se lf-e x p la n a to r y *  The p o in ts  R, 
h and L are the p o in ts  o f in te r s e c t io n  o f a u n it  sphere cen tred  on 0 
w ith  th e  d ir e c t io n s  r ,  n , d l r e sp e c t iv e ly *  The r e s u lt in g  sp h e r ic a l  
t r ia n g le ,  which i s  used to  f in d  r e la t io n s  “between rj, a , h  and A  , i s
shown in  more d e t a i l  in  R ig . 11 .
180 - H
il
S tage ( i )
See t e x t .  
I t  i s  now p o ss ib le  to  c a lc u la te
I t  i s  c le a r  from R ig . 9 th a t
dr * d l
d l
d l
o r , in  components,
(4 .1 4 )
o r  
r d0 
r  s in  0 d$S
d l cos A  
d l s in  A cos H 
d l s in A s in  H
(4 .1 5 )
S in ce  dA i s  n e g a t iv e , i t  fo llo w s  from in sp e c t io n  o f  t r ia n g le  COP and 
from th e d e f in it io n  o f  A  th a t
-7 2 -
ocp -  -  aA
Thus, s in c e  OD i s  a great c ir c le
-  r  dA -  OD = d l s in A  . (4*16)
T rian g le  ODE i s  a sp h e r ic a l tr ia n g le  on the sphere r  = c o n st , in  w hich,
talcing r  as the u n it  o f  measurement, OE = 0, OD = 0 + d0, EOD = 1 8 0 ° - H
and ODE = H + dH. S in ce dH, d0 are in f in i t e s im a l ,  th e  a p p lic a t io n  o f  
the s in e  f  om ul a o f sp h e r ic a l trigonom etry (Smart 1944) to  th ese  fou r  
elem ents g iv es ;
d H c o s H  s in  0 = -  de cos 0 s in  H (4 .1 7 )
This r e s u lt  may a ls o  be put in  the more e a s i ly  v is u a l iz a b le  form
dH = -  a<£ cos 0 (4 .1 8 )
by making use o f equation  ( 4 .1 5 ) .  G eom etrica lly , t h i s  means th a t
DCF = -  dH .
This i s  a p la u s ib le ,  but not im m ediately ob viou s, r e s u l t ,  a lthough i t  
i s  c le a r  th a t dH must be n e g a t iv e . An a lte r n a t iv e  d e r iv a tio n  o f  
equation s (4.1&) and (4 .1 3 )  i s  g iven  in  Appendix IX,
In summary, the r e s u lt s  o f  s ta g e  ( i )  are: 
dr / d l  » cos A \ 
d6 / d l  = s in A c o s H /r
( 4 -19)d / \ / d l  = -  s i n A / r  
d H /d l  -  -  s in A  s in  H oot G/r
- 7 3 -
S tage ( i i )
This s ta g e  d iv id e s  n a tu r a lly  in to  tfvo p arts -  the  
tran sform ation  o f  the coord in ates ( A * H ) i  the tran sform ation  o f  
th e  coord in ates ( r ,  o ) .  I t  f r i l l  be seen  th a t the second part cannot 
be com pleted in  p r a c t ic e .
For the f i r s t  p a r t, the form ulae o f sp h e r ic a l trigonom etry  
(s e e  e . g .  Smart 1944) can be a p p lied  to  tr ia n g le  1TRL (F ig . 11) to  
g iv e  r e la t io n s  between A, n, A  >H and A  « in  p r in c ip le  on ly  tv/o 
form ulae are needed to  g iv e  ( A , h | )  i n terms o f  (A, n , ^ ) .  In  
p r a c t ic e , the c o s in e , s in e  and 4-ps-rts formulae are a l l  u s e f u l .
Soma ted io u s a lgeb ra  then lea d s  to  the ex p ress io n s;
dr
dl
a.®
dl
dA
d l
M
d l
*» cosA cos A  + sinA s in A c o sp
Vr
Jj- cos A s in A  + sinA c o s A GGSflj
sinA cos A + cosA s in A  cost)
+ sinA s in A s in ^ p  co t0  + r  cosri — ^
~j^ (~sin A  cos A  + cosA s in A c o s p )  sin p  co t0
sin n  s in A  , .  . d ^ T
*“ sinA  " r  coU S11^  dT J
These ex p ress io n s are u n s a t is fa c to r y  fo r  se v e r a l rea so n s. 
F ir s t l y ,  th ey  s t i l l  co n ta in  r  end 6, and indeed the f i r s t  tvro 
ex p ress io n s are n ot y e t  the ones req u ired . F urther, th e  angle A  
appears e x p l i c i t l y .  This vrould not be expected  in  a gen era l 
exp ression  in  the co o rd in a tes  (s  ,X> K  Tl) s in c e , i f  the exp ress ion
( 4 . 20)
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were ob ta in ab le  d ir e c t ly ,  the angle /S  need never appear. I t  only  
appears here because equations (4 .2 0 )  have been obta in ed  v ia  sp h e r ic a l
’ i
p o la r  c o o rd in a tes .
The f i r s t  two exp ress ion s may be rep laced  by d s /d l  and 
d X /d l  by w r itin g
W K-J U. V t
d l ~ U r d l 'S8 d l ! 21}
B . ^  de [
d l Tn? dl "J6 d l j
The r e la t io n  between the ( r ,  6, 0 )  and (s,~/C,(p)  components o f Vs g iv e s
= cos 6  I7sl
t)s . {\\X7 ' 1 (4 .2 2 )= -  r  s m t l i y s
S im ila r ly  -  s in  l \  I V X ,  I ]
^  J, (4 .2 3 )
1 J = r c o s A l V X |  j
These eq u ation s, to g e th er  w ith  equation s ( 4 . 2 0 ) ,  combine to  g iv e :
= c o s \ ( V s |ds d l
( 4 . 2 4 )
- f  - s i n X c o B T ,  ( 7 X - 1  j
These exp ression s are e n t ir e ly  s a t i s f a c t o r y ,  in  th a t n e ith e r  A nor  
the coord in ates ( r ,  e) appear e x p l i c i t l y .  A lso , the second ex p ress io n  
i s  e n t ir e ly  independent o f  which s o lu t io n  o f  equation  ( 2 , 2 l )  i s  taken
' 1
fo r  X ' .
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u n fo rtu n a te ly , the methods used  to  ob ta in  th e se  ex p ress io n s  
are n ot a p p lica b le  to  ~  or S in ce  r ,  6 (and th e r e fo r e  & ) are
known only as i m p lic it  fu n ctio n s o f  s an& X  t seems to  be im p o ssib le  
in  p r a c tic e  to  f in d  and as fu n c tio n s  o f  A, r\9 s , ‘'^ ,j^ 7 s| and 
o n ly . Of course i t  must be p o s s ib le  in  p r in c ip le ,  but the com p lex ity  
o f  the fu n c tio n a l r e la t io n s  between s r , 6 and A  i s  such th a t the  
authorjhad to  admit d e fe a t , a lb e i t  r e lu c ta n t ly .  I t  i s ,  th e r e fo r e , not  
y e t  p o s s ib le  to  g iv e  the general form o f  the tr a n s fe r  equation  in  the  
coord in a tes (s  K  n ) .
The d i f f i c u l t y  i s ,  o f  co u rse , p u rely  form al. I f  a l l  
fu n c tio n s  are expanded in  powers o f £  , i t  i s  easy  to  f in d  ~  and 
in  tenn3 o f s , % 5 X and p to  any ord er. As the tr a n s fe r  equation i s  
on ly  su sc e p t ib le  to  s o lu t io n  by p ertu rb ation  methods, the fa i lu r e  to  
f in d  a general form fo r  i t  i s  not a se r io u s  d e fe c t  o f  the th eo ry .
To summarize, the main r e s u l t s  o f  t h is  s e c t io n  are th a t the  
equation  o f tr a n s fe r  in  a r o ta t in g  s t a r  may be w r itte n  in  general as
A , s in  A cosH  7>I s in  A b l  s in  A sinM  c o te  o l  
cos b r  r  be *" r  BA ~ r
( 4 .2 5 )
= -  np(r, o ) ( l ( r ,  6j A »H ) “ B( r > ®)) 
in  sp h e r ic a l p o la r  c o o rd in a tes , or as
cosX  l ^ s l S + s in X  o o s n i w !  
(4 .26)
“ ~ > i p ( a ) ( l ( s , X ;  n)  -  B ( s ) )
in  the more ap p rop riate  coord in ate  system  ( s ,  % , 4 ) >  ~  and ^  are
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n ot ob ta in ab le  in  p r a c t ic e  in  terms o f  s ,  x ,  H , i v 4  X and r\ o n ly , 
but exp ression s fo r  them in  terms o f  r ,  6, X and rf ave g iven  by 
equation  (4 * 2 0 ),
2 .A formal expre s s io n  f o r  v
Although i t  i s  not f e a s ib le  to  so lv e  equation  (4 .2 p ) or 
equation  ( 4 . 26) e x a c t ly  fo r  I ,  i t  i s  p o s s ib le  to  u se th ese  equations  
to  ob ta in  a formal ex p ress io n  fo r  v  , the component o f  v  in  the  
d ir e c t io n  o f ^ ? s .
I t  i s  known (R .T .p . 11) th a t ,  i f  the tr a n s fe r  equation i s  
in te g r a te d  over a l l  d ir e c t io n s  d l ,  an exp ression  fo r  d iv  i s  
o b ta in ed . This r e s u l t  i s  on ly  obvious in  C artesian  c o o rd in a tes , but 
i t  may be v e r i f ie d  by in te g r a t in g  equation  ( 4 . 25) over a l l  s o l id  an g les  
about the normal to  the sphere r  = c o n s t . The u se o f  t h i s  equation  
r a th e r  than equation  ( 4 . 26) i s  j u s t i f i e d  by the fa c t  th a t the r e s u l t  
i s  independent o f any p a r t ic u la r  coord in ate  system .
S in ce  the elem ent o f s o l id  angle i s
d CO = s in A d /v  d H ( 4 . 27)
the in te g r a l  i s
\  ( ( 4 . 2) )  s i n A a A a H
e o
which g iv e s ,  a f t e r  some m anip u lation ,
d iv  -  4nnp(J -  B) (4 .2 8 )
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where i
J - U ;  V i d e o .  ( 4 .2 9 )
This r e s u lt  could a ls o  he obtained  d ir e c t ly  from energy c o n s id e r a t io n s .  
I f  t h i s  exp ression  fo r  d iv  ^  i s  s u b s t itu te d  in  equation  ( 2 . 9 \  which  
may be w r itte n  in  the form
vs  lV s i Y '-j y  lo g  ( p /p Y) -  -  d i v ^ ,  ( 4 .3 0 )
i t  i s  easy  to  show ( c f .  Chapter 3) th a t
v  = s
 ...............  ( a
k y g i L J L - ^ a j  _ m l  # }
tY ' [ Y - l i n d s  d s j
I t  i s  im m ediately c le a r  th a t v  ( -  -  v j^. ) does not have a l /d e n s i t y
dependence. S in ce  the only  d if fe r e n c e  between t h is  form al th eory  and
th a t o f  the previous chapter l i e s  in  the ch o ice  o f exp ress ion  fo r
t h is  r e s u lt  su b s ta n t ia te s  the claim  th a t the su rfa ce  s in g u la r ity  in  the
lo c a l  theory  i s  due sim ply to  the inadequacy o f a lo c a l  tr a n sfe r
equation  near the su r fa c e .
Of cou rse , from the form o f  the c o n t in u ity  equation v ^  has
a term p rop ortion a l to  (p7p)v , However* i t  w il '  be seen  in  Chapters
6 th a t p goes to  zero  e x p o n e n tia lly  as the su rface  i s  approached, so  
th a t p'/p i s  f i n i t e  in  the n o n -lo c a l th eo ry . The on ly  oth er  q u estio n  
i s  whether any fa c to r  s t i l l  p resen t in  equation ( 4 .3 l )  cou ld  g iv e  r i s e  
to  a s in g u la r i ty .  However, k , J and B must be f i n i t e  everywhere on 
p h y s ic a l grounds and i t  may be shown th a t the denominator van ish es
■5 ■>
on ly  fo r  ( £  r  /R. = 1 , 6 = n /2 ) , the s e t  o f  co n d itio n s  which corresponds
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to  the balance o f c e n tr ifu g a l fo rce  and g r a v ity  a t the equator o f  a 
s t a r  r o ta t in g  on the verge o f  break-up. Hie bracket c o n ta in in g  the  
tem perature grad ien t i s  always p o s i t iv e  by v ir tu e  o f  assumption ( v i i i )  
o f  Chapter 2 th a t the atmosphere i s  s ta b le  a g a in st co n v ectio n .
These co n sid era tio n s  show c o n c lu s iv e ly  th a t tlie  v e lo c i t y  in  
a n o n -lo c a l theory  i s  f i n i t e  a t the su r fa c e . However, i t  i s  not z er o , 
and prelim in ary  e s tim a te s  o f the s iz e  o f  v  and a t th e  su rfa ce  are
S A*
alarm ing. There i s  no reason , a p r io r i ,  fo r  assum ing th a t the
d if fe r e n c e  J-B i s  s ig n i f i c a n t ly  sm a ller  than e ith e r  J or B, a lthough
J and B may be exp ected  to  be comparable in  s i z e .  In any c a se , an
ux^per l im it  fo r  v  may be obtained by assuming in  the f i r s t  in sta n ces
th a t
J-B B ^  cfT 4 . (4 ,3 2 )e
I t  fo llo w s  a t once from Appendix V th a t
| V s |  ~  1 (4 .33)
Sin ce  th e  exp ression  in v o lv in g  the tem perature grad ien t never v a n ish e s ,  
i t  i s  reasonable in  the f i r s t  in s ta n ce  to  assume
J L h v i S  .  Sif-s & m  (4 34)
Y -l m ds ds ds R2
I t  then f o l lo w s , u s in g  the va lu es quoted in  Chapter 3 , th a t
These r e s u lt s  agree w ith  Osaki ( 1966) in  p r e d ic t in g  speeds g r ea ter  
than th ose  011 the lo c a l  theory by a fa c to r  o f  order — (^ 1 0 0 0 )  or more.11
I f  th e se  e stim ates are borne out by more ca re fu l a n a ly s is ,  then the  
th eory  i s  c le a r ly  in v a l id  and some fu r th e r  mechanism fo r  damping th e  
gas m otions must be invoked. Such a mechanism w i l l  be d iscu ssed  in  
Chapter 7 .
However, i t  i s  not p o s s ib le  to  say  a t t h is  s ta g e  whether 
fu r th e r  a n a ly s is  w i l l  confirm  th ese  f ig u r e s  or n o t . The d iffe r e n c e  
J-B cou ld  be much l e s s  than B. I t  i s  a t l e a s t  a f i r s t  order q u a n tity  
( in  G ) ,  and cou ld  even be second order by analogy w ith  th e  lo c a l  th eo ry  
(Chapter 3 ) ,  The fo llo w in g  a n a ly s is  i s  th ere fo re  n e c essa ry , even 
though i t  does confirm  the above e s t im a te s . B e s id e s , th ere  i s  no 
doubt th a t a n o n -lo c a l treatm ent i s  n e c essa ry , i f  n o t s u f f i c i e n t ,  fo r  
a proper d e sc r ip tio n  o f  the atmosphere and i t  i s  u s e fu l  to  con sid er  
the s im p le st n o n -lo c a l treatm ent f i r s t  b efore  becoming in vo lved  in  th e  
com p lica tion s due to  v isc o u s  and/or in e r t ia l  e f f e c t s ,
3 .Methods o f s o lu t io n  o f  the tr a n s fe r  equation
In the ex p ress io n  ( 4 .3 l )  fo r  v  , J , B and T are unknowns
fu n c t io n s . In order to  f in d  th ese  fu n c t io n s , and so  to  eva lu a te  v
. s
more e x a c t ly , i t  i s  n ecessa ry  to  so lv e  the tr a n s fe r  eq u ation .
I t  i s  w e ll known to  be d i f f i c u l t  to  so lv e  the tr a n s fe r  
eq u a tio n , even in  the sim ple form o f  equation  ( 4 .7 ) .  In th a t c a se ,  
the on ly  one s tu d ie d  e x h a u s tiv e ly , an exact s o lu t io n  i s  known fo r  B ('ir)  
and fo r  l ( 0 ,p )  (O ^ ji^ .1  -  \i « cos A ) ,  the emergent in t e n s i t y  a t VJ = 0 ,
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but no exact s o lu t io n  fo r  l ( x  ,p ) i s  known fo r  gen era l X  • This 
d iscou rages any attem pt a t f in d in g  an exact s o lu t io n  fo r  I  in  the  
p resen t cavse, p a r t ic u la r ly  as even th e  so lu t io n  fo r  l ( 0 ,p )  in  the  
sim ple case in v o lv e s  s o p h is t ic a te d  complex v a r ia b le  th eo ry . What i s  
req u ired  i s  a procedure which i s  known to  g ive  a s a t i s f a c t o r y  
approximate s o lu t io n  fo r  equation ( 4 .? )  and which con be extended to  
the s o lu t io n  o f  equ ation  ( 4 . 25) or equation  ( 4 . 26) .
A great v a r ie t y  o f methods has been developed to  g ive  
approximate so lu t io n s  fo r  equation ( 4 .7 ) .  Of the methods d escrib ed  
by ICourgcm off(l952), the most e x te n s iv e ly  used seem to  be those  
based d ir e c t ly  on the tr a n s fe r  eq u ation . They are the moment method 
(a  g e n e r a lis a t io n  o f  the Eddington app roxim ations), th e  sp h e r ic a l  
harmonic method and the method o f  d is c r e te  o r d in a te s . The m erits  
ana d e fe c ts  o f  th e se  th ree  methods, which Krook ( 1955) ^as shown to  
be fo rm a lly  e q u iv a le n t , have been tlioroug l y  d iscu sse d  in  the l i t e r a t u r e .  
This seemed a good reason fo r  ch oosin g  one o f  them fo r  u se  in  the  
p resen t problem.
In the sp h e r ic a l harmonic method, which i s  due to  Eddington
(1930 , p .105) ,  the in t  ens i t y  i ( X t H )  i s  rep resen ted  by a f i n i t e  s e r ie s
o f  Legendre polynom ials P . (n ) whose c o e f f ic ie n t s  A. are determ ined
3 3
by th e  tr a n sfe r  eq u a tio n . In t h i s  sim ple form o f  the method, 
d i f f i c u l t i e s  a r is e  due to  the im p o s s ib i l i ty  o f  r e p r e se n tin g  by a f i n i t e  
sum o f  continuous fu n c tio n s  the fu n c tio n  l ( 0 ,  p ) ,  which i s  d iscon tin u ou s  
a t p. = 0 , Kourganoff (1952 p . 101) m entions an e la b o ra tio n  o f  the  
method, due to  Yvon, which p a r t ia l ly  removes t h i s  d i f f i c u l t y .  The
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d i f f i c u l t y  may be e n t ir e ly  removed by a m o d ifica tio n  o f  Yvon’s method, 
due to  'Jilson and Sen (1963) ^hc a ls o  g iv e  a u s e fu l d isc u ss io n  o f  
the method.
The method o f d is c r e te  o rd in a tes  was f i r s t  su g g ested  by 
S ch u ster  ( 1905) and Schw arzschild  ( l 90b) and was g e n e ra liz ed  by
‘ t
Wiok (1943) and by Chandrasekliar (P i.T ,) ,  v/ho has used  the method 
e x te n s iv ly .  'The r a d ia t io n  f i e l d  i s  rep resen ted  by 2n d is c r e te
stream s o f r a d ia t io n , each a s s o c ia te d  w ith  a p a r t ic u la r  va lue o f  p.,
/ 4“ “I* \[L = \x. ( i  = -  1 , . . .  , -  nj n In te g r a ls  can then be
approximated by f i n i t e  sums, u s in g  w eights in  the same way as in  
form ulae fo r  num erical quadrature. An e x c e lle n t  c r i t i c a l  account o f  
the method has been g iven  by Kourganoff (1 9 5 2 ), who d is c u sse s  the  
r e la t iv e  m erits o f var iou s quadrature form ulae. Kourganoff p r e fe r s  
the ITewton-Cotes form ulae to  the Gaussian formulae u sed  by  
Chandrasekhar, but Sykes ( l 9 5 l )  has shown th a t th e  Gauss method can be 
m od ified  to  g ive  b e t t e r  r e s u lt s  than e i th e r  the standard Gauss or the  
ITewton-Cotes form ulae. Carlson (1955) has fu r th e r  r e f in e d  the method 
o f  d is c r e te  ord in a tes in  an a p p lic a t io n  to  the num erical s o lu t io n  o f  
neutron  d if fu s io n  problems and Grant ( 1963) has a p p lied  C arlson’s 
"S^-approximation" to  the r a d ia t iv e  tr a n s fe r  c a se .
However, the variou s m o d ific a tio n s  in  th ese  two methods o f  
s o lu t io n  are a l l  design ed  fo r  more accu rate  s o lu t io n  o f the problem.
In the presen t c a se , accuracy was n o t , in  the f i r s t  in s ta n c e , the  
primary concern. I t  seemed more im portant to  f in d  an approximate 
a n a ly t ic a l  ex p ress io n  fo r  the v e lo c i t y  f i e l d  which would show
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Q u a l i t a t iv e ly  how th e  v e l o c i t y  v a r ie d  n ea r  th e  s u r fa c e  and w hich w ould  
a ls o  confirm  or r e j e c t  th e  n u m erica l e s t im a te s  made in  th e  l a s t  
s e c t i o n .  Only i f  th e se  n u m erica l e s t im a te s  tu rn ed  out to  be a g r o ss  
o v e r e s tim a tio n  w ould th e r e  be any p o in t  in  im proving th e  accu racy  o f  
th e  s o lu t io n ,  'fhe main con cern , t h e r e fo r e ,  was to  f in d  th e method  
w hich  was m ost s a t i s f a c t o r y  in  i t s  lo w e s t  ap p rox im ation .
Of th e two methods d is c u s s e d  so  f a r ,  th e  method o f  d i s c r e t e  
o r d in a te s  has th e  advantage th a t  Chandrasekhar has shown (H .T , p . 364  
e t  s e q . )  how i t  may be ex ten d ed  from p la n e -p a r a l le l  geom etry to  
s p h e r ic a l  geom etry; he has a ls o  e s t im a te d  th e e r r o r  o f  th e  f i r s t  
ap p rox im ation . However, in  n e i th e r  o f  th e  above m ethods i s  th e r e  any  
ob v iou s way o f  e x te n s io n  to  th e  n o n -s p h e r ic a l c a s e , where I  depends 
a ls o  on x and
In a f i r s t  attem pt to  s o lv e  th e  n o n -s p h e r ic a l c a s e ,  th e  
dependence o f  I  was r e p r e se n te d  by a F o u r ier  s e r i e s  fo r  th e  
q-dependence and a s e r i e s  o f  Legendre p o ly n o m ia ls  f o r  th e  
X ,-d e p e n d e n c e . A p p lic a t io n  o f  th e  symmetry c o n d it io n s
i ( s , x x  n)  = I ( S >'X> x > " 'h  1  , .
•> ( 4 .3 6 )
T)) — ft -O p  j
en a b led  I  to  be w r it te n  as
'X> 'Xt
I ( S > X >  X> ’l) = h  P ( c o s X )  oos am ( 4 .3 7 )
Tl = 0 m so
where m + n i s  ev en , 
f h i s  ap r o a c h  has s e v e r a l  d i f f i c u l t i e s .  F ir s t  o f  a l l ,  c o s ^  a n d 'th e
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second symmetry co n d itio n  ere m eaningful on ly  i f  « 0 to  low est  
order ( c f ,  equation ( 2 .2 3 ) ) ,  This im m ediately n e c e s s i ta t e s  the use  
o f  a 'perturbation th eo ry , which i s  a ls o  req u ired  to  enable the tr a n s fe r  
equation  to  be w r itte n  in  the co o rd in a tes ( s > X 5 \ ,  r i). This i s  
u n fortu n ate  a e s t h e t ic a l ly ,  but the equation  i s  so  com plicated  th a t  
p ertu rb ation  methods are in e v ita b ly  n ecessa ry  in  any c a se . More 
s e r io u s ly ,  i t  i s  n ot a t a l l  c le a r  where to  tru ncate the exp ression
■ 1
( 4 . 37 ) f end problems o f  c o n s is te n c y  a r is e  u n le ss  the equations fo r  th e  
I  are derived  in  gen era l b e fo re  tru n c a tio n . This n a tu r a lly  
in v o lv e s  much heavy a lg eb ra , and makes the method a cumbersome one. 
N o n eth e less , the r e s u l t in g  equation s fo r  the can be so lv e d
by the method o f  d is c r e te  o r d in a te s , in  p r in c ip le  to  any degree o f  
approxim ation, and t h i s  method would be the obvious ch o ice  i f  no more 
e le g a n t one e x is t e d .
However, no account has y e t  been g iven  o f  the moment method 
(Erook 195b) which i s ,  in  a c e r ta in  se n se , a g e n e r a liz a t io n  o f  the  
Eddington approxim ations. C onsider the sequence o f  moment fu n ctio n s  
(k  = 0 , 1 , 2 , . . . )
, r+i,.
\ ( x )  = i \  U‘ I ( t » h )  an . ( 4 .3 8 )
J - l
A corresponding sequence o f  moment equation s can be obta in ed  by 
in te g r a t in g  equation  ( 4 ,7 )  over a n g le . The f i r s t  2n o f  th ese  
equation s in v o lv e  th e  2n+l moments o f  orders 0 , 1 , . . . . , 2n . To ob ta in  
a c lo se d  s e t  o f  e q u a tio n s, i t  i s  n e c essa ry  to  express the 2nth moment 
in  terms o f  the low er moments. Krook ( 1955) shov/s th  a t the app rop riate
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r e la t io n  i s  eq u iv a len t to  the r e la t io n
n +1
P^Cli) I ( r  ,n ) dn = 0 (4 .3 9 )
'J —1
In th e  f i r s t  approxim ation (n = l) ,  t h i s  reduces to
K ( T )  = j J ( X )  ( 4 . 4 0 )
in  the more fa m ilia r  n o ta tio n  in  which J = M . H = and K =o' 1 2*
The Eddington approxim ations are ju s t  equation  ( 4 . 4 0 ) and the  
boundary con d ition
j ( o )  -  2 H(0) . (4 .4 1 )
Krookhs mono gen era l method r ep la ces  the fa c to r  2 in  equation  ( 4 ,4 l )  
hy V>/T , but Eddington !s boundary co n d itio n  w i l l  be r e ta in e d  in  what 
fo llo w s  s in c e  i t  malces the d e ta i le d  working sim p ler  and th a t i s  a more 
im portant co n sid era tio n  in  the f i r s t  in s ta n ce  than accuracy, which i s  
not in  any case p a r t ic u la r ly  good in  the f i r s t  approxim ation.
This method has the great advantage th a t th ere  i s  an obvious 
g e n e r a liz a t io n  o f  the f i r s t  approxim ation to  the case  o f  a non- 
sp h e r ic a l atm osphere. This g e n e r a liz a t io n , which w i l l  be derived  
in  the next s e c t io n , i s  o f  a form which removes the d i f f i c u l t i e s  
a s s o c ia te d  w ith  the exp ression  o f  equation  ( 4 , 26) in  the appropriate  
c o o rd in a te s . The gen era l form o f the r e s u lt in g  equation s i s  e le g a n t ,  
and con ta in s 110 re feren ce  to  a p a r t ic u la r  coord in ate system . Because  
o f  the in te g r a t io n  over angle req u ired  to  obta in  the eq u a tio n s, th ere1 i
i s  no need to  s p e c ify  the r)-det>endence o f  I .  A lso , tho general
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eq u ation s may be ob ta in ed  w ithout ch oosin g  a p a r t ic u la r  X , -dependence 
f o r  I ,  F urther, th e  general equation s are ob ta in ab le  w ithout u s in g  a 
p ertu rb ation  th eo ry , and so are v a l id  fo r  ra p id ly  r o ta t in g  s t a r s .
That would be reason enough, fo r  ch oosin g  th is  method. The f a c t  th a t  
th e  method i s  a lso  sim p ler  in  i t s  d e ta i le d  working than the method o f  
d is c r e te  ord in ates makes i t  the obvious c h o ic e ,
4 , The g e n e ra liz ed  Eddington approxi m ations
In the p la n e -p a r a lle l  case  con sid ered  by Krook (1955) and 
Eddington (1 9 3 0 ), the moment equation s in  the f i r s t  approxim ation are
(4 .4 2 )
The f i r s t  o f  th ese  i s  obta in ed  sim ply  by in te g r a t in g  equation  ( 4 .7 )  
over s o l id  a n g le . The obvious g e n e r a liz a t io n  o f  t h i s  i s  to  in te g r a te  
eq u ation  (4 .2 5 )  over s o l id  a n g le . This was done in  s e c t io n  2 o f  t h i s  
ch a p ter , w ith  the r e s u l t
d i v ^ ^ =  “ 4TiHp(j  -  B )  ( 4 . 4 3 )
I t  i s  obvious th a t t h is  reduces to  the f i r s t  o f equation s ( 4 , 42) in  
the sim ple p la n e -p a r a lle l  c a se , where has on ly  a r a d ia l component, 
which i s  a fu n ctio n  o f  r  o n ly .
The second moment equation  i s  obtained  by m u ltip ly in g
1
equ ation  (4 .7 )  by M- (= cos A )  and in te g r a t in g  over s o l id  a n g le . I f  
the same procedure i s  fo llov /ed  w ith  equation  ( 4 . 25) ,  the in te g r a l  o f
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th e  r igh t-h an d  s id e  i s  -  up s in c e  \cosA  d(*> = 0 and the components 
o f  ^  in  sp h e r ic a l p o la rs  are g iven  by
(4 .4 4 )
( c f .  equation s ( 4 . 3 ) ) .
Since the  o th e r components of are no t in  general zero , i t
i s  c le a r  th a t  the p roper g e n e ra liz a tio n  o f the second moment equation  
i s  to  a v ec to r  equation  whose rig h t-h an d  s id e  i s  - n p ^ ,  This v e c to r  
equation  w ill have the  th ree  components
in  sp h e ric a l p o la r  co o rd in a te s . As in  sec tio n  2, th e  use of equation
independence of any p a r t ic u la r  coord inate  system.
I f  these  in te g ra tio n s  are  performed, the le f t-h a n d  s id e  of 
th e  v e c to r  equation i s  no t a t  f i r s t  easy to  in te r p r e t .  The sim p lest 
way of proceeding i s  to  guess a t an in te rp r e ta t io n ,  and then v e r ify  
th e  guess.
In  o rder to  make an in t e l l i g e n t  guess, i t  i s  necessary  to  
co n s id er the p h y sica l s ig n ific a n c e  of the  function  K which appears in
and
(4 .45 )
( 4 , 2 5 ) r a th e r  than equation  ( 4 . 26) i s  j u s t i f i e d  by the  re su lt* s
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th e  second moment eq u a tio n . This i s  l e s s  obvious than the
s ig n if ic a n c e  o f J and H, but i t  may be shown f a i r l y  e a s i ly  ( e .g .
Chandrasekhar 1539 P. 192 or Kourganoff 1952 p. 14) th a t K rep resen ts
2
c/4rc tim es the normal pressure o f ( in te g r a te d )  r a d ia tio n  on each cm 
o f  a g iven  la y e r .
Now i t  i s  w e ll  known th a t in  general the r a d ia tio n  p ressu re
i s  a second order te n so r  w ith  components g iven  by
r
" odco yilni d - o
r
\ I ln  dco
^Iml d o
£I n i  d o
r 2^Im dco
r
\Inrn dcoA
Clmnu
W 2
dcO
d o
(4 .4 6 )
where ( l ,m ,n )  are th e  d ir e c t io n  c o s in e s  o f  I  In the orthogonal 
coord in ate  system  con sid ered  (Chandrasekhar 1939 P. 1 9 5 ) . In the  
sp h e r ic a l p o lar  system  used above
1 = cos f\ |
m -  s in  A cos H *J> 
n = s in  A s in  VI
( 4 .4 7 )
Comparison o f  eq uation s (4 .2 5 )  and aquations (4 .4 5 )  to  (4 .4 7 )  su g g e s ts  
th a t ,  i f  K i s  g e n e r a liz e d  to  be the te n so r
K “ 7 “  Pt> , — 4 ^  1 (4 .4 3 )
then  some d e r iv a tiv e  o f  4^K forms th e  le f t -h a n d  s id e  o f ( 4 .4 5 ) .  By 
analogy w ith  ( 4 .4 3 ) ,  the most l i k e l y  guess fo r  equation  (4 .4 5 )  i s
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th e r e fo r e
4n d iv  IC = -  up ^  . (4 .4 9 )
This may be v e r i f ie d  by u s in g  the gen era l exp ression  fo r  the components
o f  d iv  K (se e  e .g .  Synge and S c h ild  ( l9 4 9 ) )s
■ f  i  V ,  f k 1  ■ •
d iv 1E = q — . + j  '>Kjk  + J > ( 4 . 5 0 )
OxJ J  kj C kJ
( i  = 1 , 2, 3 and j ,  k summed from 1 to  3 (E in s te in  summation con ven tion ))^
remembering th a t th e  K1  ^ are con travar ian t components o f  K, r e la te d  to  
the p h y sic a l components (here w r itte n  as K . s i n c e  covarian t  
components w i l l  n ever  appear) by th e  r e la t io n
K. . = h.h.IC ^ (no summation) ( 4 .5 l )13 i  0
where th e  l in e  elem ent o f the m etric  i s
dl*" « g dx1dx^ ( 4 . 5 2 )
and = v /% 3  . (4 .5 3 )
1 2 3 1 In  sp h e r ic a l p o la r  coord in ates x - r ,  x - 0 ,  x = ( £ )  and
d l -  dr^ + r^de^ + r^sin^G d(p . (4 .54 )
S in ce  equation (4 .5 ^ )  g iv es  th e  con travar ian t components o f d iv  K, the  
r ig h t-h a n d  s id e  o f equation  (4 .4 9 )  must a ls o  be exp ressed  in  
con travarian t components b efore  agreement can be ex p ected . For a 
v e c to r  w ith  con travar ian t components X1, the p h y sic a l components X 
are g iven  by
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X. = h.X' 1 1 ( 4 . 5 5 )
Assuming th a t eq uation s ( 4 .4 4 ) ,  (4 .4 6 )  and (4 .4 3 )  g iv e  the p h y sic a l
A—J
components o f  and K in  sp h e r ic a l p o la r  c o o rd in a te s , some len g th y  
m anipulation  shows th a t the ex p ress io n s (4 .4 5 )  do in d eed  load  to  
equation  ( 4 .4 9 ) ,  which i s  th ere fo re  the req uired  g e n e r a liz a t io n  o f  
the second moment eq u ation , to  which i t  reduces in  th e  sim ple  
p la n e -p a r a lle l  c a se .
To c lo se  the s e t  o f  eq u a tio n s, i t  i s  now n ecessa ry  to  look  
fo r  a g e n e r a liz a t io n  o f  the Eddington approxim ation, which may he 
w r itte n  as
K ” \  I  C O S ^ / \  d o  = - i  J
4,1 J  3
( 4 . 5 6 )
( c f .  equation  ( 4 .3 3 ) ,  where the in te g r a l  over.r) would be ju s t  2re, 
s in c e  I  i s  independent o f  H ) .  This equation may be d erived  by 
assum ing th a t co s2/ \  can be rep laced  by i t s  average^ value, i . e .  th a t  
^ r
j ~ \  I  cos2A dcd  « cos2/\-^~ I  d o  “ cos2/ \  -J .4tc U " J
I f  K i s  d efin ed  by equation  ( 4 .4 8 ) ,  th e  components o f  K in  sp h e r ic a l  
p o la r  coord in ates are g iven  by
( 4 . 5 7 )
K = 1r-  4 n jlcos2A dco ^CcosAsinAcooHdcO (icosAsin/vsinHdeo
icosAsinAcosf^dco \ ls in 2Acos2f-fd<n ^sin^sinHcosHdti 
ficosAsinAsinHdco (is in 2A sinHcosHd<w flsin^\ s in 2^ / dco■> O
( 4 . 5 8 )
see  equation  (4 .6 0 )  fo r  a d e f in i t io n  o f  the average.
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Thus each component o f  K i s  o f  the form
f ( A * H)  a o  •
The most obvious g e n e r a liz a t io n  o f  equation  (4 ,5 ? )  i s  to  w r ite
,M )d o  = f ( / \  ,H ) - ^  du) = (4 .59)
f (A  , H) = ^  y ( K  , H )  dco (4 .60)where
When the variou s averages are ev a lu a ted , i t  i s  found, as might have 
been exp ected , th a t ^  reduces to
| = j J 1  ( 4 .6 1 )
1 0 Oj ‘
O l O j  , This i s  the
.0 0 i j
proposed g e n e r a liz a t io n  o f the Eddington approxim ation fo r  K, and i s
where 1  i s  the u n it  te n so r , i  =
v a l id  in  any coord in ate  system .
To com plete the g e n e r a liz a t io n , i t  i s  n e c essa ry  to  co n sid er  
what the general boundary co n d itio n  w i l l  be which corresponds to  
equation  ( 4 . 4 l ) .  In the n o ta tio n  o f th is  t h e s i s ,  th a t  equation  i s
“ 2ttJ a t the su rface  ( 4 . 6 2 )
s in c e  i s  the component o f  in  the d ir e c t io n  o f  the outward 
normal and ^  i s  d e fin ed  in  such a way th a t = 4^H. (The 
C artesian  coord in ate  system  in  which H i s  d efin ed  i s  ta n g e n tia l to  the  
sphere r  * c o n s ta n t ,)  The obvious analogue o f t h is  equation  in  the  
system  i s
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-  2tcJ a t the su rface  ( 4 . 63 )u  s
and boundary co n d itio n s  are req u ired  a ls o  fo r  and^5l.0 -
At the su r fa ce
t-V * /?
I ! -s.
\ \ l  cosX sinX dX dn \
o  0
!> ( 4 . 64)
J = n 'n  1 sinX  ^  dT1 »and v -  .4n j  _
0 0  —'
u s in g  the boundary co n d itio n  1 * 0  a t the su r f  ace (n/2 £  X ^ tt), ( 4 , 65) 
and equation  ( 4 , 63) fo llo w s  i f  i t  i s  assumed th a t may be w r itte n
^  -  f t *  -r  * cosX \  \  I  sinX dX dn = cosX.4rcJ ( 4 . 66 )C O O
0 O
where the average i s  now d efin ed  by
g( *■>'»!)  ^ " z n W  sin?l ^  dT1 (4 .6 7 )
a  o
Thus the required  g e n e r a liz a t io n  o f  aquation ( 4 . 63) would seem to  be 
th a t ,  a t the su r fa c e ,
= sinX  cosn 4^J
r^ -
o
(4.6a)
= ainX sinri 4^J J
E valu ation  o f  the averages shows th a t the req u ired  boundary c o n d itio n s
are
=  ^ ^ie  sur^ace * (4 .6 9 )
Thus the complete g e n e r a liz a t io n  o f  equations (4 .4 0 )  to  (4 .4 2 )  i s ,  
to  summarize:
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d iv  -  4^np(J -  B) \
/  v ?■ ( 4 .7 0 )
d iv /  4 j 1 ) =  -  t 2-
V.3 4" X' J
0114 / - )
J s = 2nJ I •
\  a t  the su r fa ce  ( 4 #7 1 )
v * - °  J
Of c o u rse , equation ( 4 .7 l )  r e fe r s  o n ly  to  the coord in ate  system  
( s >£ t i j > ) t but i t  i s  ea sy  to  se e  how i t  would be extended to  another  
coord in ate  system .
t
5 .The n o n -lo ca l eq u ation s in  the (sD£ *(£> ) system
This chapter w i l l  be com pleted by ex p r ess in g  equations  
( 4 .7 0 ) ,  (4 .7 1 )  in  the coord in ates s  , % , 0  and then w r it in g  down the
1 •
f u l l  s e t  o f  n o n -lo c a l equations in  th a t system . Equation ( 4 . 61) shows
th a t the p h y sica l components o f K are g iven  by
\ 3 -  J  ( 4 . 7 2 )
B efore the exp ress ion  (4 .5 0 )  fo r  d iv  K can be u sed , the con travarian t
’ 4
1 2components o f K are needed . In the ( s , ^ , 0 )  system , x * s ,  x  =r)C 
and S in ce  the coord in ate  system  i s  orth ogon al, the m etric
i s  th e re fo re :
a i 2 = gn a£2 + g22d ^  + g33a£2 (4 .7 3 )
where g . . = h? andton  x
’ 1
h  = i^ i  » h2 = » h3 = r  s in  0 ( 4 - 74)
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Hence, from equation  (4 .5 l ) >
-  0 ( i  /  j )  1
K. . T«J.l 11 J
Iv
(no summation) (4 .7 5 )
% i ^ i i  , ^ —
4 1 >and, u s in g  the  usua l expressions fo r  the  G h ris to ffe l symbols k j
and fo r  the c o n tra v a rian t components g1  ^ of the  fundamental te n so r , i t  
may be shown th a t
f 1 ~ i  - i  <!" k  I  • •
] j  k j  r  + ( 3 k i IC £ 0
so th a t
d iv1 K = (4 .7 7 )
<kx V \ 3gli/
Since these  are the  co n tra v a rian t components of d iv  K , they  are  
equal to  the co n tra v a rian t components of -(np /4n) ^ . Using equations
(4 .5 5 ) and (4 ,7 4 ), equation  (4*49) th e re fo re  reduces to
-  - £ p W 3 ;  . (4 .7 8 )
and
-  - S p I w ! " 3 v  ( 4 . 7 9 )
The th i r d  component sim ply gives ~ 0 ,  since a x ia l symmetiy i s
P
assumed (Chapter 2 ) ,
The general expression  fo r  d iv  i s  w ell known, and in  the  
( s , X , £ > )  system equation  (4 ,43) takes the  forms
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-  -  4^np (J-B) (4 .80)
The th ree  equations (4 .7 8 )  to  (4 .8 0 )  fo r  / }^Q> *^3^an  ^ ^ rep lace  the  
t r a n s fe r  equation (4 .4 )  and equation  (4 .3 )  fo r  . Equation (4 .5 )  
d e f in in g  B (= cT’T ’^/n )  i s  s t i l l  req u ired . The s tr u c tu r e  equations ( c f  # 
Chapter 2) should now he w r itte n  in  the form
and
dP
ds
P -
a3r
p ds
■& PT  
m K
(4 .81)
(4 .82)
v  i s  g iven  by equation  ( 4 .3 l ) ,  and Vy by the c o n t in u ity  equation  in  s
the form
(  pvs ^  . 1  (  pv>: \
c>s \jw!iv#i y ^ o (4 .83)
This g iv e s  8 equation s fo r  9 fu n c t io n s . The s e t  o f  equations i s  
c lo s e d  form ally  by the co n d itio n
s= c o n st.
(4.84)
but in  the n o n -lo c a l th eory  th is  can be put in  a more convenient form. 
Consider two adjacent su r fa c es  s -  c o n sta n t , s+ds = con stan t
F ig . 12. See t e x t .
+ds
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(F ig . 1 2 ) , s u f f i c i e n t ly  fa r  from the cen tre  th a t , i f  equation  ( 4 *84)
i s  a p p lied  to  both  su r fa c e s , the va lu e  o f  L i s  the same fo r  each , alien
C r  ^  '
A ^ . a s ,  -  1 -  J ' l d E L  ( 4 . 8 5 )
s s+ds
o r , ta k in g  normals d ir e c te d  outward from the volume betv/een the s u r fa c e s ,
= 0  ( 4 *8 6 )s s+ds
Hence, by G auss's theorem ,
O d iv *4 dV = 0 ( 4 . 8 ? )
V
where th e  in te g r a t io n  i s  over the volume V (shaded in  F ig . 12) 
between the two l e v e l  s u r fa c e s . But
( 4 . 8 0 )dV 1? si
and s o , u s in g  equation  ( 4 .4 3 ) ,
£  p <j - «  •  0 ( ° 9)
S in ce  the in tegran d  i s  independent o f  (p , the in te g r a l  over (j) i s  ju s t  
27t. A lso , the range o f  s i s  from s to  s+ d s, where ds i s  in f in i t e s im a l .  
Thus s i s  e s s e n t ia l ly  con stan t throughout the in te g r a t io n , and the  
in te g r a l  over s g iv e s  ds* in tegran d . Hence, remembering th a t p i s  a 
fu n c tio n  o f  s o n ly , the in te g r a l reduces to
‘  0 • ( 4 -s,0)
The range o f X  in  t h i s  in te g r a l depends on the ch o ice  fo r  f(7C ) i 11
eq u ation  ( 2 . 2 l ) .  I f  f ( X )  =06 ,  06 ranSes from - ^ o ( a t  the p o le  0=O)
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through 0 (a t  th e  equator) to  +Q O (at the p o le  0=n) and the range o f  
th e  in te g r a l  i s  from -  0Q to  + jO . i f  f  (7£) i s  chosen to  make 
X , = 0 to  low est order in  £. , the range o f  the in te g r a l  i s  0 to  n9 by  
th e  n ote  a f t e r  equation  ( 2 ,2 3 ) .
ITote th a t ,  i f  equation ( 4 , 9 0 ) i s  used in  p la ce  o f  equation  
( 4 .6 4 ) ,  the equation s o f  the n o n -lo c a l theory  are independent o f  the  
v a lu e  o f  L, which now appears on ly  in  th e  boundary c o n d it io n s . This 
p o in t w i l l  be d isc u sse d  fu r th er  in  the n ex t ch ap ter.
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CHAPTER 5
Boundary co n d itio n s and the form al so lu t io n  o f  the n o n -lo c a l th eory
"I could  be bounded in  a n u t - s h e l l ,  and count m yself a k in g  
o f  i n f i n i t e  s p a c e ,”
Shakespeare, Hamlet, Act I I  S c , i i „
1 . General co n sid era tio n s
In th e  p rev iou s chapter v ir t u a l ly  no m ention was made o f  
boundary c o n d it io n s5 in  p a r t ic u la r , th ere  was (d e l ib e r a t e ly )  no 
d e f in i t io n  g iven  o f  what was meant by th e  '‘su rface"  a t  which the boundary 
co n d itio n s  o f th e  g e n e ra liz ed  EdGington approxim ations were to  be 
a p p lie d . This om ission  must be d e a lt  w ith  b efore  any s o lu t io n  o f  
th e  gen era l equations o f  Chapter 4 i s  p o s s ib le .
In the lo c a l  th eo ry , the sim ple co n d itio n s
p * T = 0 a t s  = E ( 5 . 1 )
were used  fo r  the s tr u c tu r e  v a r ia b le s ,  Rhen th e  s o lu t io n  i s  com pleted, 
i t  i s  found th a t th e  d e n s ity  a lso  va n ish es a t s » R , so  th a t th e  s t a r  
comes to  an abrupt h a lt  a t a d e f in i t e  l e v e l  su r fa c e . I t  i s  w ell-know n, 
o f  cou rse , th a t t h is  i s  not a r e a l i s t i c  p ic tu r e , but i t  serv es  as an 
adequate approxim ation when on ly  the o v e r a ll  s tr u c tu r e  o f  the s ta r  i s  
req u ired . In p a r t ic u la r , the in t e r io r  s tr u c tu r e  o f  a s t a r  i s  
v ir t u a l ly  independent o f  the exact boundary co n d itio n s  a p p lied  a t  the  
su r fa c e , always assum ing th a t proper account i s  taken o f  the major
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d is t in c t io n  between r a d ia t iv e  and co n v ectiv e  su rface  z o n e s . The 
th eory  in  t h is  t h e s i s  r e fe r s  on ly  to  s ta r s  w ith  r a d ia t iv e  atm ospheres, 
fo r  which i t  i s  known ( s e e ,  e . g . ,  Schw arzschild  1958) th a t the  
co n d itio n s  ( 5 . l )  are e n t ir e ly  adequate fo r  the determ ination  o f the  
lu m in o s ity  and radius o f  a s ta r  o f  a g iven  mass and chem ical 
com p osition . I t  i s  f o r  t h is  reason th a t the r e s u lt s  o f  RGS and 
Roxburgh and S tr it tm a t ie r  ( 1965) on th e  v a r ia t io n  o f  lu m in o sity  and 
rad ius w ith  r o ta t io n  speed  can be c o n fid e n t ly  used  in  th e  p resen t  
model ( c f ,  Appendix V i) ,  although th e se  r e s u lt s  were obtained  u s in g  
th e  lo c a l  th eory .
At the same tim e, the co n d it io n s  ( 5 . l )  are c e r ta in ly  not  
adequate fo r  a d e sc r ip t io n  o f  the atmosphere o f  a s t a r  and they cannot 
be taken over to  the n o n -lo c a l th eory  w ithout m o d if ic a t io n . B efore  
d is c u ss in g  the n e c essa ry  m o d if ic a t io n s , however, i t  i s  u s e fu l to  make 
a c a r e fu l d is t in c t io n  between the boundary o f  a s t a r ,  a t which v a r io u s  
m athem atical co n d itio n s are imposed, and the su rface  o f  a s t a r ,  which 
may be d efin ed  in  se v e r a l ways, each o f  which i s  an attem pt to  
rep resen t m athem atically  the v i s i b l e  su rface  o f a s t a r .  S ince t h is  
"surface" i s  r e a l ly  a tr a n s it io n  zone o f  f i n i t e  th ic k n ess  betv/een the  
photosphere and the chromosphere, no attem pt to  rep resen t i t  as a 
m athem atical su rface  o f  zero th ick n ess  can be com p lete ly  s a t i s f a c t o r y ,  
and d if fe r e n t  rep resen ta tio n s arc bound to  g iv e  s l i g h t l y  d if fe r e n t  
r e s u l t s .  These d if fe r e n c e s  are n ot u s u a lly  im portant, but th ey  can 
on occasion  lea d  to  con troversy , as in  recen t exchanges over the  
determ ination  o f  the ex a ct shape o f  the Sun (h iek e  and Goldenberg
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1967a,b? Roxburgh 1 9 6 7 a ) ,  which w i l l  s e r v e  as a u s e f u l  i l l u s t r a t i o n  o f  
th e  d i f f e r e n t  d e f i n i t i o n s ,
D icke and G oldenberg u se  a r e p r e s e n ta t io n  w hich depends f o r  
i t s  s u c c e s s  on th e  v e r y  ra p id  d ec re a se  o f  d e n s ity  w ith  h e ig h t  in  th e  
o u te r  atm osphere o f  a  s t a r ,  'The su r fa c e  i s  taken  to  be th a t  la y e r  
o f  th e  s t a r  which i s  a t  o p t ic a l  depth u n i ty  in  th e  l i n e  o f  s i g h t .
B ecause th e  l i n e  o f  s ig h t  i s  t a n g e n t ia l  to  th e atm osphere n ea r  th e  
lim b , a v ery  sm all change in  th e r a d ia l  o p t ic a l  depth corresponds to
a la r g e  change in  th e  t a n g e n t ia l  o p t ic a l  depth and i t  i s  p o s s ib le  to
lo c a t e  th e  limb v e r y  p r e c i s e ly .  T h is d e f in i t io n  o f  th e  su r fa c e  i s  
u n d ou b ted ly  the m ost u s e f u l  f o r  th e  a cc u ra te  d e term in a tio n  o f  th e  shape  
o f  th e  Sun, S in ce  th e  d isk  o f  th e  Sun in  f a c t  appears v ery  sharp to  
th e  e y e , i t  may be s a id  th a t  t h i s  d e f in i t i o n  i s  a ls o  th e  most r e a l i s t i c .
N o n e th e le s s , Roxburgh’s d e f in i t i o n  i s  a ls o  much u sed  ( s e e ,  
y S ch w a rzsch ild  1958) and f t  i s  p e r f e c t ly  adequate i f  th e  shape o f  
a s t a r  i s  n ot th e  p o in t  a t  i s s u e .  In  t h is  r e p r e s e n ta t io n , th e  su r fa c e  
i s  tak en  to  be th a t  011 which th e  tem perature i s  eq u a l to  th e e f f e c t i v e
tem p era tu re . For c o n v e n ie n ce , t h i s  v d .ll be r e fe r r e d  to  as the
!,T -s u r fa c e If, In  a  s p h e r ic a l  s t a r ,  as w i l l  bo shown s h o r t ly ,  t h i s  
s u r fa c e  i s  one o f  c o n s ta n t  r a d ia l  o p t ic a l  d ep th , w hich i s ,  th e r e fo r e ,  
p a r a l l e l ,  a t  th e  lim b , to  th e  su r fa c e  d e f in e d  in  term s o f  co n sta n t  
t a n g e n t ia l  o p t ic a l  d ep th , and th e shape determ ined  by e i t h e r  method  
w i l l  be th e same, in  p r in c ip le .  In  a  r o t a t in g  s ta r ,  as Roxburgh 
( 1 9 6 7 a )  r ig h t ly  p o in ts  o u t , t h i s  i s  no lo n g e r  t r u e .
The e f f e c t i v e  tem perature T (n o t to  be con fu sed  w ith  th ee r f
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mean e f f e c t iv e  tem perature d efin ed  in  Chapter 2) i s  d efin ed  by
3 . as »  ( 5 . 2 )
where dS i s  the normal to  the T -su rface  (a s  y e t  u n d e fin ed ). For a
s p h e r ic a l ,  n o n -r o ta tin g  s t a r ,  has on ly  a r a d ia l component, which i s
a fu n ctio n  o f  r  a lo n e . T ^  i s  th e r e fo r e  a fu n ctio n  o f  r  alone ande f f
s o , s in c e  T i s  a ls o  a fu n ctio n  on ly  o f  r , the su rfa ce  T -  mus'k be
a sp h ere , which, in  a sp h e r ic a l s t a r ,  i s  a su rface  o f  constan t o p t ic a l  
depth.
However, in  a r o ta t in g  s t a r ,  and so i s  a fu n c tio n
o f  both  s a n d ^ ,  w h ile  (assum ing th ere  i s  no tu rb u len ce) T i s  a  
fu n c tio n  o f  3 on ly  ( c f .  Chapter 2 ) .  In th at case th e  equation
* ( b ) = Te f f ( e f% )  ( 5 .3 )
d e f in e s  the T -su rface  to  he a su rfa ce  s = s(h C ), which i s  n o t in
gen era l a le v e l  su r fa c e . S in ce  the su r fa c e , as d efin ed  by Dicke 
and Goldenberg, has a m erid ian-p lane s e c t io n  at the limb which i s  
e s s e n t i a l ly  a contour o f constant d e n s ity , the v i s i b l e  p r o f i le  o f  th e  
Sim is . th a t o f  a l e v e l  su rface  ( s in c e  p -  p ( s ) ) .  The two d e f in i t io n s  
w i l l  th ere fo re  be exp ected  to  g iv e  d if fe r e n t  r e s u lt s  fo r  the shape o f  
the Sun i f  in  each case the m athem atical d e f in it io n  i s  supposed to  
rep resen t the v i s i b l e  lim b. There i s  l i t t l e  doubt th a t Dicke and 
Goldenberg have taken th e  co rrec t d e f in i t io n  fo r  t h e ir  purpose. The 
T -su rface  r ep resen ta tio n  o f  th e  su r fa c e  o f  a s ta r  i s  perhaps the more 
fundamental from a p h y sic a l v iew p o in t, s in c e  the T -su rfa ce , or
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"photosphere11, o f  the s ta r  i s  d e fin ed  in  such a way th a t i t  i s  the  
l e v e l  in  the atmosphere from which r a d ia tio n  ju s t  escap es from the  
s t a r .
However, th e se  d e f in it io n s  are made w ith  th e  observer in  mind 
ra th er  than the b u ild e r  o f  t h e o r e t ic a l  model atm ospheres, and n e ith e r  
o f  the su rfa ces d e fin ed  above i s  a s u ita b le  boundary fo r  the s t a r .
The more r e a l i s t i c  i s  not even a x ia l ly  sym m etric, and both  are d e fin ed  
in  terms o f  fu n ctio n s which are them selves not u n iq u ely  determ ined  
u n t i l  boundary co n d itio n s  have been a p p lie d . I f  e i t h e r  o f  th e  above 
su r fa c es  were to  be taken as the boundary o f  the s t a r ,  the boundary 
would i t s e l f  be an unknown in  the problem . That would c le a r ly  be 
u n s a t is fa c to r y , and the th e o r e t ic ia n  must ra th er  choose a boundary 
which i s  determ ined on ly  by the r o ta t io n  speed and, i f  n e c essa ry , by 
the o v e r a ll  s tr u c tu r e  o f  the s ta r  as found from the lo c a l  th eory .
Before d e f in in g  such a boundary, i t  i s  worth co n sid er in g  
in  a l i t t l e  more d e t a i l  how th e  boundary i s  d efin ed  in  the lo c a l  
th eo ry . S ince P = T = 0 on the boundary, the s ta r  sto p s sh ort th ere  
and the boundary i s  th a t su rface  which con ta in s the t o t a l  mass o f  the  
s t a r .  For a n o n -r o ta tin g  s ta r ,  t h i s  su rfa ce  i s  a sphere and the  
co n d itio n  th a t t h i s  sphere con ta in s th e  t o t a l  mass determ ines i t s  
r a d iu s , which i s  the radius o f  the s t a r .  For a r o ta t in g  s ta r ,  the  
boundary must be a l e v e l  su rface  ( s in c e  P and T are con stan t on a 
l e v e l  su r fa c e ) , whose p o la r  and e q u a to r ia l r a d ii  are determ ined by 
the r o ta t io n  speed and by the co n d itio n  th a t the l e v e l  su rface  co n ta in s  
the t o t a l  mass. I t  i s  convenient in  p r a c tic e  to  r e la t e  the boundary
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o f  a r o ta t in g  s ta r  to  th a t o f  a n o n -r o ta tin g  s ta r  o f  the same mass ( c f .  
Appendix IV, s e c t io n  6 \
2 -N on -ro ta tin g  atmospheres -  the p la n e -p a r a lle l  approxim ation
In most s t a r s ,  the atmosphere i s  a very  th in  ou ter  sk in  whose 
th ic k n e ss  i s  a t in y  fr a c t io n  o f  th e  s t e l l a r  r a d iu s . S in ce  the mean 
fr e e  path o f a photon in  the atmosphere can hard ly  be g rea ter  than the  
h e ig h t o f  the atm osphere, no photon w i l l  tr a v e l fa r  enough between  
c o l l i s i o n s  to  d e te c t  the curvature o f  th e  atm osphere, end i t  i s  a v ery  
good approxim ation to  co n sid er  the atmosphere as s t r a t i f i e d  in  p lane  
p a r a l le l  la y e r s . The error  in  t h i s  approxim ation i s  o f the order o f  
the r a t io  o f photon mean freo  path to  s t e l l a r  r a d iu s . The photon 
mean fr e e  path A may be d efin ed  cru d ely  by
KpA rs/ 1  # ( 5 .3 )
On the other hand, the pressu re s c a le  h e ig h t H i s  d e fin ed  by
II ( 5 .4 )dfydr Hp
where the second e q u a lity  fo llo w s from the h y d r o sta tic  equation
4 “  = pg (g  = con stan t in  atmosphere) and the d e f in i t io n  o f  (eq u a tio nar
( 4 . 7 ) ) .  Thus, a t 1 , A H and i t  may e q u a lly  T^ell be sa id  th a t
the erro r  in  the plane p a r a l le l  approxim ation i s  o f  order H/R.
Another way o f  w r it in g  equation (5 * 4 ) , again  u s in g  the h y d ro s ta tic  
eq u a tio n , i s
2
Making the fu r th er  approxim ations T ~ T  ( v a l id  at ^  ^  rr ( s e e ,  e . g . ,
® j
GM HSchwarzs c h ild  1958 ) )  and , th e  r a t io  p becomes id e n t ic a l  w ith
R
the r a t io  C , o f Chapter 2 (eq u ation  ( 2 ,1 8 ) ) ,  This r a t io  appears 
n a tu r a lly  in  the th eo ry , and i t  i s  th e re fo re  a more conven ient measure 
o f  th e  error  in  the p la n e -p a r a lle l  approxim ation than i s  the more 
p h y s ic a lly  s ig n if ic a n t  r a t io  ~  # S in ce  fo r  the s ta r s
con sid ered , i t  i s  c le a r  th a t the p la n e -p a r a lle l  approxim ation i s  very  
good. I t  i s  much b e t t e r  than the Eddington approxim ations d isc u sse d  
in  the previous ch ap ter , which are known to  be in  err o r  by as much as 
Vf/o near the su rface  (K ourganoff 1 9 52 ),
Form ally, th e  equations in  the p la n e -p a r a lle l  approxim ation  
may be obtained from the more general n o n -lo c a l equation s by a llo w in g  
£  to  tend to  zero (corresp ond ing  to  th e  i n f i n i t e  rad ius of curvature  
o f  a plane s u r fa c e ) , To see  how t h is  formal procedure a f f e c t s  the  
boundary c o n d it io n s , d e fin e  a new coord in ate  C by
r  = R (l + £ .,£ )  (5 * 6 )
and con sid er  the range o f  £ in  the atm osphere, supposing fo r  the moment 
th a t r=R rep resen ts some a rb itra r y  l e v e l  in  th e  m iddle o f the atmos­
phere and th a t r  v a r ie s  between R . and R in  the atm osohere. Themin max " *
corresponding range o f  C i s
R . -  R R -  Rv min , v max
c = " " e 7 ~  t0  1 = £pR
ITow l e t  ^ —> 0 , The range o f  C then becomes the open in te r v a l .
Of cou rse , ^  i s  r e a l ly  a c o n sta n t, and th e  equations in  th e  
p la n e -p a r a lle l  approxim ation a re , more s t r i c t l y ,  ob ta in ed  by n e g le c t in g
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toxins o f  order in  th e  more gen era l e q u a tio n s . For f i n i t e  , th e  
range o f  K in  the atmosphere i s  more l ik e  ] - 5 ,5 j [  , so  th a t to  exten d
t h is  range to  the in te r v a l  3 -aO , seems a gross ex a g g era tio n .
However, i f  one accep ts the form al ex te n s io n  o f  the range, so  th a t  
su rfa ce  boundary co n d itio n s  are to  be a p p lied  as £ —> + ° 0 ,  i t  i s  
found th a t the r e s u l t in g  p ressu re and tem perature have v ir t u a l ly  
reached th e ir  su rfa ce  va lu es by the tim e £ i s  as great as 5 .
S im ila r ly , i f  the atmosphere i s  f o m a l l 5r t i e d  to  the in t e r io r  as 
£ - >  - c a ,  co n d itio n s  at £ = -5 are found to  be such th a t the lo c a l  
th eo ry  i s  v a l id  ( s e e  Appendix V I I l ) .  This j u s t i f i e s  the use o f  an 
i n f i n i t e  range o f  £ to  rep resen t a p h y s ic a lly  f i n i t e  atmosphere.
IT oticc .th a t the formal procedure o u tlin e d  above i s  not the  
some as a p ertu rb ation  theory in  £  , In a p ertu rb ation  th eory , £  
i s  e s s e n t ia l ly  f i n i t e ,  though sm a ll, and an i n f i n i t e  range fo r  £ 
would not be a llo w a b le . Any attem pt to  use an i n f i n i t e  range fo r  £ 
in  th e  f i r s t  order equation s o f  a, p ertu rb ation  th eory  in  € .4 lea d s to  
s in g u la r i t i e s .  I f  an attem pt i s  to  be made to  rep resen t the e f f e c t s  
o f  cu rvatu re, a d if f e r e n t  approach i s  req u ired , h ith e r  the boundary 
must be taken at a. f i n i t e  radius or more s tr in g e n t  boundary co n d itio n s  
must be a p p lied . This problem i s  d iscu sse d  fu r th e r  in  the n ext s e c t io n .
In the p la n e -p a r a lle l  approxim ation i t  i s  o ften  convenient to  
u se  the o p t ic a l depth X  as a c o o rd in a te . I t  a r is e s  n a tu r a lly  as a 
c o o rd in a te , and i t s  p h y sic a l s ig n if ic a n c e  provides some j u s t i f i c a t io n  
fo r  the boundary co n d itio n s  a p p lie d . I f  X" i s  d e fin ed  by
then X  -— 0 as £*—3>- + oO and X  — as £ —£■ -C O . C onsider  
the upper boundary f i r s t .  Zero o p t ic a l  depth means no ab sorp tion .
Thus th ere  can be no absorb ing m atter  beyond X  = 0 , and i t  i s  reason ab le  
to  take P=0 at X  =0. A lso , i f  th ere  i s  no absorbing' m atter beyond  
X  = 0 , th ere can be no e m itt in g  m atter  e ith e r  and, assuming th e  s t a r  
to  be is o la t e d , the second boundary co n d itio n  must be th a t o f  no in c id e n t  
r a d ia t io n . I t  w i l l  be seen th a t t h i s  con d ition  req u ires the tem perature  
to  be f i n i t e  a t X  = 0 . The boundary con d ition  o f th e  Eddington  
approxim ation i s  based on no in c id e n t ra d ia tio n  at th e  "surface" .
This d iscu ss io n  shows th a t the "surface" must be taken as X  ” 0 ,
Thus the su rface  boundary co n d itio n s  are;
P = 0
a t X  = 0 ( 5 .3 )
For a com plete so lu t io n  o f  a model s ta r ,  i t  i s  n ecessa ry  
a ls o  to  apply two boundary co n d itio n s  at the c e n tr e . These c o n d itio n s  
are rep resen ted  in  the lo c a l  th eory  o f  the atmosphere by tr e a t in g  th e  
lu m in o s ity  L and rad ius R o f  the s ta r  as knovm -  L appears in  the  
energy balance equation  and R appears in  the boundary c o n d it io n s . In  
the n o n -lo ca l th eo ry , L and R no lo n g er  appear and the theory  req u ires  
two more boundary c o n d it io n s .
Now i t  i s  w e ll  known ( s e e ,  fo r  example, Chandrasekhar 1939> 
p . 208) th a t the equation s o f  the n o n -lo c a l th eory  reduce to  th ose  o f  
the lo c a l  theory a t la rg e  o p t ic a l  depth (where the photon mean fr e e  
path i s  sm a ll) . For c o n s is te n c y , th e  so lu tio n s  o f  the two s e t s  o f
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% = 2nJ J
eq uation s must a ls o  match as This requirem ent provides
th e  two ex tra  boundary co n d itio n s needed fo r  a unique s o lu t io n  o f  th e  
atm osphere. They are most co n v en ien tly  token to  be
I Tt -  T,„ 1 ---- > 0 h
_  1,h > as X  ~ » ° °  (5 .9 )
where the su b scr ip ts  L and NL denote lo c a l  and n o n -lo c a l r e s p e c t iv e ly .  
The reasons fo r  ch oosin g  to  match T and ra th er  than any oth er  
fu n c tio n s  v / i l l  become apparent in  s e c t io n  4* and in  Chapter 6 .
3 .E f fe c t s  o f curvature
The case in  which the moon fr e e  path o f  a photon i s  a non­
v a n ish in g  fro n tio n  o f  the s t e l l a r  rad ius has r e c e n t ly  been con sid ered  
by Chapman ( 1966) ,  who b r i e f ly  review s e a r l ie r  work, S in ce  he
co n sid ers  a sp h e r ic a l atmosphere w ith  no mass m otions, the atmosphere 
i s  in  r a d ia t iv e  eq u ilib r iu m  and J = B, Norm ally, t h is  a llow s the  
t r a n s fe r  equation to  be so lv e d , in  terms o f X  s w ithout re feren ce  to  
the stru c tu re  eq u a tio n s . Nov;, however, r  appears e x p l i c i t l y  in  the  
t r a n s fe r  equation (eq u ation  ( 4 .9 ) )  and the s o lu t io n  depends on the form  
o f  the r e la t io n  p = p(r) . As i s  done in  th is  t h e s i s ,  Chapman 
assumes a gray atmosphere and, to  s im p lify  tho a n a ly s is ,  ho con sid ers  
the case  vtp = r~J , fo r  which the Eddington approxim ations y ie ld  an 
a n a ly t ic  s o lu t io n . The boundary i s  taken to  be at i n f i n i t y .  In 
accordance w ith  remarks in  the previous s e c t io n , i t  i s  n ecessa ry  in  
th a t  case  to  rep la ce  the co n d itio n  o f  zero in c id e n t in t e n s i t y  by the
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more s tr in g e n t  co n d itio n
2 l ( r ,p )  -----> 0 as r  — > cO  (5*1°)r
Chapman produces the in t e r e s t in g  r e s u lt  th a t ,  in  an i n f i n i t e  sp h e r ic a l
_2
atm osphere, J can he w r itte n  as th e  geom etrica l fa c to r  r  tim es what 
i s  e s s e n t ia l ly  th e  r e s u lt  o f  the p la n e -p a r a lle l  Eddington approxim ation.
However, i t  i s  not easy  to  se e  how h is  methods cou ld  he 
t r a n s la te d  to  f i t  the case o f  a r o ta t in g  s t a r .  For one th in g , i t  i s  
no lo n g er  p o s s ib le  to  so lv e  the tr a n s fe r  equation  on i t s  own. Hot 
o n ly  i s  13 f  J , so th a t the tem perature must he co n sid ered , hut a lso  
i t  i s  not p erm iss ib le  to  p roscrib e  th e  form o f  wp when one i s  lo o k in g  
fo r  th e  v e lo c i t y  f i e l d ,  which depends on the atm ospheric s tr u c tu r e .
These are p r a c t ic a l  d i f f i c u l t i e s .  A d i f f i c u l t y  o f  p r in c ip le  
a r is e s  in  connection  w ith  the boundary c o n d it io n s . The d e f in i t io n  o f  
i s  such th a t a t ta in s  a minimum fo r  a c e r ta in  va lu e  o f  s ,
depending on ^  , Only fo r  va lu es o f  s l e s s  than th a t  are the le v e l
su r fa c e s  c lo sed  ( c f .  F ig . 5)* For g r e a te r  va lu es o f  s the l e v e l  
su r fa c e s  are open, e s s e n t ia l ly  because th e  l im it in g  le v e l  su rfa ce  i s  
th e  one on which the c e n tr ifu g a l fo r c e  b a lan ces g r a v ity  a t th e  equator. 
I f  the s ta r  com p lete ly  f i l l s  t h is  l e v e l  su r fa c e , in  some se n se , i t  
s t a r t s  to  lo se  mass from the equator. There i s  th e r e fo r e  no c lo se d  
l e v e l  su rface  corresponding to  th e  "sphere a t in f in i ty "  on which 
Chapman a p p lie s  h is  boundary c o n d it io n s . I t  i s  n e c e ssa r y  e ith e r  to  
choose the boundary on some f i n i t e ,  c lo s e d  l e v e l  su rfa ce  or to  d efin e  
a new fam ily  o f  su r fa c es  which remain c lo se d  a t i n f i n i t y  and have some
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p h y s ic a l s ig n if ic a n c e .  N e ith er  a lte r n a t iv e  i s  a t t r a c t iv e  when 
examined in  more d e t a i l .
Those c o n sid era tio n s s tr o n g ly  su ggest th a t no attem pt sh ou ld  
be made in  the f i r s t  in s ta n ce  to  in c lu d e  the e f f e c t s  o f curvature on
must be in clu d ed , but th a t may be done w ith in  the framework o f a p la n e -  
p a r a l le l  approxim ation, an i s  shown in  the next s e c t io n .
4 ,R o ta tin g  atmospheres -  foxmal s o lu t io n  in  the p la n e -p a r a lle l  case  
The j u s t i f i c a t i o n  fo r  u s in g  a p iano-para.ile l  approxim ation
i s  the same fo r  r o ta t in g  s ta r s  as fo r  n o n -ro ta tin g  s t a r s ,  and the
erro r  in  the approxim ation w i l l  be o f  order ^  (by the arguments o f
s e c t io n  2. The d if fe r e n c e  between the twro cases l i e s  p r in c ip a lly
in  th e  fa c t  th a t in  r o ta t in g  s ta r s  some fu n ctio n s depend on the two
v a r ia b le s  s and ~)C and the *Xrv o ,r ia tion  must be taken in to  account.
I t  i s  th ere fo re  more co rrec t to  say  th a t the atmosphere i s  tr e a te d  as
l o c a l l y  p la n e -p a r a lle l .  'Hie coord in ate  z which w i l l  be in troduced  to
correspond to  the £ o f  the sp h e r ic a l s ta r  i s  con stan t on a l e v e l  su r fa c e ,
so  th a t su rfaces o f con stan t z are n ot p a r a l le l ,  b e in g  mere c lo s e ly
spaced a t the p o le s  than a t the equ ator . n o n e th e le s s , the z -su r fa c e s
are a l l  orthogonal to  a p a r t ic u la r  su rfa ce  o f  con stan t end may in
th a t sen se  be regarded as lo c a l ly  p a r a l le l .
th e  atmosphere o f  a r o ta t in g  s t a r .
‘The coord in ate  z i s  d e fin ed  in  to m s  o f  s by
s (5 . 11)
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and so corresponds to  C in  b e in g  zero on the boundary used in  th e  lo c a l  
th eo ry . This enab les the lo c a l  th eory  to  be c o n v en ien tly  developed  
in  th e  p la n e -p a r a lle l  approxim ation fo r  f i t t i n g  p u rp oses. S im ila r  
arguments to  th ose  in  s e c t io n  2 show th a t the appropriate range fo r  z 
i s  J-oO , cO(_ . Again, ''su rface" boundary co n d itio n s  are to  be 
a p p lied  as z —^  and co n d itio n s  are to  be a p p lied  as z —> -  o O
which w i l l  ensure th a t the var iou s fu n c tio n s  f i t  sm oothly to  th ose  o f  
the lo c a l  theory , by analogy w ith  s e c t io n  2, but o m ittin g  fo r  the  
moment any re feren ce  to  o p t ic a l  depth , the boundary co n d itio n s are?
P —> 0 ^
" > as a —} +  (5.12)
^  -  2 n J  - »  0  j
!  ^0 J
-^1
I t  w i l l  be seen s h o r t ly  why no boundary co n d itio n  f o r  i s  in c lu d ed .
In the rem ainder o f  th is  ch ap ter , the gen era l equations o f  
Chapter 4 w i l l  be s im p lif ie d  to  the form v a l id  in  a l o c a l l y  p la n e-  
■parallel atmosphere and the general method o f  s o lu t io n  w i l l  be o u t lin e d .  
This w i l l  in d ic a te , among other th in g s , the reason fo r  choosin g the  
fu n c tio n s  T and in  equation (5 * 1 3 ),
^  (J
I t  i s  conven ien t to  work w ith  P, p and T in  d im ension less  
form, s in c e  th is  im m ediately brings out orders o f  magnitude (assum ing  
th e  d in e n s io n le ss  fu n c tio n s  to  be o f  order u n ity  through most o f  the  
atm osphere, an assum ption j u s t i f i e d  by the r e s u l t s ) .  O11 the o th er  
hand, ^  > 3 b are a l l  o f  the same order o f  magnitude and there i s
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is z -  o O ( 5 . 1 3 )
no groat b e n e f it  in  in tro d u c in g  d im en sion less v a r ia b le s  fo r  them at  
t h is  s ta g e .  The d im en sion less v a r ia b le s  p , p and t  are d e fin ed  by:
P t, 2 p ’ p _ m^ R p 5 T ~ Te  ^ • ( 5 .1 4 )
kR '
I t  can be shorn th a t ,  to  low est order in  c , ,
\ V a \  = a  C X , e )
t ? * l  = | c ( X , < S )  )> ( 5 .1 5 )
! Y t 4  = §>>(**-, O
where A, C and I) are known fu n c tio n s  (se e  Appendix V ), U sing th ese  
r e la t io n s ,  and the d e f in i t io n s  ( 5 *14) ,  i t  i s  ea sy  to  s im p lify  the  
gen era l equations by le a v in g  out terms o f  order .
F ir s t  co n sid er  equation ( 4 .7 9 ) .  This im m ediately  
s im p l i f ie s  to
%  = - f e ' 7 c k (c2j)  ■ ( 5 *16)A-
Thus, s in c e  J ^  1^ 31* £ #SJ g end can be ign ored . That i s ,  in  a
l o c a l l y  p la n e -p a r a lle l  atmosphere
4  s  0 . ( 5 . 17)
u X
I t  i s  because o f  t h is  r e s u lt  th a t no boundary co n d itio n  fo r  i v  i sa
in c lu d ed  in  equation s ( 5 . 12) and ( 5 . 1 3 ) .
The ono d is q u ie t in g  fe a tu r e  o f  equation (5 .1 6 )  i s  tho l /p
dependence, rem in iscen t o f  the tro u b le  w ith  v  in  the lo c a l  th eo ry .s
Exam ination o f  the gen era l equations su g g ests  th a t t h i s  fe a tu r e  i s
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in t r in s ic  end not an a r t i f a c t  o f  the p la n e -p a r a lle l  approxim ation. I t
can on ly  bo hoped th a t a proper treatm ent o f  the e f f e c t s  o f  curvature
would so  a l t e r  the boundary co n d itio n s  th a t ,4 remained f i n i t e  a t th e
boundary d e sp ite  the d e n s ity  b e in g  zero  th e r e . A lte r n a t iv e ly , the
i / p*  dependence cou ld  con ceivab ly  be an a r t i f a c t  o f the Eddington
approxim ations, which are le a s t  accurate near the su r fa c e . I f  the
exact th eory  req u ired  the X  -component o f  d iv  K to  ten d  to  zero as
f a s t  as p*, would remain f i n i t e  a t the su r fa c e . However, s in c e70
p* ten ds to  zero e x p o n e n tia lly  as z tends to  i n f i n i t y  ( in  the p la n e-  
p a r a l le l  c a s e ) ,  th a t exp lan ation  seems l e s s  co n v in c in g . S u f f ic e  i t  to  
say  th a t  the s in g u la r i ty  can hard ly  be r e a l ,  and th a t the presence o f  
the fa c to r  ensures th a t the tro u b le  occurs on ly  v ery  near th e  
su r fa c e . For the r e s t  o f t h is  t h e s i s  equation (5*17) w i l l  be taken  
to  be v a l id  throughout the atm osphere.
The rem aining equations g iv e  no tr o u b le , Equation (4 .7 3 )  
reduces im m ediately to
^ s '1 M = ( 5 - i8 )
and the use o f equation  ( 5 . 17 ) reduces equation  (4 .8 0 )  to
\ U s l ^ S = -  4n p*(J-B) . (5 .19)
S in ce
-  .  S [ e ( £ )  + 0 ( 5 )  ( 5 . 2 0 )
Pl
(E a known fu n ctio n  o f  ) the two s tr u c tu r e  eq uation s reduce to
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and
dz " “ P “
P =
(5 .21 )
(5 . 22)
The equations fo r  v  w i l l  n et bo con sid ered  h e r e , s in c e  th ey  are not 
needed fo r  the s o lu t io n  fo r  th e  s tr u c tu r e  o f  the atm osphere. The 
f in a l  equ ation , th en , i s  equation  ( 4 . 9 0 ) ,  which reduces to
n
0
— Ci~Y = 0A G I) A> ( 5 . 2 3 )
The l im i t s  are chosen to  be 0 and n because th ese  equation s w i l l  be 
so lv e d  in  d e ta i l  in  the next chapter u s in g  p ertu rb ation  m ethods.
I t  i s  now c le a r  th a t o p t ic a l  depth in  th is  case should  be
d efin ed  by
- S
oo  
*
( 5 . 2 4 )
I f  th e  change o f v a r ia b le s
x = ^ / \ 7  st
X= X  j
( 5 . 2 5 )
i s  now made in  eq u ation s ( 5 .1 3 ) ,  ( 5 .1 9 ) ,  J may be e lim in a ted  to  g iv e  
a second order l in e a r  d i f f e r e n t ia l  equation  f o r  I
(5 .26)
whose general s o lu t io n  ( in  terms o f  X )  i s
+
2 71 
lVs\
iv s i ,e dy + e ay (5 .27 )
-1 1 3 -
S in ce  B = CfT^/rc, tv;o boundary co n d itio n s  w i l l  determ ine ^  u n iq u ely  
in  terms o f  the tem perature. One o f  th ese  i s  the co n d itio n  (5 ,1 3 )  
th a t th e  f lu x  should  match the lo c a l  f lu x  as T  —> + vO,  This 
p a r t ia l ly  ex p la in s the ch o ice  o f ^  as one o f  the fu n c tio n s  to  be 
matched to  the lo c a l  th eo ry , A com bination o f  equation s (5 ,1 2 )  and 
(5 .1 9 )  g iv es  a second c o n d itio n , a t X  -  0:
^ S ( 0 , X )  =  2i i B ( o )  +  i |V s |  ^ ( 0 , X )  .  ( 5 . 2 8 )
The co n d itio n  i s  put in  t h is  form to  e lim in a te  any re feren ce  to  J ,  
which may then be determ ined from equation  (5 .1 9 )*  in  terms o f  B (and  
so  as a fu n ctio n  o f  tem p erature).
Prom eq uation s ( 5 .2 l )  and ( 5 .2 2 ) ,  p and may a lso  be 
obt a in ed  as fu n ctio n s o f  tem perature, u s in g  the boundary con d ition  
(5 .1 2 )  fo r  P, The tem perature may th e re fo re  be regarded as a funda­
m ental fu n c tio n , in  terms o f  which a l l  the o th er  fu n c tio n s  can be 
o b ta in ed . The s o lu t io n  fo r  the tem perature i s  obta in ed  from equation  
(5 .2 3 )  which g iv es  B as a fu n ctio n  o f  J , which i s  i t s e l f  known in  terms 
o f  B and /^ ,Q. Equation (5 .2 8 )  shows th a t t h is  s o lu t io n  fo r  the  
tem perature in v o lv es  the unknown con stan t B( o ) ,  which i s  determ ined  
by the con d ition  (5 .1 3 )  fo r  T, One o f  the reasons why t h is  was 
chosen as the o th er  m atching co n d itio n  i s  now* c le a r .
That com pletes the form al s o lu t io n  o f  the n o n -lo c a l eq u ation s  
f o r  a r o ta t in g  atm osphere. However, the method o u tlin e d  above i s  
d i f f i c u l t  to  apply in  p r a c t ic e ,  s in c e  the f in a l  s ta g e  lea d s to  the  
fo llo w in g  in te g r a l equation  fo r  3 q
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BCY) =
r n
ro 17 si C D
dX
\  ! ? s l 0 D
e  0
-  A ( X )  e
A -c
„  /  +^ e p *  . %  r
-  2 ^ (  3 1751 e *?Sldy " e l?S1 4 B(y)
V,
+ & y
e dy 
/
(5 .2 9 )
There i s  no hope o f  o b ta in in g  an a n a ly t ic a l  s o lu t io n  fo r  t h is  eq u ation , 
p a r t ic u la r ly  as [ V /s \ , C and D are known on ly  as expansions in  powers 
o f  £  , I t  i s  th e r e fo r e  n ecessa ry  to  impose the fu r th e r  r e s t r ic t io n  
o f  slow  r o ta tio n  and to  so lv e  th e  n o n -lo c a l equation s u s in g  p ertu rb ation  
m ethods. In the n ext ch ap ter, the s o lu t io n  w i l l  be obta in ed  to  f i r s t  
order in  ,
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CHAPTER 6 
S o lu tio n  o f  the n o n -lo c a l theory  
in  the p la n e--p a ra lle l approxim ation and fo r  slow  r o ta tio n
" . . . t h e  l a s t  s ta t e  . . .  i s  worse than the f i r s t . ' 1
Gospel accord in g  to  S t , Matthew, Ch. 12, v .4 5 .
1 .P ertu rb ation  eq uation s and boundary co n d itio n s
In t h is  ch ap ter , the n o n -lo c a l equations in  th e  p lan e-  
p a r a l le l  approxim ation w i l l  be so lv e d  to  f i r s t  order in  £  by th e  use  
o f  pertu rb ation  m ethods. The equation s have in  fa c t  been so lv e d  to  
second order in  £  , but the second order theory  i s  n ot e s s e n t ia l ly  
d if f e r e n t  from the f i r s t  order th eo ry , except th a t i t  i s  more cumber­
some to  handle and th a t the d is t in c t io n  b e tw e e n ^  and 0 must be c le a r ly  
made. I t  d id  n o t , th e r e fo r e , seem to  be u s e fu l to  p resen t the second  
order th eory  h ere , p a r t ic u la r ly  as th e  v e lo c i t y  in  the n o n -lo c a l th eory  
has a non -van ish in g  f i r s t  order term . Some o f  the second order 
r e s u lt s  w i l l ,  however, be quoted in  s e c t io n  4.
In th is  s e c t io n  the b a s ic  equation s and boundary co n d itio n s  
needed to  d e fin e  th e  s tr u c tu r e  u n iq u ely  are gathered to g e th e r . The 
eq u ation s fo r  the v e lo c i t y  w i l l  be g iven  a f t e r  a s o lu t io n  fo r  the  
str u c tu r e  has been ob ta in ed . The d im en sian less v a r ia b le s  used are  
d efin ed  by equations ( 5 .1 l )  and (5 .1 4 )  and by
In th ese  v a r ia b le s , the complete s e t  c f  n o n -lo ca l s tru c tu re
equations i s  2
£  = - p* = ( o (6 .2
11 (6 .3
b*  = t 4 (6 .4
(Vs] = -  4p* (j* - B*)
0 z (6 .5
•  ■ ¥ %
(6 .6
“ a S o ( J  " B ^ ®  " 0
(6 .7
where (see Appendix V and Chapter 5^
e ( £  ) = 1 -  |  £  ( i - P 2(o )) (6 .8
| v s | = 1 -  j e  ( p 2 ( o ) - p 2 ) + 0 ( e 2 ) (6 .9
C = 1 -  (l+3P2(0 )-7P 2) + o < e 2> (6 .10
D -  i ^ | _ l  + ^ U - 3 P 2(0)+5P2) +0 ( e 2)} ( 6 .1 1
As in  Appendices V and V II, P £(0) i s  u sed  as a shorthand fo r  P^CcosO^^), 
0o b e in g  d efined  in  Appendix IV5 P  ^ s  PgC003^ ) *
These equation s must be so lv e d  su b je c t to  th e  boundary 
c o n d itio n s  2
t L " — * °  '
JsL  UsNL ->o
r
as z -  o O (6 .1 3 )
J
where t^ , are g iven  by equation s (A 7 ,2 l)  and (A 7.32) o f  Appendix
V II.
The f i r s t  s ta g e  in  the s o lu t io n  o f  th ese  eq uation s by  
p ertu rb ation  methods i s  to  develop  the equations to  the f i r s t  order in  
by w r itin g
p P0(z) + & Px(z) + .
p* = P > > + £ p*(z) + ...
t - tQ(z) + £ t1(z) + ...
td
* II B 0 ( Z ) + £ b * ( z )  +  . . .
i s  = (z)so^ '
+
e X i ^ )  +
C-
4 * II J*(z)0^  ' + £  q  (2 ,X d  +
(6 .1 4 )
I t  i s  im m ediately obvious th a t the zero order equation s are
and
4^0dz
o
*
B
d— tsC dz
v *
dz°
r * - B*O 0
-  Po
Po o 
o
-  4 p *  (J *  -  lT )^0 0 o
3 ■ *U *'
4 Pq ' t o
0
(6 .15 )
(6 . 16)
(6 .17 )
(6 .1 8 )
(6 .1 9 )
(6 . 20)
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w ith  th e  boundary co n d itio n s  (u s in g  Appendix V II)
X ^
p   ^ 0 and -  2J — ^ 0 as z — r + ° 0  ( 6 .2 1 )Jso  oo
t  + -t z —} 0 and ^  -  1  > 0 a3 z —> -  Cx£) . ( 6 .2 2 )o 4 ^ s o  '
A fte r  some m an ip u lation , the corresponding f i r s t  order equations are  
found to  be
4?l + p* = f  p*U -  P „ (0 ))  (6 .2 3 )dz ' 1 3 o 2
*  +
£ l  h
5 p* t~o ^o o
(6 .2 4 )
3 *  = 4 t 3 t l  ( 6 .2 5 )
r i^H
d d s i
-  4 P ^ ( j f -  s t )  ( 6 . 26)
3  J *  ,  v, ,  Jt n *  . . ^
-  4 p*  -  4  p'f ^  ~ ( po ( ° ) - po)p^ \ t  ( 6 . 2 7 )4 Ko -^sl 4 *u so v 2' 7 2/bo L/so  ^ • 1 /
Bi
1 (} ¥:
2 J J1 (6 .2 8 ;
^>z (^
M  1 C"
0
The zero order eq u ation s have been used  in  o b ta in in g  th ese  eq u a tio n s. 
The boundary c o n d itio n s  are (u s in g  Appendix V I l)
  ^
p^ — > 0 and ' -  2J  ^ — ^ 0 as z —  ^ (6 .2 9 )
q  -  |  z ( i - p 2 ( o ) )  — » 0 
' d ' n l  -  ( ^ L  -  f  P 2 < ° >  +  3 P 2 )  ^  ° j
as z — ^ -  o O  (6 ,3 0 )
-1 1 9 -
2 .The zero order s o lu t io n
I t  fo llo w s  im m ediately from equation s ( 6 .1 8 ) ,  ( 6 .2 0 )  and
(6 .2 2 )  th a t
= 1 fo r  a l l  z .  ( 6 .3 1 )
U sin g  t h is  r e s u l t ,  and equations ( 6 . 1 7 ) and ( 6 .2 0 ) ,  equation  (6 ,1 9 )  
reduces to
* *-
I F  -  '  4 po • ( 6 *32)
Comparison w ith  Appendix VII now shows th a t the eq u ation s fo r  pQ, pQ 
and t  are e x a c t ly  th e  same as in  th e  lo c a l  th eo ry . However, the  
boundary co n d itio n s are d i f f e r e n t ,  and the s o lu t io n s  in  the p resen t  
case  are not n e a r ly  so  sim ple as the so lu t io n s  o f  th e  lo c a l  eq u a tio n s. 
Using equation s ( 6 . 17) ,  ( 6 ,2 0 )  and ( 6 . 3 l ) ,  the second  
boundary con d ition  may be w r itten  as
t^  —> -■ as z — > + D0  . (6 .3 3 )
That i s ,  the tem perature i s  f i n i t e  a t the boundary, w ith  boundary va lu e  
2 I t  w i l l  be seen  th a t t h i s  makes a c r u c ia l  d if fe r e n c e  to  the
s o lu t io n .
Equations ( 6 , 15) and (6 ,3 2 )  may be u sed , as in  the lo c a l  
th eo ry , to obtain  a r e la t io n  between p^ and t  . 7 /ith  th e  boundary 
co n d itio n s  o f the n o n -lo c a l th eory  the r e la t io n  i s
P0 “ J  (2 t£  -  l )  . ( 6 .3 4 )
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I f  t h i s  exp ression  fo r  pQ i s  s u b s t itu te d  in to  equation  ( 6 , l 6 )  and then  
pQ i s  e lim in a ted  between the r e s u lt in g  equation and equation  ( 6 .3 2 ) ,  a 
f i r s t  order d i f f e r e n t ia l  equation fo r  t  i s  ob ta in ed . The v a r ia b le s  
are separab le  and, w ith  the change o f  v a r ia b le
21/ 4 t  = u , ( 6 . 35)
vj
th e  d i f f e r e n t ia l  equation  can be w r itte n  as
-  = - 7  2l / 4 dZ . ( 6 . 3 6 )
U* -  1 ^
This can be in te g r a te d  to  g ive
u + 4 f l o §'^ji i  " 2 ta n -1 U y  = -  j  21/ 4 z + A  ^ ( 6 . 3 7 )
where A^  i s  an a r b itr a r y  constan t to  be determ ined by the con d ition
(6 .2 2 )  fo r  t  . A v ery  s im ila r  r e s u lt  i s  g iven  in  Eddington’s book 
(1 9 3 0 , p . 3 3 7 ).
S in ce  th e  R .H .S. o f  eq u a tio n  ( 6 . 3 7 )  7 + ° 0  as  z —^  -  oO ,
u —> 00 as z —■  ^ -  0 0  ; fo r  la rg e  u
4 ( 7 °^ u+ l  -  2 ta n - 1u )  ~  - j  _ l i  . ( 6 . 3 3 )
A p p lica tio n  o f the co n d itio n  (6 ,22) fo r  t  (u s in g  equation  (6 ,3 5 )) 
th e r e fo r e  lead s to  th e  r e la t io n
j  = Aq (6 .3 9 )
so  th a t the s o lu t io n  fo r  t  i s  f i n a l l y
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In p r in c ip le ,  p can now be determ ined from equation  (6 ,3 4 )  and then  
pQ from equation ( 6 .1 6 ) .  In p r a c t ic e , i t  i s  c le a r ly  im p ossib le  to  
o b ta in  p^ and pQ e x p l i c i t l y  in  terms o f  z fo r  gen era l z .  Numerical 
t a b le s ,  and graphs, o f  pQ and t  as fu n c tio n s  o f  z w i l l  be found in
Appendix V III
¥ r
However, asym ptotic  ex p ress io n s can be found fo r  p^, pQ and 
t  as z The d er iv a tio n  o f  th e se  i s  s tra ig h tfo rw a rd , and
the method i s  o u t lin e d  in  Appendix V III . The r e s u l t s  are;
( i )  z —  ^ + QQ
P,
16 6
3E e I 1 " E e + (6 .41)
where
E
1 6 . 21/ 4 - 21//4;
3E
,-1 /4
1 -  | e - 2 lA z  + . . .
r -2 1//4z /
» - i *
- 2A
71/2  + 4  
e = 263
(6 .4 2 )
(6 ,4 3 )
(6 ,44)
( i i )  z —  ^ - op
*
t) [i+Kz)4 r3 V.4
_ 4  V
3 \A J 1 + 0 ( 5
8 '
_ 2 h  + 1  ( 4*
4 1 6 lz .
4 A / 4 x8_T
(6 .45)
(6 .46)
(6 .47)
Equations (6 .4 5 )  a^d ( 6 , 46) sho’w th a t ,  as exp ected , pQ and pQ a ls o
match on to  the lo c a l  r e s u lt s  as z —>- - o O .
3 ,The f i r s t  order s o lu t io n
¥ r  <~r*
Since and are fu n c tio n s  o f  two v a r ia b le s ,  th e  f i r s t
order equations in e v ita b ly  le a d , in  g e n e r a l, to  an in te g r a l  equation  
*
fo r  B_, as in d ic a te d  in  Chapter 5 . This d i f f i c u l t y  can on ly  be
^  *  r fsurmounted by assum ing a form fo r  th e  ^ -d ep en d en ce o f  and a
procedure which would seem to  be e n t ir e ly  a r b itr a r y .
However, i t  i s  well-known t h a t ,  under reason ab ly  general 
c o n d it io n s , any fu n c tio n  o f  %  can be exp ressed  as an expansion in  an 
i n f i n i t e  s e r ie s  o f  Legendre p o lyn om ia ls. That i s ,  i t  i s  tru e  in  
gen era l th a t
J ^ ( z , ^ )  => J ^ C z )  Bn ( ° ° s X )  (6 .4 8 )
n=0
and , _
3 s i ( z » X )  = ^  FrScos^  • ( 6 *4 9 >n -0
I f  th e se  exp ress ion s are su b s t itu te d  in to  equation s ( 6 . 26) and ( 6 .2 7 ) ,  
an i n f i n i t e  s e t  o f  ordinary d i f f e r e n t ia l  equations fo r  th e  and 
^ ^ s l n  °BB&ined By eq u atin g  c o e f f ic ie n t s  o f  th e  P^. At f i r s t  s i g h t ,  
t h i s  might not appear to  be much o f  a s im p lif ic a t io n  over s o lv in g  an 
in te g r a l  eq u ation . Hov/ever, s in c e ,  apart from and , the on ly
rX -dependence in  the equations i s  e i t h e r  PQ (= l)  or P^, th ere  are on ly  
th ree  b a s ic  types o f  equation to  be so lv e d . These ares
-1 2 3 -
'■ 'I*
d ^ s l o  ,  *S= -  4 P0(J lQ -dz
lo<U* ,  ^ r - i *
(6 .5 0 )
CLZ ■ Jpt4io -Jpi-*2<°> p?J
/
id ^ s l2  .
“d T  = " 4 poJ12
d J *  ,  „ r-f*
(6 .5 1 )
= _ i p* 3  + p*
dz 4 po v- s l2  po
and ^ s lno L
4 P .J.dz Ko In
f i i  = _ i  0* a *
dz 4 o H sln
fo r  n= l and n ^ 3  (6 .5 2 )
I t  i s  u s e fu l a t t h i s  p o in t to  in trod u ce the o p t ic a l  depth as a v a r ia b le .  
In a p ertu rb ation  th e o ry , i t  i s  conven ien t to  use a zero order o p t ic a l  
depth , d efin ed  by
OO
*
< X  -  , ) pT dz’ (6 .5 3 )
z
( c f .  equation ( 5 ,2 4 ) ) .  In tern s o f  t h i s  v a r ia b le , equations ( 6 , 52 ) 
are e a s i ly  so lv e d . A p p lica tio n  o f  th e  boundary c o n d itio n s  (6 .2 9 )  and 
(6 .3 0 )  as T  -  —> 0 and as X  -----^ -O r e s p e c t iv e ly  then shows th a t
J^3ln  = Jln  55 0 f o r  a11 z f f ° r  n=l and n ^ 3  . (6 .5 4 )
/-v*' V-
This proves th a t th e  ^ -d ep en d en ce  o f  and J c o n s is t s  o f  PQ and 
terms o n ly , a r e s u lt  th a t would be exp ected  i n t u i t i v e l y  from the form 
o f th e  eq u a tio n s. I t  i s  now obvious th a t the use o f  th e  expansions
-1 2 4 -
( 6 . 48) and ( 6 . 49) co n sid era b ly  s im p l i f ie s  the f i r s t  order th eo ry ,
w ithout any lo s s  o f g e n e r a lity . I t  can be shown th a t in  the pth
order th eory  Legendre polynom ials o f  even order up to  2p are req u ired
*  ^ x *to  rep resen t J and , An expansion in  Legendre polynom ials i ss
th e r e fo r e  not a s im p li f ic a t io n  in  the gen era l th eo ry , which i s  
e s s e n t ia l ly  an i n f i n i t e  order p ertu rb ation  th eory , and in  w hich, 
th e r e fo r e , a l l  the even Legendre polynom ials would be req u ired ,
sJqj 2  ^12 are on^  ^ r s ’^  order fu n c tio n s  in  eq uation s
( 6 , 5l ) ,  which can th e r e fo r e  be so lv e d  ind ep en dently  o f  th e  o th er  f i r s t  
order eq u a tio n s. In terms o f  the v a r ia b le  'V , the eq uation s are
Cl^ 1 2  ,  *  ( 6 . 5 5 )
dT; “ 4 J12 
^ 1 2  _ 1 ^ 2 *  (6 .5 6 )
dT; 4 M3I 2
I t  i s  easy  to  ob ta in  from th ese  eq u ation s the second order d i f f e r e n t ia l
equ ation  fo r
d 4 s l 2
-  3
dT ? V s l 2
S n o  -  -  4 ( 6 . 5 7 )
whose general s o lu t io n  i s
rv-'
^ 1  ^  4 - J y  v
\X S12 = 3 + A2 8 + A3 e , ( 6 .5 8 )
The boundary c o n d itio n s  are (eq u ation s ( 6 , 29) and ( 6 .3 0 ) )
" J k l 2  =  2  J 1 2  a t  ^ = ° i  9 s l 2 ~ ^  3 “  U  — > 0 0  ( 6 - 5 9 )
The co n d itio n  as X   ^-OD req u ires = 0 , Equation (6 .5 5 )  then
-1 2 5 -
g iv e s
¥r / ?  A . %
J i ,  “ 3 e ( 6 . 6 0 )
4
and i t  i s  e a s i ly  shown th a t the co n d itio n  at TT -  0 req u ires
8> so  tn a t
*  A f  . ~ ^ rt \
J s l 2  -  f ( l - 2 ( 2 - v J ) e  J  (6 .6 1 )
- i/ T T
12 = #  ™  'J *  = I  (2-V 5) e " ( 6 . 6 2 )
r~!* ^  ¥'r ¥.
The eq u ation s fo r  in v o lv e  and and so
must be so lv e d  in  con ju n ction  w ith  th e  o th er  fo u r  f i r s t  order eq u a tio n s .
I t  fo llo w s  a t  once from equations (6 ,2 8 )  and (6 .4 8 )  th a t
■  j to  * ( 6 »6 3 )
T his s im p l i f ie s  th e  f i r s t  o f  equation s ( 6 . 5 0 ) which, to g e th e r  w ith  the  
boundary co n d itio n  ( 6 .3 0 ) ,  now g iv es
3 s io  = ^ 1  “ I  P2 ^  * ( 6 .6 4 )
T his r e s u l t  may he combined w ith  the boundary c o n d itio n  (6 ,2 9 )  fo r  
and eq u ation s ( 6 , 63 ) and ( 6 . 25) to  g iv e
* 4 ^ 1  “ Z  P2 0^  ^ as z - )  + 0 5 .  ( 6 . 6 5 )
*  -*•
The fu n c tio n s  ^1 ma^ e dtm inated from equations ( 6 , 6 3 ) ,
( 6 . 5 0 ) and ( 6 , 25) to  g iv e  (u s in g  a ls o  equation  ( 6 , 64) )
f d 4 t o V  = -  4 9i  " ( 4 ^ i  + 2 p2( 0 ) )  *  ( 6 -66 )
- 126-
T his equation must now be so lv e d  in  con ju n ction  w ith  eq u ation s (6 .2 3 )  
and (6 .2 4 )„
■¥r
E lim in a tion  o f  p  ^ between equations (6 ,2 3 )  and ( 6 .6 6 ) ,  and 
th e  u se  o f equation  ( 6 . 15) and the boundary co n d itio n s  f o r  pQ, t^
and t  as z 0 + 0 0  lea d s  to  the r e la t io n
16 t 4 -X  -o t o
= 3 Pj + ( 2 + 3 £ 1 ) P0 + -  4 p 2 ( 0 ) .  ( 6 . 6 7 )
*  .I f  p  ^ i s  nov7 e lim in a ted  between eq u ation s (6 ,2 3 )  and ( 6 , 24) ,  the  
r e la t io n  ( 6 , 67 ) may be used in  th e  r e s u lt in g  equation  to  ob ta in  the  
fo llo w in g  d i f f e r e n t ia l  equation  in v o lv in g  on ly  p  ^ and zero order
fu n c t io n s : 
dPn
dz
* 7 1  —I  
PlP°V P0" I 6 t 4O/
j (2 + 3 ^ 1 )p0 + 2 ^ x -  |  P2 (0 )
l 6 t ‘
+ | ( 1  -  p 2 ( o) )
(6 .68)
The u se  o f  equations ( 6 . 15) and (6 ,3 2 )  shows th a t is  an
in te g r a t in g  fa c to r  fo r  t h is  eq u ation . v?hen the equation  has been  
d iv id e d  through by pQ , the R.H .S. can be exp ressed  as a fu n ctio n  o f  
t  on ly  by u s in g  equ ation  ( 6 . 34) fo r  p The R .H .S. may then be 
in te g r a te d  by u s in g  t  as v a r ia b le  o f  in te g r a t io n , th e  change from 
z to  t  b e in g  e f f e c t e d  through equation  ( 6 . 32) (u s in g  a ls o  equations  
(6 .1 6 )  and ( 6 .3 4 ) ) .  The in te g r a l  whioh occurred in  s e c t io n  2 appears 
a g a in , and equation  ( 6 . 40) may be u sed  to  s im p lify  th e  f in a l  r e s u lt
f o r  p^ to
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pi  = p ? a 4  + ( ^ - | p 2 ( o ) ) 2 " 1 / 4  \  -  f d + p 2 ( o ) ) t o
t- -  (6.69)
+ f t 1 + qI x -  4 p2( ° ) )
where i s  an a r b itr a r y  c o n sta n t. This constan t must be d e tem in ed  
by a co n d itio n  as z — )• - QQ, s in c e  th e  co n d itio n s as z — ^ + 0 0  have 
a lrea d y  been invoked and are s a t i s f i e d  fo r  any va lu e  o f  A^. The on ly  
c o n d itio n  a v a ila b le  i s  con d ition  (6 .3 0 )  fo r  t^ . I f  equation s ( 6 , 69) 
and ( 6 *67) are combined to  g iv e  an ex p ressio n  fo r  t^ , the a p p lic a tio n  
o f  co n d itio n  (6 ,3 0 )  shows th a t *= -  -  -jP gC o)) 2 " ^ ^ ^  . I t
may then  be shown th a t
P1 -  fC1 + U l  -  4 p2 (0))  Z ^  -  ¥ 1 +  p2 ( 0 ) )  po ( 6 - 70)o
p*
P? " K 1+ 8 ^ 1 - 4  p2 (0))  z r ( 1+ i  p r ) ■ ( f + \ k + W ° » K
( 6 . 71)
h  - l ( 1+P i - 4 P2(0))  z “4 + (4^i" i  p2(°L h  (6-72)
P 
t
I t  then  fo llo w s a t once th a t
Jl t  = Bf = ^ 1+ 8 ^ 1 - 4 P2 (0))zr  + ( i i - f  P2 (0)) • (6-73)
That com pletes the s o lu t io n  o f  the f i r s t  order eq u a tio n s. 
However, before u s in g  th ese  r e s u lt s  to  f in d  the f i r s t  order v e lo c i t y ,  
one fea tu re  o f  the s o lu t io n  should  be n o ted . Although a l l  the f i r s t  
order fu n ctio n s are f i n i t e  as z —^  + 0 0 ,  the same i s  not tru e f o r  th e  
r a t io s  Pq/pQ Pq/p* > which tend  to  i n f i n i t y  w ith  z .  This r e s u lt
-1 2 8 -
f o l l o w  a t once from equations ( 6 . 70) and ( 6 . 71) ,  s in c e  t  — * 2”^ ^
as z — ^ p o  . The r a t io  t n/ t  causes no tr o u b le , because p tendsV o  9 * 0
e x p o n e n tia lly  to  zero as z —> cO ( s e e  equation ( 6 . 4l ) ) ,
The s in g u la r i t i e s  in  th e se  r a t io s  mean th a t  i t  i s  not v a l id  
to  u se  p ertu rb ation  methods throughout the atm osphere, and i t  i s  
im portant to  have an estim ate  o f  where the a n a ly s is  breaks down. I t
P ] /p 0
can be shown th a t ^y — * 1 as z — > + cso , so  th a t co n sid era tio n  o f
pl / p o p.,
e i t h e r  r a t io  w i l l  g iv e  the same r e s u l t ,  F or s im p l ic i t y ,  con sid er
I f  th e  va lu es fo r  Po (0 )  and g iven  in  Appendix VT are put in to
eq u ation  ( 6 , 70) ,  i t  g iv e s
P **o
*1 z
t  m ° - 3 5 t  -  ° - 8o o
( 6 . 74)
S in ce  t  i s  a m on oton ica lly  d ecrea s in g  fu n ctio n  o f  z ( s e e  Appendix V I I l ) ,
i t  i s  c le a r  th a t P^/p o in c re a se s  m on oton ica lly  w ith  z .  A lso , i t  has
a low er bound (= - 2 . 2 ) ,  to  which i t  ten ds a sy m p to tic a lly  as z —  ^ -  *0 ,
s in c e  t  +** -  -r z as z —  ^ - 9 0 .  p^/p th e re fo re  has the form showno 4 1 o
in  F ig ,  13 , I f  p ertu rb ation  th eory  i s  to  be assumed v a l id  fo r  a l l
+2 .2
-  - J ( -
Graph o f  r  o a g a in s t  z
-1 2 9 -
*
n e g a tiv e  z , then i t  m ust, fo r  c o n s is te n c y , be assumed v a l id  a ls o  a t  
l e a s t  up to  z » z , where p-,/p * + 2 .2 . That va lu e  o f  z  w i l l  g iv e
C X 0
a low er bound to  the v a lu es  o f  z fo r  which the p ertu rb a tio n  theory
and so  the p ertu rb ation  th eory  i s  on ly  in v a l id  o u ts id e  th e  range o f
th a t th e  p ertu rb ation  method breaks down on ly  in  a p h y s ic a lly  
in s ig n if ic a n t  f r a c t io n  o f  the atm osphere. The above th eory  may 
th e re fo re  be used to  f in d  the c ir c u la t io n  currents in  the bu lk  o f  
the atmosphere.
4 .The c ir c u la t io n  cu rren ts
breaks down. S in ce  t  = 2 ^-/  ^ -  0 .8 4  fo r  a l l  z ^ l  ( s e e  Appendix
V I I I ) ,  i t  fo llo w s  th a t
P1—  « + 2 . 2  a t  z = ZQ * 7 . 2 (6 .75)
z in  which, s ig n if ic a n t  changes occur ( c f .  Chapter 5 ) .  I t  can he
—6shown th a t z -  7*2 corresponds to  an o p t ic a l  depth o f  3 .6*10“ , so
The ex a ct equation s fo r  th e  c ir c u la t io n  cu rren ts are  
equation s ( 4 ,3 l )  and (4 * 8 3 ). In the p la n e -p a r a lle l  approxim ation  
th e se  equations reduce to
and
vs
n ?
^ F o r  £  - ^ 0 .1 ,  j^ p ^ /p o J ^  0 .2 2  fo r  a l l  n eg a tiv e  z , a r e s u lt  c o n s is te n t  
w ith  th e  assum ptions o f  p ertu rb ation  th e o iy .
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where !^s| , C and D are g iven  by eq u ation s (6 . 9 ) to  ( 6 , l l ) .  S in ce  
J ~ B (eq u ation  ( 6 .2 0 ) ) ,  v  and v^ /can  be ob ta in ed  c o rr ec t to0 0  S /V
f i r s t  order in  £  w ithou t u s in g  th e  f i r s t  order s tr u c tu r e . That i s ,
? ( l *  it's
, h R ^ 4  l l  " 1J
vBi  -  4 ® idTe m t--------~  (6-78)
and
+ llL y- 1 dz + t l
V  = -  £  s in % ' ^  (p* V  d^ '  ( 6 *79)
Equations ( 6 . 63) and ( 6 . 62) can be used  to  ob ta in  ^12^2^ 35
a fu n c tio n  o f'T l 5 a l s o ,  a lthough i t  i s  n o t p o s s ib le  to  w r ite  dt /d z
d to 3 ,
e x p l i c i t l y  in  terms o f  z , i t  can be shorn th a t = -  16 Pc/^o •
I t  i s  th ere fo re  p o s s ib le  to  w r ite  v  as a fu n c tio n  o f  X  a^d s in c es
i t  fo llo w s  a t once from equations ( 6 , 15 ) and ( 6 , 5 3 )  th a t
P0 -  T  ( 6 >8° )
and then  from equation  (6 ,3 4 )  th a t
t o = 2 ( l  + 2 ^  • ( 6 *8 1 )
I f  Y i s  taken to  be 5 /3 ,  i t  fo llo w s  th a t
V  ‘S(2-^§2/rTt &HW>7 6  ' 3  C p 2 ( c o s X )  • ( 6 - 8 2 )
I t  may then be shown th a t
4(2-1/3) hH2 crTe . ,-v -V
v*i = ^"-TA m “i7  00B1
4 f 'P  + f 't ( l +  ^ )
.(6 .83)
( 1 + & 'S ) 2(1 + 4 'G )1/416 *" 2
- 131-
These e x p ress io n s a re , as exp ected , n o n -s in g u la r  a t'T j -  0 .  
They are n ot zero th e r e , but b efore  c a lc u la t in g  th e  su rfa ce  v a lu e s  o f  
v  i t  i s  worth c o n sid er in g  some p r o p e r tie s  o f  the flow  p a tte rn .
The s ig n s  o f  vg  ^ and are such th a t th e  c ir c u la t io n  
cu rren ts r is e  a t th e  p o le s  and s in k  a t  th e  equator. S in ce  
changes s ig n  (a.t%  « 0 .6 3 7 , z = -  3 ) ,  th e  mass flo w  to  the equator n ear  
th e  su rfa ce  returns a t  g r e a te r  d ep th s. Although th ere  i s  no n e t  mass 
flow  acro ss the su r fa ce  '"f -  0 , t h i s  su rfa ce  i s  n o t a stream  l in e  o f  the  
f lo w , s in c e  vg  ^ i s  f i n i t e  th e r e . However, s in c e  va '^N' 
r a t io  o f  the normal mass flow  to  the h o r iz o n ta l mass flo w  i s  sm all a t
1
any p o in t on the su r fa c e  'T = 0 ,  The flo w  p a ttern  th e r e fo r e
approxim ates to  a s in g le  c lo se d  c e l l  in  each hem isphere.
This r e s u lt  must be compared w ith  th a t o f the lo c a l  th eo ry ,
s in c e  i t  ?/ould be exp ected  th a t the two r e s u lt s  would agree a t  grea t  
•«
d ep th s. There i s  no doubt th a t the form al, ex a ct n o n -lo c a l
ex p r ess io n  fo r  v  , g iven  by equation  ( 4 . 3 l ) ,  reduces to  thes .,
corresponding lo c a l  ex p r ess io n , g iven  by equation  ( 3*25) ,  as z ->  - 0 0 .  
This has been v e r i f ie d  by ap p ly in g  th e  method used  by Chandrasekhar 
(1939 P . 208) to  prove the well-known f a c t  th a t the n o n -lo c a l tr a n s fe r  
eq u ation  reduces to  the lo c a l  one a t  grea t depth s. I t  i s  fu r th e r  
guaranteed by the boundary c o n d itio n s  fo r  the n o n -lo c a l th eory , which 
ensure th a t the n o n -lo c a l s tr u c tu r e  v a r ia b le s  f i t  a sy m p to tic a lly  to  
t h e ir  lo c a l  counterp arts fo r  la rg e  n e g a tiv e  z ,
n o n e th e le s s , the flow  p a ttern  p r ed ic ted  by the lo c a l  th eory  
i s  q u a l i t a t iv e ly  d if f e r e n t  from th a t d escrib ed  above. I t  i s  e a s i ly
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seen  from equations (A 7 .4 l) ,  (A 7.42) t h a t ,  on th e  lo c a l  th eory , the  
c ir c u la t io n  currents s in k  a t  the p o le s  and r is e  a t th e  equator  
( p ig .  6 ) ,  A lso , s in c e  v ^  does n o t change s ig n , the lo c a l  theory  
c o n ta in s  no mechanism fo r  retu rn in g  m a ter ia l to  the p o le s .  (T his 
d e fe c t  o f  the lo c a l  th e o iy  has n o t p r e v io u s ly  been m entioned, as i t  i s  
o f  l e s s e r  importance than the s in g u la r i ty  a t z -  0 . I t  i s ,  however, 
another reason fo r  se e k in g  a b e t t e r  d e sc r ip tio n  o f  th e  c ir c u la t io n .)
At f i r s t  s ig h t ,  the ex p la n a tio n  o f  the disagreem ent would 
seem to  be th a t the n o n -lo c a l ex p ress io n s are f i r s t  order in  6 ,  w h ile  
the lo c a l  ex p ress io n s are second order in  £ ,  the f i r s t  order tenns  
b e in g  id e n t ic a l ly  z er o . S in ce  v g  ^ and on the n o n -lo c a l theory  
d ie  out e x p o n e n tia lly  fo r  la rg e  ^  , th ere  i s  agreement between the
' i
th e o r ie s  to  f i r s t  order in  £  . One would im agine, th en , th a t , i f  th e  
n o n - lo c a l v e lo c i t y  were obtained  to  second order in  , th e  second order  
terms would tend  a s y r p to t ic a l ly  to  th e  low est ordor lo c a l  e x p r e ss io n s . 
This would req u ire th a t the second order n o n -lo c a l ex p ress io n s had 
terms which behaved l ik e  l / [ z | ^  fo r  la rg e  n eg a tiv e  z .  With t h is  in  
mind, the second order th eory  was c a lc u la te d . However, i t  turns out 
th a t ,  when the p la n e -p a r a lle l  approxim ation i s  u sed , the second order  
ex p r ess io n s  fo r  the n o n -lo c a l v e lo c i t y  a ls o  d ie out e x p o n e n tia lly  
fo r  la r g e  ^  (N .B. 17 = 0 ( z 4 ) as z 4  - 0 ? ) ,  This im m ediately r u le s  out 
the obvious exp lan ation  o f  the d isagreem ent.
The r e a l reason  fo r  the disagreem ent i s  th a t  th e  n o n -lo c a l  
e x p r ess io n  fo r  the v e lo c i t y  i s  s in g u la r  in  the sen se  u sed  in  0 s a k i! s 
paper (1 9 6 6 ). That i s ,  order o f  magnitude e stim a tes  o f  the n o n -lo c a l
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and lo c a l  v e lo c i t i e s  shoi7 th a t  the n o n -lo c a l v e lo c i t i e s  are g rea ter  
than th e  lo c a l  ones by a fa c to r  o f  th e  order o f  l/g ^  . Thus, i f  
ex p r ess io n s  fo r  the v e lo c i t i e s  are d er ived  which n e g le c t  terms o f  
order tim es the terms r e ta in e d , th e  low est order n o n -lo c a l  
e x p ress io n s cannot be exp ected  to  f i t  the low est order lo c a l  ex p ress io n s
i
fo r  la r g e  The terms n e g le c te d  in  the n o n -lo c a l ex p ress io n s are
p r e c is e ly  th ose which w i l l  tend a sy m p to tic a lly  to  th e  lo c a l  e x p ress io n s  
a t  g r ea t depths, where the lo w est order tern s w i l l  be n e g l ig ib le  
because o f  t h e ir  ex p o n en tia l d ecrea se .
The p la n e -p a r a lle l  approxim ation i s  th e r e fo r e  inadequate  
fo r  a f u l l  d e sc r ip tio n  o f  the n o n -lo c a l v e lo c i t y  f i e l d ,  s in c e  i t  f a i l s  
to  take account o f  ter n s  which, thou ^ i n e g l ig ib le  n ear  the su r fa c e ,  
become important a t la rg e  o p t ic a l  d ep th s. U n fortu n ate ly , i t  i s  n ot  
a sim ple m atter to  in c lu d e  such te r n s ,  which rep resen t the e f f e c t  o f
' i
cu rva tu re , in  the n o n -lo c a l th eory , as was p o in ted  out in  Chapter 5*
I f  ter n s  o f  r e la t iv e  order are to  be found by u s in g  p ertu rb ation  
m ethods, i t  i s  no lo n g e r  p o ss ib le  to  apply boundary co n d itio n s  as 
z - > ± 0 O .  No obvious a lte r n a t iv e  p resen ts  i t s e l f  im m ediately; 
b e s id e s ,  any attem pt to  extend the th eory  to  h ig h er  order in  
r a p id ly  produces eq u ation s ivhich are so lu b le  on ly  by num erical m ethods. 
Such an attem pt was th e re fo re  abandoned, s in c e  th is  t h e s i s  i s  
concerned only  w ith  o b ta in in g  a q u a l ita t iv e  p ic tu re  o f  the su rface  
la y e r s ,  and a q u a l ita t iv e  p ic tu r e  can be obtain ed  w ith ou t in c lu d in g  
h ig h er  order terms in  the n o n -lo c a l th e o r y . N o tic e , in c id e n t a l ly ,  
th a t to  ob ta in  a com plete p ic tu re  th e  n o n -lo c a l th eory  would have to  be
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so lv e d  to  second order in  £ . ,  s in c e  v  and so  v ,  i s  o f  order
\0 s  ^
/ 1\2 tim es the lo c a l  , Terms o f  order £  tim es the low est order
ex p ress io n  would be needed b efore  v^  ?/ould be seen  to  f i t  to  the lo c a l  
a t  la rg e  depth s.
However, a ju d ic io u s  com bination o f  the l o c a l  and 
p la n e -p a r a lle l  n o n - lo c a l th e o r ie s  s u f f ic e s  to  show q u a l i t a t iv e ly  what 
i s  th e  floY/ p a ttern  o f  the c ir c u la t io n  near the su r fa c e . The
‘ i
p la n e -p a r a lle l  n o n -lo c a l th eory  p r e d ic ts  a s in g le  c lo s e d  c e l l .
However, s in ce  the s ig n  o f  v  on the lo c a l  th eory  i s  o p p o site  to  th a ts
on the n o n -lo ca l th eo ry , i t  i s  c le a r  th a t  th ere  must in  fa c t  be a
c ir c u la t io n  r e v e r sa l near the su r fa c e . In a more accu rate  treatm ent
o f  th e  n o n -lo ca l th e o ry , the terms o f  order £ ,  must be o f  the o p p o site
s ig n  to  the low est order term s. S in ce  th ey  decrease more s lo w ly
vri.th depth than the loY/est order terms (a s th ey  must to  f i t  the lo c a l
th e o r y ) , there must be a depth a t v/hich the f i r s t  order and low est
order terms balance and the c ir c u la t io n  r e v e r se s . This depth cannot
be found e x a c t ly  w ithou t s o lv in g  the n o n -lo c a l th eory  to  h igh er  order
in  £  , b u t, s in c e  th e  f i r s t  order terms tend a sy m p to tic a lly  to  the
lo w e st order lo c a l  e x p r ess io n , the depth o f  the r e v e r sa l may be
roughly  estim ated  by equ atin g  the lo w est order ex p r ess io n s  fo r  v  onfS
the lo c a l  and n o n -lo c a l th e o r ie s  (eq u a tio n s ( 6 , 8 2 )  and ( A 7 . 4 l ) ) .  The
f i r s t  order ex p ress io n  ( i n £ )  can be used  fo r  the n o n -lo c a l th eo ry ,
s in c e  i t  w i l l  always be g r ea ter , to  lovfest order in  than the  
2
lovfest order £  term .
I t  i s  found th a t th e  two ex p ress io n s fo r  v  are roughly equals
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a t  X  * 5 .2 0  (2  ■ -5 ,5 5 ) . This means th a t  the c i r c u la t io n  re v e rsa l 
occurs much n e a re r  the  su rface  than  th a t  p red ic ted  by the  work of
tt *
Opik ( l9 5 l)  and M estel ( 1966) ,  That re v e r s a l ,  which occurs a t  a 
depth given by p * £)?/2nG  , i s  n o t p red ic ted  by th e  p resen t th eo ry , 
s in c e  the Roche approxim ation i s  no t v a l id  a t  such a depth.
The p resen t re v e rsa l i s  th e re fo re  a  q u a l i ta t iv e ly  new r e s u l t ,  
s ta te d  here f o r  th e  f i r s t  tim e, although th e  c o n tra d ic tio n  between the  
lo c a l  and non -loca l th e o rie s  has been n o tic ed  by Osaki (1966, and 
p r iv a te  communication). Taken in  conjunction  w ith  the  Opik-Mestel 
r e v e r s a l ,  the new r e s u l t  suggests th a t  the f in a l  flow  p a tte rn  should 
he as sho?m in  P ig , 14, which i s  n o t drawn to  s c a le .
su rface
su rface  -
/\k  Sweet
coAvective core T  = 0
Fig^ 14. C irc u la tio n  p a tte rn  in  th e  absence o f tu rb u len ce .
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Now th a t  the  p a tte rn  o f th e  flow  has been determ ined, i t  i s  
n ecessary  to  f in d  the  speed of the  flov;# Since th i s  i s  obviously 
la rg e s t  a t  the  su rfa c e , i t  i s  convenient f i r s t  to  ev a lu a te  vg and v ^  
a t  X  « 0 . Prom equations (6 .8 2 ), (6 .83 ) and (2 .19)
o ^
v s ( ° )  = ^ (2 -^ 5 )  P2( c ° s X )  ( 6 .8 4 )
and
„ l /4  hL. c
v%(0 )  = T r ^ 2" ^  " S  e ;  3“ X cos^  ( 6 *8 5 ^
to  low est o rder in  g  and 0  . Using the  values quoted in  Chapter 3 
f o r  th e  o th e r q u a n t i t ie s ,  one fin d s th a t
t
v g ( o )  »  8 . 1 * 1 0 8 £  P 2 ( c o s ^ C ) c m / s e c  ( 6 . 8 6 )
and
v-^.(o) a 2 .8 X101 1 ^  s in  2 ^ c m /s e c  . (6 . 8 7 )
While the  r e s u l t  f o r  v (0 ) i s  almost p la u s ib le  f o r  £  as la rg e  as 0 .1 , 
the  r e s u l t  fo r  "^ (o ) i s  c le a r ly  unacceptab le un less £  i s  1CT  ^ o r l e s s .  
Such values are u n in te re s tin g ly  sm all, and i t  i s  now necessary  to  ask 
what a d d itio n a l mechanism can be invoked n ea r the  su rfa ce  to  damp the  
c i r c u la t io n .
Since the  p red ic ted  speeds are  considerab ly  la rg e r  than  th e  
speeds estim ated  in  Chapter 3, u s in g  the  lo c a l th eo ry , i t  i s  no longer 
n e c e s s a r i ly  tru e  th a t  v iscous and i n e r t i a l  fo rces  are  n e g l ig ib le , and 
th a t  assumption should be re-exam ined. F u rth e r, th e  d iscu ssio n  a t 
the  end of Chapter 3 showed th a t  the  flow might be tu rb u le n t even when 
i t s  speed was low enough th a t  v iscous and i n e r t i a l  fo rces  could be
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ignored . In  th a t  case , tu rb u len t v is c o s i ty  could be an im portant 
damping agen t. I t  seems even more l ik e ly  now th a t  tu rbu lence w ill  
appear, and th a t  p o s s ib i l i ty  w ill  be te s te d  f i r s t  by co n sid erin g  the  
s t a b i l i t y  of the flow .
5 .The Richardson number
g rad ien ts  are  p resen t in  the h o r iz o n ta l flow . The s tro n g  shear fo rces  
im plied  by such a flow  might be expected to  give r i s e  to  i n s t a b i l i t y ,  
in  p a r t ic u la r  to  the  Kelvin-Helm holtz i n s t a b i l i ty ,  whose source l i e s  
in  the  energy s to re d  in  the  k in e tic  energy of r e la t iv e  motion o f 
d if f e re n t  la y e rs . I n e r t ia  w il l  p revent th is  energy from making th e  
flow  u n stab le  so long  as the Richardson number i s  g re a te r  than  1 /4  
(se e , e .g . ,  Chandrasekhar 1 9 6 l), the  Pdchardson number being  defined
d if f e re n t  lay ers  of the  flow from in te rm in g lin g . In th a t  case , the  
flow  w ill  very ra p id ly  become tu rb u le n t .
I t  i s  p o ss ib le  to  ev a lu a te  , u sing  the r e s u l t s  of th i s  
ch a p te r . Equations (6 .1 6 ), (6 .8 0 ) , (6 %8 l)  and (6 .83 ) may be combined
The exponential decrease o f v ^  Y/ith depth shows th a t  la rg e
( c f .  Chapter 3 ) by
(6 .88)
I f ,  however, i s  le s s  than l / 4  th e  i n e r t i a  may not he ab le  to  p reven t
2
v/ith  th e  r e s u l t  th a t  gQ = GIvl/R to  give
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,  < »  f r f t + f o f t * * * ) 7' 4 (6 m )
E Ev^(o)21//4 ' X 2 ( a ( t : )  + bCY) ) 2
where
A(T) = (1+^C)(1+ |T ) (  f  -  2j?  + +
+ (g . ^ ) a 2  + ^ 3 )
b(tt) = - |( i+  f^'5’)(i+ -N/3)'r + ^ (§ ^  - n , /3 K 2 - ■ ^ 't r 3 ).
I t  i s  no t immediately obvious what value th is  q u a n tity  h as . However, 
n ea r ^  -  0 the  expression  reduces to
j e  ~  u £ r -  <6 - * »
where the  usual num erical values have been used ( in c lu d in g  £  * 0 .1 ,
2 2 1and ta k in g  s in  ^C'^cos ^  ) .  i s  th e re fo re  amply g re a te r  than
l / 4  f o r  sm all enough Tr , but
J R %  j  i f  X  8y10"5 . ( 6 . 9 1 )
Numerical in v e s tig a tio n  shows th a t  f i r s t  becomes very  
much le s s  than 1 /4  f o r  la rg e r  T  , bu t in c reases  again  as ^  in c re ase s
beyond about 1 and th a t  oO  as rC  ^  OO  • I t  i s  found th a t
JR ^  4 T;hen ^  ^ 7 .9  ( z * - 6 .2 ) .  (6 .92 )
Thus between H  = 8*10~^ and *TT « Q , i s  le s s  than  1/ 4 , becoming
a t  l e a s t  as sm all as 4xI0~^ ( a t  z = -4 , TT = 4 /3 ) .
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As po in ted  out by Chandrasekhar (1961, Chapter X l), i n s t a b i l i t y  
need no t occur when i s  le s s  than l / 4 .  However, i s  so much sm a lle r 
than  1 /4  throughout a la rg e  p a r t  of the  ou te r la y e rs  of th e  s t a r  th a t  
the  r e s tr a in in g  in flu en ce  of i n e r t i a  on the  flov; must be almost 
n e g l ig ib le .  I t  th e re fo re  seems very  l ik e ly  th a t  th e  flow  becomes 
tu rb u le n t and th a t  tu rb u le n t v is c o s i ty  serves to  damp the  otherw ise 
excessive  speeds.
I t  i s  c le a r ,  a t  any r a te ,  th a t  viscous an d /o r i n e r t i a l  terms 
can no longer be om itted  from the equation  of m otion. In  the next 
ch ap te r , the  r e la t iv e  s iz e s  of the p o ss ib le  a d d itio n a l terms are  
d iscu ssed , and a more d e ta ile d  development of the  most l ik e ly  model 
i s  g iven . I t  i s  found th a t  i n e r t i a l  terms can be im portan t, bu t
th a t  the  main damping agent i s  tu rb u le n t v is c o s ity .
As a p o s ts c r ip t  to  th is  d iscu ss io n , i t  should be noted  th a t ,
s t r i c t l y  speaking, the  d e f in it io n  of the  Richardson number given in
equation  (6 ,88) is  v a l id  only in  an incom pressible medium. However,
a s im ila r  argument to  th a t  of Chandrasekhar ( 1961 , p .4 9 l )  x&J be
ap p lied  to  the case of a com pressible medium. I t  i s  then found
(P ran d tl 1952, p .332) th a t  the Richardson number should be w ritte n
r
R P C ^taj//ds)2
(6 .93)
X*
where (dp /^s) , i s  th e  d en sity  g rad ien t fo r  an a d ia b a tic  f lu id ,  ao.
For a poly t r o p ic a l ly  s t r a t i f i e d  f lu id ,  th e  change in  the  d e f in it io n
ift-t) •i s  equ ivalen t to  re p la c in g  — by iy ( — _ -A \  yyhere H i s  thep a v
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p ressu re  sca le  h e ig h t and n i s  the  p o ly tro p ic  index (p<£.pn ) .  Near
the  su rface  of a  s t a r ,  n = 3 , so th a t  ^  ( n  " ^ "0 .2 7  g  •
1 dP0 1This should be compared v/ith ~  f  “ g  Thus the Richardson
number fo r  a com pressible medium i s  sm a lle r  than th a t  f o r  an 
incom pressib le medium, bu t i t  i s  of the same o rder o f magnitude and 
the  c o rre c tio n  f o r  co m p re ss ib ility  makes l i t t l e  d iffe re n c e  to  the 
r e s u l t s  found above. No co rrec tio n  f o r  c o m p re ss ib ility  w ill  be 
made in  the fo llo?/ing  q u a l i ta t iv e  model.
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CHAPTER 7
D isc u ss io n  o f  the tu rb u len t su rface  la y e r
Second Witchs " . .  Like a h e l l-b r o th  b o i l  and bubble
A lls Double, double t o i l  and tr o u b le ,
F ir e , bum s and, ca ld ron , b u b b le .”
W#Shakespeare, Iuacbeth, Act IV S c . i
1 .G eneral consequences o f  the f a i lu r e  o f  the h y d r o s ta t ic  approxim ation
In the prev iou s chapter i t  was seen th a t ,  i f  v isc o u s  and 
i n e r t i a l  terms are om itted  from th e  equation  o f  m otion , the flo w  speeds  
p r e d ic te d  by the n o n -lo c a l th eory  are u n r e a l i s t i c a l ly  la r g e , except fo r  
r o ta t io n  speeds which are too  slow  to  be o f in t e r e s t .  This s tr o n g ly  
su g g e s ts  th a t in e r t ia l  and/or v isc o u s  fo r c e s  cannot be n e g le c te d , s in c e  
th e se  fo rc es  might be exp ected  to  damp th e  f lo w . S in ce  th e  flow  i s  
probably tu rb u len t, accord ing  to  the Richardson c r i t e r io n ,  the dominant 
damping agent i s  presumably tu rb u len t v i s c o s i t y .  However, i t  i s  worth  
a ls o  co n sid er in g  the in f lu e n c e  o f  r a d ia t iv e  v i s c o s i t y  and o f  in e r t ia l  
e f f e c t s .
I f  the assum ption i s  r e ta in e d  th a t the m agnetic f i e l d  e x e r ts  
n e g l ig ib le  fo rces  in  m eridian p la n e s , th e  m erid ian-p lan e component o f  
th e  f u l l  s te a d y -s ta te  equation  o f m otion i s  ( s e e ,  f o r  example, Landau 
and L if s h it z  1959)
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■n = . ( 7 . 2)
where £ and v are c o e f f ic ie n t s  o f  v i s c o s i t y .  I t  i s  u s u a lly  assumed 
th a t £ <X n , and th a t assum ption w i l l  "be adopted throughout th is  
ch ap ter . The r a d ia t iv e  v i s c o s i t y  i s  then rep resen ted  by the s in g le  
c o e f f i c i e n t  n s d e fin ed  (a s  in  Chapter 3) by
A
r
l^npc
I t  w i l l  bo assumed th a t ,  in  the tu rb u len t c a se , the e f f e c t  o f  th e  
tu rb u len ce  on th e  mean flow  can be rep resen ted  a ls o  by equation ( 7 . l ) »  
where v  i s  the mean flo w  and n i s  now a c o e f f ic ie n t  r ep resen tin g  
tu rb u len t v i s c o s i t y  (C i s  again assumed n e g l ig ib le ) .  This 
assum ption w i l l  be fu r th e r  d iscu sse d  l a t e r .
The r e la t iv e  s iz e s  o f  the va r io u s terms in  equation ( 7 . l )  
may be estim ated , as in  Chapter 3 . However, in  the p resen t case  v ^  
and Yj. have q u ite  d if fe r e n t  s i z e s ,  s in c e
• ( 7 .3 )
I t  i s  th ere fo re  n e c essa ry  to  be more c a r e fu l in  e s t im a tin g  the s iz e s  
o f  the in e r t ia l  and v isc o u s  term s. C areful in v e s t ig a t io n  shows th a t  
th e  r e la t iv e  s iz e s  o f  th ese  terms depend on whether th e  SjT-component or  
th e  /(^-component o f  equation  (7 # l)  i s  con sid ered . In both  c a se s , i t  i s  
found th a t
2v.
I  = in e r t ia l  terms ^  ——  . ( 7 .4 )
However, the o th er  terms d i f f e r ,  i t  b e in g  found (s e e  Note (a ) in  
Appendix X) th a t
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(7 .5 )
C_j = c e n tr ifu g a l terms in  "^"-component ^  ^
Cby = ” M " / / - c o m p o n e n t £ < 4  -p
R
r-T n V'^=V,-r> = v isc o u s  :t ” W -com ponent ^  —e*
Y  p H2
Vy = ” M 11 ^ -co m p o n en t ^  ^  —vL p h
I t  i s  th ere fo re  n e c essa ry  to  tr e a t  th e  two components se p a r a te ly .
T his i s  one reason f o r  the d if fe r e n c e , which w i l l  be found la t e r ,
betw een the p resen t model and th a t o f  Kippenhahn ( 1959) ,  who con sid ered
o n ly  th e  r-component o f  th e  equation  o f  m otion.
F ir s t  o f  a l l ,  a va lu e  fo r  n i s  required* In th e  case o f
r a d ia t iv e  v i s c o s i t y ,  r  may be estim a ted  from equation  (7 * 2 ) , Taking
T ^  T and p ^  ■ -gHg- , e K k€,R f
 ^ ^  ^  rj ^  gm/cm/seo
15nRc ( 7 .6 )
and ^  1 , 3X10 cm / s e c
In th e  case o f tu rb u len t v i s c o s i t y ,  the order o f  magnitude estim ate
h ~  p v , h ( 7 .7 )
w i l l  be used ( s e e ,  e . g . ,  Landau and L if s h it z  1959 ), where h i s  a 
le n g th  whose s i z e  i s  o f  the order o f  the dim ensions o f  the la r g e s t  
ed d ies  in  the flo w  and v^ i s  o f the order o f  the f lu c tu a t io n  in  the  
mean v e lo c i t y  over the d is ta n ce  h . The choice  o f  v a lu e s  fo r  v^ and 
h w i l l  be d iscu ssed  l a t e r .  The u su a l v a lu es w i l l  be taken fo r  the
^ S e e  N ote (b ) in  Appendix X.
-1 4 4 -
oth er  parameters o f  th e  problem5 in  p a r t ic u la r , th e  v a lu e  0 ,1  w i l l  he
taken fo r  ^  and 0 w i l l  throughout he taken as 1 / u £ fE.
I f  the s i z e s  o f  the variou s terms are e stim a ted  u s in g
VX ~  ~  2 . 0*lOn e  j
? ( 7 .8 )
v T ^  v  ( 0 ) ^  8 . 1x108 £*ur ^  s v 'max * * J
i t  i s  found th a t , fo r  example,
“  ~  1 .3 k106 . ( 7 .9 )
This m erely em phasises the ex ten t o f  the co n tra d ic tio n  which has been  
produced by assuming th a t in e r t ia l  and v isco u s fo r c e s  can be n e g le c te d  
near  th e  su r fa c e , A more u s e fu l  procedure i s  to  e stim a te  a t what 
speeds the in e r t ia l  and v isc o u s  terms become comparable w ith  the  
c e n tr ifu g a l  term s.
I t  i s  reason ab le  to  suppose th a t ,  whatever the d e t a i ls  o f  
th e  m odel, the flo w  speeds in crea se  as the su rface  i s  approached u n t i l  
e i t h e r  th e  in e r t ia l  or the v isc o u s  terms become comparable w ith  the  
c e n tr ifu g a l  te r n s , and th a t from t h i s  p o in t to  the su rfa ce  th ere  i s  no 
fu r th e r  in crea se  in  the order o f magnitude o f  th e  flow  sp eed s. With 
t h i s  in  mind, n o te  th a t  the in e r t i a l  or  v isc o u s  terms always become 
im portant f i r s t  in  th e  '^^-component o f  the equation o f m otion, s in c e
the l a t t e r  r e s u lt  h o ld in g  both f o r  r a d ia t iv e  and fo r  tu rb u len t v i s c o s i t y  
s in c e  i t  i s  independent o f  n . I t  i s  th e re fo re  s u f f i c i e n t  to  r e s t r i c t  
o n e 's  a t te n t io n  to  the ^j-com ponent, s in c e ,  i f  the flo w  speeds do n ot  
in c r e a se  s ig n i f i c a n t ly  a f t e r  l /C ^  or have become o f  order
u n ity ,  in e r t ia l  and v isc o u s  terms w i l l  n ever  be im portant in  the  
*\J/" -com ponent.
C a lcu la tion  shows th a t ,  f o r  r a d ia t iv e  v i s c o s i t y ,
T A  Hvv
I T T  ^ / 1  l f
= ~  ^ 1  i f  v  > , 3 . SxlO-’cm /sec ( 7 .1 l ) ( a )
A1S° C ^  £  S^gI  VX2 ~ 1 i f  om/s e c  (7 .1 l) (b )
Thus, i f  on ly  the case  o f  r a d ia t iv e  v i s c o s i t y  i s  co n sid ered , th e  
i n e r t i a l  terms in  th e  equation  o f  m otion appear to  determ ine th e  flo w , 
damping i t  to  a q u ite  reasonable sp eed .
However, a lthough the v isc o u s  terms are n e g l ig ib le  in  the  
equ ation  o f  m otion, i t  must presumably be v i s c o s i t y  which d is s ip a te s  
th e  energy o f the flow  and i t  i s  n e c essa ry  to  co n sid er  th e  e f f e c t  o f  
v isc o u s  d is s ip a t io n  on the thermal b a lan ce in  the su r fa ce  la y e r s .
The thermal balance equation  must now be w ritten?
^  v .sr a d  lo g  (P /p Y) = -  + pea iB slp  (7 .1 2 )
where
i  i 2 / ,
p d is s ip  2 ~ 3
i s  th e  v isco u s d is s ip a t io n  in  C artesian  c o o rd in a te s . I t  i s  n o t easy
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to  transform  th is  ex p ress io n  in to  the ( s , ^ , , ^ )  coord in ate  system , hut
X 2th ere  i s  l i t t l e  doubt th a t  the la r g e s t  tern  w i l l  be -  rj (d v ^ /3 s) ,
I t  i s  ea sy  to  show th a t
L .H .S. o f  ( 7 . 12) —  ~  n p , ( 7 . 14)
u s in g  the approxim ation grad. P = p grad (D to  ob ta in  th e  second  
e x p r e ss io n . I f  v ^  i s  g iven  by equation  ( 7 , l l ) ( b ) ,  and i t  i s  assumed 
th a t p ~  i/h € |R  , i t  i s  found th a t
L .H .S . o f  (7 .1 2 )  ~  2 . 5 x10‘ 2 (7 .1 5 )
whereas
div'Tf- ~  3.1*103 f o r  £  = 0 .1  . (7 .1 6 )
This means th a t equation  (7 ,1 2 )  can now be w r itten  approxim ately as
d iv  7 1  = P Sd iosip  • ( 7 -17)
However, i f  the v i s c o s i t y  i s  assumed to  be r a d ia t iv e , so  th a t p = 7.4>  
i t  i s  found th a t w ith  = 6 , l v10^ cm /sec
Ped i s s i p ~  2 fl(sj2 ~ 6 ‘9x10"6 • h . 1 8 )
This r e s u lt  shows th a t the equation  o f  thermal balance cannot be
s a t i s f i e d  on t h is  m odel.
Presumably, th en , the speeds continue to  in c re a se  (but se e
Note ( c )  in  Appendix X), even though the i n e r t ia l  and c e n tr ifu g a l
■^-This estim a te  h o ld s on ly  in  the n o n -lo c a l th eo ry . Ip the lo c a l  th eo ry , 
div' ~& TT^/r . However, even in  th a t case  the L .H .S. o f  equation  
(7 .1 2 )  i s  l e s s  than d iv  A*,
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term s are comparable, u n t i l  the Richardson number becomes l e s s  than l / 4 .  
The f lo w  w i l l  then become tu r b u len t, and tu rb u len t v i s c o s i t y  w i l l  damp
■ i
th e  f lo w . I t  w i l l  be found th a t tu rb u len t v i s c o s i t y  i s  a much more 
e f f i c i e n t  d is s ip a t iv e  agent and th a t  equation  ( 7 . 17 ) can b® s a t i s f i e d  
a t  q u ite  reasonable sp eed s .
The Richardson number may be taken to  be ( s e e  Chapter 6)
j  _ s ( -  p ' / p ).
V 3 s )
2o r , assum ing g^vGM/R , p '/p  ^  l/H  and "^v^/^3 r* y^/H ,
J  ^  £ | C |/1
I t  i s  v /e ll known th a t in  a reg ion  in  therm al con vection  the tem perature  
g ra d ien t s ta y s  very c lo s e  to  the v a lu e  a t which the reg io n  becomes 
u n s ta b le .  I t  seems reasonable to  assume, by analogy , th a t th e  flow  
in  th e  presen t case i s  damped by tu rb u len ce  to  such an ex ten t th a t the  
R ichardson number never  becomes much l e s s  than l / 4 .  In th at c a se , 
may be estim ated  roughly by p u tt in g  J -  l / 4 ,  so  th a t
y| ~ 4 ^ ?  (7 .2 0 )
and
c
^  ~  3 .8k10 cm /sec , ( 7 .2 l )
The f lo w  i s  th e re fo re  su p erso n ic , s in c e  the speed o f  sound, c ,  i s  
g iv en  by
-2  V P ^ 5 „  «  _  5 ^ GM
c ' ^ ' Y 7  3 ^2 3 ‘T  * (7 .2 2 )
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and so
c 2 , 5*10 cm /sec and v.^ ^  1.5  c . ( 7 . 2 3 )
However, the fa c to r  1 ,5  i s  probably not s ig n i f i c a n t ly  d if fe r e n t  from 1 ,  
s in c e  no c o rr ec tio n  has been made fo r  c o m p r e ss ib ility  and a lso  the  
c r i t i c a l  Pdchardson number i s  s l i g h t l y  u n ce r ta in .
This r e s u lt  d i f f e r s  ap p rec iab ly  from th a t o f  Osaki (1 9 6 6 ),
4 5 /who found v  ^  10 •^cm /sec. However, i t  i s  c le a r  from the presen tA
d is c u ss io n  th a t such a flow  would n ot v io la t e  the Richardson c r i t e r io n ,  
and so  cou ld  not be u n sta b le . O saki*s model i s  th e r e fo r e  in t e r n a l ly  
in c o n s is t e n t ,  in  th a t he f in d s  th a t tu rb u len t v i s c o s i t y  damps the flow  
to  such an e x te n t th a t i t  i s  no lo n g e r  tu r b u len t. This in c o n s is te n c y  
would have shown i t s e l f  i f  Osaki had con sid ered  in  more d e t a i l  the  
eq u ation  o f thermal b a la n ce . The d if fe r e n c e s  between h is  model and 
the p resen t one w i l l  be fu r th er  d isc u sse d  in  the n ext s e c t io n .
A p o in t on which the two m odels are b a s ic a l ly  in  agreement 
i s  the treatm ent o f  th e  tu rb u len ce . This i s  a vexed q u estio n , to  
which th ere  i s ,  as y e t ,  no s a t i s f a c t o r y  answer, even in  the u su a l 
problem o f a c o n v e c t iv e ly  u n stab le  r eg io n . In the p resen t problem, 
th a t  o f  turbulence in  a reg ion  w ith  a r a d ia t iv e ly  s ta b le  tem perature 
g r a d ie n t, i t  i s  even l e s s  c le a r  how to  proceed . In the absence o f  
any reco g n ised  procedure, i t  seems b e s t  to  rep resen t the turbu lence by 
th e  s im p le st  p o s s ib le  model. At the very  l e a s t  the s o lu t io n  may g iv e  
some inform ation  about the v a l id i t y  o f  the m odel. I t  i s  to  be hoped 
th a t i t  a lso  g iv e s  a q u a lita t iv e  d e sc r ip t io n  o f  the tu rb u len t r eg io n .
-1 4 9 -
When the tim e-dependent equation  o f m otion which d escr ib es  
the in stan tan eou s s t a t e  o f  the tu rb u len t flow  i s  averaged over tim e, 
one o b ta in s a tim e-independent equ ation  f o r  the averaged q u a n t it ie s  
which i s  o f  the form o f  equation ( 7 . l )  except th a t the v isc o u s  terms 
are rep la ced  by a number o f tern s in v o lv in g  the f lu c tu a t io n s  due to  
the tu rb u len ce . The s im p le st way o f  d e a lin g  w ith  th e se  terms i s  to  
d e fin e  a tu rb u len t v i s c o s i t y  c o n d itio n  th a t the
e x tr a  terms can be w r itte n  in  e x a c t ly  th e  same way as the v isc o u s  terms 
in v o lv in g  v in  equ ation  ( 7 . l )  except th a t the c o e f f i c i e n t  o f  r a d ia t iv e  
v i s c o s i t y  i s  rep laced  by 'nep fec^-[v e . ^  p r in c ip le ,  t h i s  d e f in i t io n  
determ ines f ec t i Ve , a-^kough the ex a ct exp ress ion  would be 
com p licated  and n ot v ery  u s e fu l .  In p r a c t ic e , 'ne £.^ e c ^;*_ve i s  sim ply  
assumed to  be a c o n sta n t. D im ensional arguments ( s e e ,  e . g . ,  Landau 
and L i f s h it z  1959? P. 119) show th a t Tle f f eG-tiVG can rep resen ted  by 
an ex p ress io n  o f  th e  form o f  equation  ( 7 . 7 ) I and h can then be 
determ ined by order o f  magnitude c o n s id e r a t io n s . This w i l l  be done in  
the n ex t s e c t io n .
A s im ila r  treatm ent o f  tu rbu len ce was g iven  by Kippenhahn 
( 1959) ,  who con sid ered  m erid ional c ir c u la t io n  in  zones o f  weak 
c o n v e c tio n . However, h is  r e s u lt s  agree n e ith e r  w ith  Osaki*s nor  
w ith  th o se  d iscu ssed  h e r e , although h is  e stim a te  o f  v^ i s  n earer  to  
the r e s u lt  o f th is  chapter than to  O sak ifs r e s u l t .  The d if fe r e n c e  
between h is  r e s u lt  and the p resen t one a r is e s  fo r  th ree  main rea so n s. 
F ir s t l y ,  Kippenhahn con sid ered  on ly  the r-component o f  the equation  o f  
m otion , whereas i t  i s  c le a r  from the p resen t v/ork th a t  the X  -component
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i s  more im portant. He a lso  assumed th a t v , was o f the order o f  v  ,t  r*
r a th er  than v ^  , S in ce  he used  a lo c a l  th eory  o f  r a d ia t iv e  t r a n s fe r ,
he cou ld  assume v .  ^  v  » but th is  in  i t s e l f  i s  a d if fe r e n c e  between th eX  r '
m odels used  by Kippenhahn and the w r ite r .  F in a lly ,  Kippenhahn, l ik e  
O saki, d id  not co n sid er  what was th e  o r ig in  o f  the tu rbu len ce which he 
p o s tu la te d . Thus, although the tu rb u len ce  was in trod u ced  as a brak in g  
mechanism near the boundaries o f the co n v ectiv e  zone, the i n s t a b i l i t y  
which could  cause the turbulence was n ot con sid ered . Assuming th a t  
v^ , Kippenhahn’s flow  does not v io la t e  the Richardson c r i t e r io n  
and so  h is  model, l ik e  O sa k i's , i s  in t e r n a l ly  in c o n s is t e n t .  N o n e th e le ss , 
i t  i s  not c le a r  what e f f e c t  the presence o f  thermal con vection  would have 
on the flo w , and the w r ite r  does not w ish to  claim  th a t the p resen t  
model n e c e s s a r i ly  a p p lie s  to  Kippenhahn*s case w ithout m o d if ic a t io n .
One oth er  p o in t must be con sid ered  h ere . In the presence o f  
tu rb u len ce , i t  i s  u n l ik e ly  th a t a m agnetic f i e l d  can remain u n d is to r te d . 
No th eory  o f  turbu len ce i s  s u f f i c i e n t ly  d e ta i le d  to  enable one to  say  
e x a c t ly  what happens to  the f i e l d ,  but the num erical experim ents 
conducted by Weiss ( 1966) s tr o n g ly  su g g est th a t m agnetic f i e l d  l in e s  
are e x p e lle d  from tu rb u len t r e g io n s . I f  th a t i s  tr u e , as w i l l  be 
assumed h ere , th ere  i s  no need to  c o n sid er  m agnetic fo r c e s  in  the  
eq u ation  o f  m otion. This i s  a s im p l i f ic a t io n  in  one r e sp e c t , s in c e  
w ith  such la rg e  flo w  speeds the m agnetic f i e l d  req u ired  to  balance th e  
C o r io lis  fo rce  in  the to r o id a l component o f  the equ ation  o f  motion  
would be so  la rg e  as to  have s ig n i f ic a n t  e f f e c t s  in  the p o lo id a l  
component as w e ll ( c f ,  M estel 1965)* ^  o th er  hand, i f  a m agnetic
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f i e l d  i s  no lon ger  p resen t the C o r io lis  fo rce  i s  f r e e  to  d estro y  th e  
u n ifo rm ity  o f  the r o ta t io n , and i t  i s  n ecessa ry  to  com p licate  th e  model 
by a llo w in g  fo r  n o n -u n ifo m  r o ta t io n . This i s  e q u iv a len t to  a llo w in g  
the flo w  to  have a non -con stan t ^ -com pon en t, v^j . Presumably the  
grad ien t o f  v^  7 / i l l  be l im ite d  by th e  Richardson c r i t e r io n  in  the  
same way as the grad ien t o f  v ^  , This w i l l  prevent th e  n on -u n iform ity  
o f  th e  r o ta tio n  from becoming too  la r g e .
I t  might a ls o  be argued t h a t ,  s in c e , in  the absence o f  any 
e x te rn a l fo r c e s , th e  r o ta t io n  law would be determ ined by the co n serv a tio n  
o f  angular momentum, the r o ta t io n  law i s  l ik e l y  to  a d ju st i t s e l f  to  be 
as c lo s e  to  angular momentum con serv a tio n  as p o s s ib le .  However, th e  
turbu len ce i s  driven by a pow erful fo r c e , capable o f  producing m otions 
in  a n on -v iscou s medium o f  the order o f the speed o f  l i g h t ,  and i t  i s  
th e r e fo r e  l ik e l y  th a t the e f f e c t  o f  turbu lence w i l l  be to  prevent th e  
r o ta t io n  law from a d ju st in g  to  angu lar momentum c o n serv a tio n . B e s id e s ,  
i t  i s  easy  to  see  th a t ,  i f  s trea m lin es  o f  the flow  e n te r  and lea v e  th e  
u n d erly in g  un iform ly r o ta t in g  r eg io n , the angular momentum jO. ©  
cannot be a con stan t on a stream lin e  s in c e ,  on the boundary o f  the  
un iform ly  r o ta t in g  r eg io n , .CL i s  con stan t but <£) i s  n o t .
2 .A s e l f - c o n s i s t e n t  order-of-m agnitude model
'The order- of-m agnitude e s t im a te s  f o r  the terms in  th e  eq u ation  
o f  m otion (eq u ation s (7 .4 )> (7 .5 )^  were based on the assum ption th a t th e  
r o ta t io n  was uniform . Suppose now th a t
n  - A  + ( 7 - 24)
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where - 0 .  i s  a constan t and X L  ^ i s  a fu n c tio n  of s and . Then 
th e re  are various e x tra  te rm s, co n ta in in g  Si,, in  th e  equation  of 
m otion. So long as - Q 1 < X 1  , i t  can be shown th a t  these  te m s
can be ignored in  the  "MT-component. In  the ^-com ponent, an e x tra
te rn  appears, whose r e la t iv e  s iz e  cannot be determ ined w ithout 
f u r th e r  in fo rm ation . I t  i s  th e re fo re  necessary  to  w rite
« “ ( b § P  ( 7. 25)
A H v  -^-o'
In  th e  ^-com ponent, which has no t p rev io u sly  heen considered , the  non- 
uniform  ro ta tio n  co n trib u te s  a v iscous fo rce  which, in  the absence of 
m agnetic fo rc e s , ju s t  balances th e  G o rio lis  fo rce  due to  the c i r c u la t io n ,  
•fhc ^-com ponent can be w ritte n  ex ac tly  as
v,grad(-fL  r^sin ^d ) « ^ ^ ^ (X l-^ r^ s in ^ © )
> ( 7 . 26 )where
r 7 2 l l L  I  ( i i L  + A i X \
^  =  ^ r 2 A y  " j
•*0-^  may be w ritte n  in s te a d  o fS L  on the of th i s  equation
2 2 9because (JLi. r  sin"©) e  0, This equation may th e re fo re  be used
to  estim ate  X l.^ by w ritin g  i t  as
X I-
vx i l o R ~  - n H2 - U  . ( 7#27)
To ob ta in  th is  approximate form of equation  ( 7 . 26 ) i t  has been assumed
th a t  the  sca le  h e ig h t H is  the sc a le  f o r  the  v e r t ic a l  v a r ia tio n  of
th a t  v -t ^  £. Vn/  and th a t  X2_ <  i  L Y  4 A 1 o
I t  i s  now n ecessary  to  decide what value to  take fo r  ri, which
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has been d efin ed  by
tl ^  p Vt  tl .  ( 7 , 7 )
The turbu len ce breaks the flor; up in to  e d d ie s , and v^ and h are ty p ic a l  
v a lu es  fo r  the v a r ia t io n  in  speed acro ss an eddy and the s i z e  o f  an 
eddy r e s p e c t iv e ly .  I t  i s  n o t n e c e s s a r i ly  reasonable to  suppose, as 
Osaki d oes, th a t h ^  II5 w ith  a d r iv in g  fo r c e  capable o f  producing  
speeds up to  the speed o f  l i g h t ,  the flow  must be exp ected  to  break  
up in to  many e d d ie s , w ith  a ty p ic a l  s i z e  co n sid era b ly  l e s s  than the  
e x te n t  o f  the tu rb u len t r eg io n , which i s  a few s c a le  h e ig h ts  deep.
I t  i s  more reasonable to  suppose th a t the ty p ic a l  eddy s i z e  i s  
determ ined by the need to  m aintain therm al b a la n ce . The ty p ic a l  
eddy s i z e  i s  presumably th e  s u ita b le  s c a le  f o r  the e stim a tio n  o f  th e  
v isc o u s  d is s ip a t io n , so  th a t one may vorite
~ i {W ~ 1 <’ • » >
This i s  a d if fe r e n t  exp ress ion  from the one used  in  the case  o f
r a d ia t iv e  v i s c o s i t y .  Y/hen turbu lence i s  p r e sen t, th e  bulk o f  the
d is s ip a t io n  i s  due to  the random Eiotion in  the e d d ie s , so  th a t os.,.J r d i s s ip
must depend on th e  v e lo c i t y  grad ien t across an eddy, t y p ic a l ly  v^ /h  ,
not on the mean v e lo c i t y  g ra d ien t, t y p ic a l ly  v -y /H . Dim ensional
arguments ( so e , fo r  example, Landau and L if s h it z  1959> PP 119-120)
le a d  to  the same r e s u l t ,  except fo r  the fa c to r  l / 2  .
A -j A
Since d iv  S  (5 T /H (assum ing th e  n o n -lo c a l th eory  -
se e  th e  fo o tn o te  on p . 147) ,  h w i l l  then ho approxim ately deteunined
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Equations (7 .2 7 )  end ( 7 . 29) are two equations to  determ ine 
the q u a n t it ie s  _  v^ and h . Assuming th a t  i n e r t i a l  terms can he 
ig n o red , an assum ption j u s t i f i e d  by l a t e r  check ing fo r  c o n s is te n c y , a  
th ir d  equation i s  ob ta in ed  by w r it in g  th e  ^V-component o f  the equation  
o f  m otion as
f t  *  f t )  ~  ^  S  • <7- 30>
Equation ( 7 . 27) i s  more co n v en ien tly  Y/ritten
-0 - 1  ^  2 v 5CPl'
- Q  '  V.  h • ( 7 . 3 1 )t-o t
It. i s  n ot im m ediately obvious which term on the L .H .S. o f
2eq u ation  (7 .3 0 )  i s  the la r g e r . However, i f  the term €"£, GM/R i s  
assumed to  be the la r g e r  i t  i s  ea sy  to  show from eq u ation s (7 .3 0 ) ,  
(7 .31^  and (7 .2 0 )  th a t /'"w A/g  1 . This co n tra d ic ts
th e  assum ption th a t the f i r s t  tern  i s  la r g e r , which req u ires
J 1 1/ i l 0 <  e ,  •
This r e s u lt  should  be compared w ith  Osaki*s model ( 1966) ,  
in  which the f i r s t  term i s  t a c i t l y  assumed to  be the la r g e r . That 
i s ,  on ly  the c o n tr ib u tio n  from the h o r iz o n ta l pressu re  grad ien t i s  
co n sid ered  by O saki. This i s  in c o r r e c t  i f  v ^  i s  determ ined by th e  
c o n d itio n  J ^  1/ 4 , whatever assum ptions are made about v , and h ,"G
Osaki a ls o  assumes th a t  and h ^  E, The f i r s t  o f th e se
assum ptions turns out to  be f a i r l y  good, but the secon d  i s  com p lete ly
in c o n s is te n t  w ith  the presen t m odel. I t  i s  t h is  which accounts fo r
the grea t d iffe r e n c e  between Os a id ’s r e s u lt s  and th e  p resen t on es.
The n e g le c t  o f  the J  tern  in  th e  /(^-component o f  th e  equation  o f
m otion i s  c o n s is te n t  w ith  O saki1s v a lu e  fo r  f t .  , which g iv es
^  Gj\ • The in c o n s is te n c y  in  Osaki*s model a r is e s  on ly
in  th e  thermal balance eq u ation , which he does not c o n sid er  in  d e t a i l ,
but which cannot be s a t i s f i e d  w ith  h is  assum ptions.
O
I t  has been e s ta b lish e d  th a t the J- L.  ^ term i s  th e  im portant 
one on the L .H .S. o f equation ( 7 .3 0 ) .  Equations (7 .3 0 )  and ( 7 .3 l )  
can th ere fo re  be combined to  g ive
(v t h ) 2 ~  ( 7 .3 2 )
‘ I
U sing equation (7 * 2 0 ), th is  may be w r itte n
vt h ~  VX R  7^‘33^
and s o ,  from equation  ( 7 .3 l )
/ I PU U  ^  2 I.J . ^  l . a . i o -1  . ( 7 . 3 4 )
: U 0 * €
NThis i s  la r g e , but c o n s is te n t  w ith  th e  assum ption 0 on
which the order o f magnitude e stim a tes  are based . A lso , s in c e  
i l 0  =* ( €  3 .9*10  ^ , the v a r ia t io n  in  r o ta t io n  speed
over the s t e l l a r  su rfa ce  i s  approxim ately
R ~  0 .1 8  H Q E ~  3 .7x10° cm /sec ; ( 7 .3 5 )
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th a t  i s ,  o f  the same order o f  magnitude as This su g g es ts  th a t th e
Richardson number fo r  v^ w i l l  about 1/ 4 , as su ggested  a t th e  end o f  th e  
l a s t  s e c t io n .  This i s  e a s i ly  v e r i f i e d ,  s in c e  th e  Richardson number 
f o r  v /  i s
*  ■ ( 7 - s 6 )
ftds /
2w here, as b e fo r e , g  GM/R and -  p * / p ^  l /H . The v ,  grad ien t i s
= | d i © )  -  %  r  . ( 7 . 37)
The r e s u l t  l / 4  then fo llo w s from equation  (7*34) and the
r* *
d e f in i t io n  o f  GL,
To f in d  v^ and h s e p a r a te ly , i t  i s  n ecessa ry  to  use eq u ation  
( 7 .2 9 ) ,  which g iv e s
h P t  (7 .3 8 )
H 2€CTT^
I f  t h i s  exp ression  i s  su b s t itu te d  in to  equation ( 7 .3 2 ) ,  and i t  i s  
assumed th a t p 1/ h£,R , i t  i s  found th a t
4 e ,4 £ 3K2(<rT^)2 gmr ( 7 . 3 9 )
6
so  th a t v -fcr‘v 1 .7 x  10 cm /sec ^  0 #45vx  ( 7 . 40 )
This shows th a t the mean f lo w , v^ , i s  su b jec t to  v a r ia t io n s  o f  the  
order o f  45$. The ty p ic a l  d is ta n ce  over which th e se  v a r ia t io n s  occur  
i s  found from equation s (7 .3 3 )  and ( 7 . 40) to  be g iven  by
|  ~  1 . 0 * 1 0 " 2 ( 7 . 4 1 )
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( c f ,  O sak i's assum ption: h f^ H ) ,
This r e s u l t  i s  perhaps r a th er  su r p r is in g , While one ?/ould 
exp ect h /H ’C l, a f a c to r  o f  100 between the s c a le  h e ig h t  and the eddy 
s i z e  seems ra th er  la r g e . S in ce th ere  i s  no doubt th a t  such a fa c to r  
i s  req u ired  to  make th e  p resen t model s e l f - c o n s i s t e n t ,  one i s  le d  to
i
ask  i f  the model i s  e n t ir e ly  r e a l i s t i c *  There i s  l i t t l e  doubt th a t  
tu rb u len ce  o ccu rs, in  which case i s  unambiguously determ ined by th e
• i
c r i t e r io n  l / 4  and Osaki*s model i s  c e r ta in ly  wrong somewhere*
However, i t  i s  p o s s ib le  th a t in  f a c t  h ^  H and th a t therm al balance
i s  ach ieved  by some o th e r , more e f f i c i e n t ,  p r o c e ss , A p o s s ib le
cand id ate i s  r a d ia t iv e  d is s ip a t io n , th a t  i s ,  the d ir e c t  conversion  o f
m echanical energy in to  rad ia tion *  This a lte r n a t iv e  model has n ot
been in v e s t ig a te d  in  any d e t a i l ,  but rough e stim a tes su g g est th a t
' *
r a d ia t iv e  d is s ip a t io n  i s  l e s s  e f f i c i e n t  than v isc o u s  d is s ip a t io n .
I t  th e r e fo r e  appears th a t the tu rb u len t edd ies are ind eed  very  sm all 
in  comparison w ith  the s c a le  h e ig h t .  This presumably means sim ply  
th a t  the turbulence i s  very  s tr o n g , which i s  c o n s is te n t  w ith  the known 
s tr e n g th  o f the d r iv in g  fo r c e .
The f in a l  s ta g e  in  t h is  order o f  magnitude model i s  to  
check the v a l id i t y  o f  the assum ptions ( i )  th a t in e r t i a l  terms are  
n e g l ig ib le  in  the -component o f  the equation  o f  m otion and ( i i )  
th a t  b oth  in e r t ia l  and v isc o u s  terms are n e g l ig ib le  in  the ^ -com pon en t*  
I t  i s  found th a t
^  ~  2js 1 .8  x io " 1 (7.42)
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±> ^  8 .5  x H f 3 (7 .4 3 )
^  €
and ~  10"3 (7 .4 4 )
Assumption ( i )  i s  th o refo re  a reason ab ly  good approxim ation and
‘ 1
assum ption ( i i )  i s  an extrem ely good approxim ation.
3 . The model in  more d e t a i l
So fa r  th e  tu rb u len t su r fa ce  la y e r  has been con sid ered  in
i s o l a t io n .  In t h i s  s e c t io n  the r e la t io n  o f the tu rb u len t la y e r  to  th e
o v e r a l l  s t e l l a r  model T /ill be con sid ered  and th e  d e ta i le d  equations o f
th e  model v / i l l  be v /r itten  down, ta k in g  in to  c o n sid er a tio n  the o r d e r -o f-
m agnitude d isc u ss io n  o f  s e c t io n  2 ,
In the p reviou s chapters i t  has been shown th a t a n o n -lo c a l
th eo ry  o f energy tra n sp o rt must be used  in  a s t e l l a r  atmosphere i f  a
proper d e sc r ip tio n  o f  the f lu id  m otions in  the outerm ost la y e r s  i s
r eq u ire d . The f u l l  n o n -lo c a l th eory  developed in  Chapter 4 i s  v a l id
to  any depth, although i t  becomes in d is t in g u ish a b le  from the lo c a l
th eo ry  a t la rg e  o p t ic a l  depth . However, the approximate s o lu t io n
found in  Chapter 6 on ly  h o ld s down to  about '’C =* where the n e g le c te d
terms in  v g become comparable w ith  th o se  r e ta in e d .
S ince tu rb u len ce  has a lread y  s e t  in  below t h is  p o in t , a t  about
*C -  8 ( s e e  Chapter 6 ) ,  i t  may not appear n ecessa ry  to  use  the n a n -lo c a l
th eo ry  a t a l l  o u ts id e  the tu rb u len t r e g io n . I t  i s  c e r ta in ly  wrong to
u se  on ly  the approximate n o n -lo c a l th eory  to  c a lc u la te  v  o u ts id e  th e
s
tu rb u len t r eg io n . However, a m ixture o f  the lo c a l  and n a n -lo c a l
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th e o r ie s ,  or the f u l l  n o n -lo c a l th eory  when t h is  has been worked o u t, 
must be used  to  c a lc u la te  Vv o u ts id e  th e  tu rb u len t la y e r ,  s in c e  a t 't '~ 8
/ V
the n o n -lo c a l i s  s t i l l  more than ten  tim es the lo c a l  va lu e
4 ,8  x 10** cm/sec$ ^  2 ,8 ^ 1 0 ^  cm /sec ). This makes i t
d i f f i c u l t  to  decide what boundary co n d itio n s  should  be a p p lied  a t the  
low er edge o f the tu rb u len t la y e r , s in c e  the boundary occurs in  the  
t r a n s i t io n  reg ion  between the domains o f  v a l id i t y  o f  the lo c a l  and 
approxim ate n o n -lo c a l th e o r ie s ,  a reg io n  which cannot be adequately
■ i
d escr ib ed  by the methods o f  th is  t h e s i s .
The problem i s  fu r th er  com plicated  by the f a c t  th a t the  
order-of-m agnitude e stim a te s  su ggest th a t in e r t ia l  terms become
im portant before  tu rb u len ce  s e t s  in .  I f  th a t i s  s o ,  i t  may a ls o  be
n e c essa ry  to  take account o f  m agnetic f o r c e s ,  which must somehow be 
in c r e a se d  in  order to  balance the growing C o r io lis  fo rc e  as the
tu rb u len t reg ion  i s  approached. One nay im agine, perhaps, th a t the
req u ired  in crea se  in  f i e l d  s tren g th  i s  provided by co n cen tra tio n  o f  th e  
f i e l d  l in e s  e x p e lle d  from the tu rb u len t la y e r . I f  t h i s  p rocess does 
n o t s u f f i c i e n t ly  in c r e a se  the m agnetic fo r c e s , i t  may be n ecessa ry  to  
c o n s id e r  the p o s s i b i l i t y  o f s l i g h t  non-vmifonn r o ta t io n  o u ts id e  the
* i
tu rb u len t la y e r .
I t  i s  a ls o  p o s s ib le  th a t th e  m agnetic f i e l d  w i l l  be e x p e lle d  
from th e reg ion  where in e r t ia l  terms are Im portant, s in c e  W eiss’s 
(1966) model a p p lie s  to  any c e l lu la r  co n v ectio n , w ithout s p e c i f ic  
r e fer e n c e  to  tu rb u len ce . The q u estio n  o f  t im e -sc a le s  then a r is e s ,  
and i t  i s  p o s s ib le  th a t  turbu lence i s  a more e f f i c i e n t  exp u lsion
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mechanism than lam inar c ir c u la t io n , so  th a t a lthough the f i e l d  has been  
e x p e lle d  from the tu rb u len t reg ion  i t  may s t i l l  be p resen t im m ediately  
below . N o n eth e less , i t  seems l i k e l y  th a t the c ir c u la t io n  speeds in  
t h i s  reg ion  are g r e a te r  than the d if fu s io n  speed o f  th e  f i e l d  through  
the medium. I t  i s  th e re fo re  u n lik e ly  th a t a stead y  s t a t e  e x i s t s  in  
which the r o ta t io n  i s  kept uniform  by th e  m agnetic f i e l d .
In any c a s e , the m athem atical problems in v o lv ed  in  the  
treatm ent o f  the t r a n s i t io n  zone between the ou ter  tu rb u len t reg ion  and 
the part o f  the in n er  non -tu rb u len t reg io n  where lo c a l  th eory  can 
s a f e ly  be ap p lied  are fo m id a b le . No attem pt a t  s o lv in g  th ese  problems 
w i l l  be made in  t h i s  t h e s is  and fo r  s im p lic i t y  the t r a n s it io n  zone w i l l  
be assumed to  r o ta te  u n iform ly . S in ce  uniform r o ta t io n  does not seem  
to  be a s in g u la r  c a s e , the r e s u lt s  ob ta in ed  w ith  th a t assum ption  
shou ld  be q u a l i t a t iv e ly  c o r r e c t .
In the tu rb u len t reg ion  a l s o ,  variou s problems a r is e  which 
must be passed  over in  t h is  t h e s i s .  According to  Chapter 6 , th ere  
would appear to  be an o p t ic a l ly  th in  la y e r  very  near the su rface  which  
i s  n o t tu rb u len t end i t  i s  not obvious ho?/ t h is  should  be in c lu d ed  in  
the m odel, p a r t ic u la r ly  as the n o n -lo c a l th eory  o f Chapter 6 breaks 
down w ith in  t h is  la y e r .  I t  w i l l  be assumed fo r  s im p lic i ty  th a t some 
form o f  con vective  overshoot ensures th a t the s ta r  i s  tu rb u len t r ig h t  
to  th e  su r fa c e . The d e t a i ls  o f the oversh oo tin g  w i l l  not be
‘ i
co n sid ered .
Near the low er boundary, the approximate n o n -lo c a l th eory  
o f  r a d ia t iv e  tra n sp o r t, d escrib ed  in  Chapter 6 , probably beg in s to  f a i l .
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However, t h is  problem i s  in t im a te ly  bound up w ith  th e  treatm ent o f  the  
t r a n s i t io n  reg ion  and fo r  the r e s t  o f  t h i s  chapter th e  p la n e -p a r a lle l  
approxim ation w i l l  be u sed  fo r  any d e ta i le d  c a lc u la t io n . This i s  
c e r ta in ly  v a l id  n ear th e  su rface  ( 'V = 0) which i s  the on ly  reg ion
i
t r e a te d  in  any d e t a i l ,
With a l l  th e se  approxim ations and assum ptions th e  model con­
s id e r e d  below i s  in e v ita b ly  a crude one, but i t  i s  an improvement on 
the order-of-m agnitude m odel. In p a r t ic u la r , i t  i s  p o s s ib le  to  say  
som ething about the v a r ia t io n  o f angu lar v e lo c i t y  over the su rfa ce  o f  
th e  s t a r .
The equation s which w i l l  now be w r itte n  down do not appear
to  assume the p la n e -p a r a lle l  approxim ation, s in c e  th ey  are w r itte n  in
terms o f  s ,  not o f  z .  However, when the ord er-o f-n agn itu d e  e stim a tes  
werre made, terms o f  order were dropped. The p resen t equations  
c o n ta in  only  th ose  terms which were r e ta in e d  and th e r e fo r e  the  
p i an e -p a r a l le l  approxim ation has a lread y  been a p p lie d . As u su a l, 
th e r e fo r e , the eq u ation s w i l l  be so lv e d  in  terras o f  z .
The s-component o f the equation  o f  m otion i s  v i r t u a l ly
unchanged, b e in g
(-7 rfO
“  P § 7  ( 7 *45)
The on ly  d iffe r e n c e  i s  th a t P, p, and so  T are no lo n g e r  fu n ctio n s o f  
s o n ly . A lso e)jf i s  now d efin ed  in  terms o f th a t  i s ,
-h r  GM 1 n 2 2 .
i- r  2 o r  sin 0 (7 .46)
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S in ce  iT L is  not a con stan t,h jT can  no lo n g er  be in te r p r e te d  as a j o in t  
p o t e n t ia l .  N o n eth e less , or s j s t i l l  u s e fu l  as a c o o rd in a te .
For s im p lic i t y ,  £  w i l l  be red efin ed  by
o 2r3
£  -  ( 7 *47)
so  th a t IjT ( r , e ,  £ )  i s  th e  same as b e fo r e . However, th e  equations are
no lo n g e r  obtained  by a sim ple expansion o f  the f u l l  equation s to  f i r s t
* i
order in  ^  .
The and ^-com ponents o f  the equation  o f  motion are 
r e s p e c t iv e ly :
-  2JW  a in X oosX  -  *  ~  <7 - 4Q)
and 2 1 '^ v ^ s  c o s ^  = ^  s i n ^ — 2( £ 1 ^ )  , (7 .4 9 )
p 3 s
The o th er  two u n fa m ilia r  equations are the thermal ba lan ce equation
* * * 1 }  -  P ed is s ip  ( 7 . 50)
and th e  f lu x  in te g r a l
L = y X o t  • $  . (7 .51)
The l a t t e r  must now be w r itte n  in  terms o f the t o t a l  f lu x ,  s in c e  P, p 
and T are no lon ger  con stan t on l e v e l  su r fa ces  ( c f .  Appendix I I I ) ,
The rem aining equations are the same as b e fo r e . The 
equ ation  o f  s ta t e  i s
The equation  o f c o n t in u ity  i s  s t i l l
d iv  (pv) = 0 ( 7 .5 3 )
although noY/ i t  i s  used  to  f in d  v g , n o t  y^, s in c e  v ^ i s  found from
equ ation s (7*48) and (7 .4 9 )  and v  can no lo n g er  be found from the
s
equation  o f thermal b a la n ce .
F in a lly ,  assuming the Eddington approxim ations are s t i l l  
adequate, the r a d ia t iv e  tr a n s fe r  i s  d escrib ed  by th e  equations
d iv  -  4t o p (J  -  B) ( 7 .5 4 )
and d i v ( j l )  = -  ^  p ^  (7 .5 5 )
^m 4
where B -  —— ( 7*56)
and i s  the u n it  te n so r .
The equation s fo r  ^  are much more com p licated  than b e fo r e ,  
because o f  the need to  use i n “the f lu x  in t e g r a l ,  and no attem pt
w i l l  be made to  so lv e  them. Some su g g estio n s on the e f f e c t  o f  the
• i
tu rb u len t reg ion  on w i l l  be found a t the end o f  t h i s  ch ap ter ,
r —
The s tr u c tu r e  equations can on ly  be so lv e d  in  conjun ction  
w ith  the r a d ia t iv e  eq u a tio n s, because o f  equation ( 7 . 56)5 i t  i s  th e r e fo r e  
n o t p o s s ib le  to  f in d  P , p and T w ithout f in d in g  J '. However, eq u ation s
( 7 .4 8 ) ,  (7 .4 9 )  and (7 .5 3 )  can be decoupled from the rem aining eq u ation s  
i f  p i s  approximated by pQ, s in c e  pg i s  u n a ffec ted  by the turbulence  
and may be taken from the r e s u lt s  o f Chapter 6 . I t  i s  th ere fo re  
p o s s ib le  to  so lv e  fo r  XL^, v^  and v g sim ply by assum ing a va lu e  f o r  r).
The equation s w i l l  f i r s t  be put in  d im en sion less fozm, u s in g
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the r e s u l t s  o f  the order-of-m agnitude model as a g u id e . W rite
s =* R ( l  + z ) (7 .5 7 )
as u s u a l, and a lso
p h €^R
T) _£» > 4 !^"  H V  R
vx L GM1 TT" V^ R *
V
s
A l
1
Vs
/
(7 .5 8 )
I t  may then be shown th a t ,  to  lo w est s ig n if ic a n t  order, the equations
(7 .4 8 )  and (7 .4 9 )  becomes
7\ 2,
2&V s m ^ o o s / t  = -
Ho Oz
1
2 C0SX  = 0*  s i n * — ^
Ko Q z
( 7 .5 9 )
(7 .6 0 )
The c o n tin u ity  equation  w i l l  be con sid ered  la t e r .
I f  th e se  equations are to  be so lv e d , some assum ptions must 
be made about the "^-dependence o f  tU^ondCO^# Suppose th a t one 
s t a r t s  w ith  the gen era l assum ption th a t
OO
vCO = ( z )  P (cosX)V^ 1  l n x 7 n x 7
oQ fVX~ H pn(°osX)s±ttX0°s%J
I ( 7 .6 l )
t)»0
Then i t  i s  easy  to  show th a t equation  (7 .5 9 )  y ie ld s  the equations
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2
2 0 ^  = -  ■£* n = 0 , 1 , 2 , . . .  ( 7 .6 2 )
po dz
whereas equation  (7%6o) becomes
1 t \  2\ l  +
+ \ ^ 2  + '
- 2 ^ 1 0  + ^ \ 2 P2 + + + ua!lPl  + (7 .6 3 )
0 o z  JKo
I f  th e  R .H .S, o f  t h i s  equation i s  w r itte n  as a s e r ie s  o f  the form
<?>o
a P , i t  may be shown th a t each a in v o lv es  a l l  the u /  w ith  ~ mm m —!— ajuxm=0
n ^  m -  2 , s in c e  the product i s  of  the form
n+2
P2Pn = ^  brPr  . ( 7 .6 4 )r=0
I t  i s  th e re fo re  not p o s s ib le  in  gen era l to  decouple the equations  
o b ta in ed  by equatin g c o e f f ic ie n t s  o f  in  equation  (7 ,^ 3 )  • The on ly  
ca se  in  which the equation s decouple i s  when
u^n 0 fo r  n >  1 . ( 7 . 65 )
There i s  no reason to  b e l ie v e  th a t t h i s  i s  a p a r t ic u la r ly  good
approxim ation fo r  U /. However, the s e r ie s  fo r  U-^  has to  be tru n ca ted  
a t  some p o in t i f  a s o lu t io n  i s  to  be obtain ed  in  p r a c t ic e ,  and i t  seems 
reason ab le  a.s a f i r s t  approxim ation to  tru n cate  the s e r ie s  in  the  
s im p le s t  way. The model i s  not s u f f i c i e n t ly  r e l ia b le  to  j u s t i f y  the  
u se  o f  a more e la b o ra te  r e p r e se n ta tio n  fo r  11 .^
The s e r ie s  fo r  C3-. may be s im ila r ly  tru n ca ted , except th a t
X ’ i '
CO J2  musi  ^e non-zero i f  a n o n - t r iv ia l  so lu t io n  i s  to  be ob ta in ed .
Then, dropping the su b scr ip t from u^q,
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% °  = f Pt u *  < 7 .66)
dz
^ 1 2  = |  p* u *  (7 .6 7 )
dz J
and CJ i n ^   ^ f ° r  n = 1 , n ^  3 (7 .6 8 )
Equation ( 7 , 62) i s  then  an id e n t i t y  f o r  n = 1 , n ^ 3 *  For n -  2 , t h i s
eq u ation  and equation  ( 7 . 65) g iv e  C Q ^ “ v:hich c o n tr a d ic ts  equation  
( 7 . 6 7 ) ( r e j e c t in g  the u n in te r e s t in g  s o lu t io n  u ^  = 0 ) ,  This 
c o n tr a d ic t io n  sim ply a r is e s  from th e tru n ca tio n  o f th e  s e r ie s  fo r  
and One o f the equation s ( 7 . 6 2 ) (n = 2 ) and ( 7 . 67) i s  redundant,
and th e  u n in te r e s t in g  one, 0 -^ 2  “ w i l l  be dropped* Equation ( 7 . 6 2 ) 
th e r e fo r e  g iv es  on ly  one u se fu l eq u a tio n , v iz :
= _ i  -SJi/C ( 7  6 9 )
^ 1 0  *- , 2 \ i . v y J
0 <3.2
if
Because o f  the presence o f  po , y/hich i s  known on ly  
n u m erica lly  as a fu n c tio n  o f z , i t  i s  n ot p o s s ib le  to  s o lv e  equations  
( 7 .6 6 ) ,  ( 7 . 67) and ( 7 . 69 ) w ithout th e  a id  o f  a computer. In view  o f  
th e  many approxim ations in  the m odel, and the u n c e r ta in t ie s  in  the  
boundary co n d itio n s (which v / i l l  be d iscu sse d  s h o r t ly ) ,  i t  d id  n ot  
seem j u s t i f i a b le  to  spend computer tim e f in d in g  a com plete so lu t io n  
b e fo re  a more accu rate  model had been developed . The p resen t th e s is  
does n ot attem pt to  improve the model o u tlin e d  above, and the r e s t  o f  
t h i s  chapter i s  th e r e fo r e  con fin ed  to  such d is c u ss io n  o f  the oquations  
as i s  p o ss ib le  w ithou t the h e lp  o f  a computer. In p a r t ic u la r , the foznn 
o f  th e  so lu t io n  n ear  the su rface  i s  ob ta in ed .
F ir s t  o f  a l l ,  equations ( 7 .6 6 )  and ( 7 . 67) niay be combined and
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in te g r a te d  to  g iv e
Gl„ = 2 0 ,  + C z  + B12 lo ( 7 . 7 0 )
C and D are a r b r itr a ry  c o n sta n ts , to  be determ ined by the boundary 
c o n d it io n s , which must now be d is c u sse d . S ix  c o n d itio n s  are req u ire d , 
two fo r  each o f
n on -tu rb u len t reg ion s i s  not w e ll-d e f in e d , and i t  i s  n o t a t  a l l  c le a r  
what co n d itio n s  are v a l id  th e r e . For s im p lic i t y ,  i t  w i l l  be supposed  
th a t the tu rbu len t reg ion  s ta r t s  abru p tly  a t a d e f in i t e  value o f  z ,  
z = zq . 'The r e s u lt s  o f  Chapter 6 su g g est th a t -  6 , but t h is
need n o t be assumed f o r  p resen t p u rp oses. Below z = zq, i t  w i l l  be 
assumed th a t the r o ta t io n  i s  s t r i c t l y  u n ifo m , so  th a t  two o f  the  
boundary co n d itio n s must be
chap ter  w i l l  not go fa r  enough to  req u ire  th is  v a lu e , so  th is  boundary 
co n d itio n  w i l l  sim ply be w r itten
imposed in  advance, as w i l l  be seen  l a t e r .  For the moment, i t  i s
In r e a l i t y ,  the boundary between the tu rb u len t and
W l o  = ^ > 1 2  =  °  a t  2  ■ 2 0 ( 7 . 71)
The v a lu e  o f vv  a t z -  z may be c a lc u la te d  from the th eory  o f  ChapterA- 0
6 , once the va lu e  o f  zq has been d ec id ed . The s o lu t io n  in  t h is
o ( 7 . 72)
where u^ q i s  known in  p r in c ip le
The v a lu es  o f  £) u ^  a t the su r fa c e  cannot be
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s u f f i c i e n t  to  demand th a t
G J-lo , C O -^ 2 a re  as z — .^-V- CO (7 .73)
I f  p o s s ib le ,  one would l ik e  to  req u ire  u ^ t o  van ish  a t the su r fa c e .
This p o in t w i l l  be d iscu sse d  la t e r .
I t  i s  now p o s s ib le  to  f in d  the con stan ts C and D, The 
c o n d itio n s  a t the su r fa ce  c le a r ly  req u ire  C -  0 and th en , i f  the  
c o n d itio n  (7 .7 2 )  i s  a p p lie d , D i s  a ls o  zero . Thus
C J l 2 = 2 O l0  (7 .74)
This a lread y  g iv es  some inform ation  about su rface  c o n d it io n s . U sing  
t h i s  r e s u l t ,  the r o ta t io n  law can be w r itte n  as
= 3 ^  GX cos2*  (7 .75)
A  " v £ ' * ' 1°
' i
where a  can now be id e n t i f ie d  w ith  the eq u a to r ia l angu lar v e lo c i t y .  
U n fo rtu n a te ly , the s ig n  o f  a t th e  su rface  i s  n o t y e t  known. I f
i t  turns out to  be n e g a t iv e , then equation  (7 .7 5 )  would p red ic t an 
e q u a to r ia l a c c e le r a t io n  and the angu lar v e lo c i t y  would decrease  
towards the p o le s  accord in g  to  a law n ot u n lik e  the observed so lq r  
r o ta t io n  law ( s e e ,  fo r  example, Brandt end Hodge 1964) .  ^  ^ p 0 were
to  be -  0 ,7 4  a t the su r fa c e , equation  (7 .7 5 )  would g iv e  a curve which
f e l l  between the two s o la r  curves f o r  («^ ^y ob serv in g
s u n s p o t s  e n d  b y  o b s e r v i n g  the Doppler e f f e c t  a t  the lim b , However, t h i s
cannot b o  v e r i f i e d  w ith ou t a  com plete s o l u t i o n  o f  th e  eq u a tio n s; i t  i s  
m o r e  l ik e l y  i n  . n y  case  t h a t  t h e  a c ;v w o m o n t  i s  c o in c id e n ta l s i n c e  t h e
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pre-sonu model i s  o f on e a r ly  typo s t a r  and tho Sun i s  a l a t e  type s t a r ,
hA
With the h e lp  o f  the asym ptotic  ex p ressio n  fo r  as z -} 4 -° 0
(eq u ation  ( 6 ,4 2 ) ) ,  i t  i s  p o s s ib le  to  so lv e  equations (7 .6 6 )  and (7 .6 9 )  
fo r  u near the su r fa c e . In g e n e ra l, th ese  equation s combine to  g iv eAtr
3 1  a2 fi a2!^,  ^ 0
*  2{ *- 2 V  = 04 p ; az V pj az (7 .7 6 )
However, near the su r fa c e , p*^  i s  g iven  by an ex p ress io n  o f  the form
-nh
n= l n E11
where h = 2_  oV4,z
°1
_ 16 „ l /4 and a 2 “ " 4 \
( 7 . 77)
Equation (7 .7 6 )  may
then be w r itten  in  the fonn  
O O  (
-mh . 3 -mh
m-0
4
& -O xk  2 ___
dh4 40 B?“
+  0
-mh
dh3 ^  E111 dh
-2h
,2
2 2m jfli
u ^ A om
-mh
j f
(7 .7 8 )
=  0
which can be so lv e d  by w r it in g
0 0  CO  
x y i  X—1 
u^ , = b h
v n=0 m=0
r-m e -nh
E11
(7 .7 9 )
The ind ex  r  can be determ ined from an in d ic ia l  equ ation  obta in ed  by
-Nhf i r s t  equating c o e f f i c i e n t s  o f  e fo r  each N and th en , in  th ese  
c o e f f i c i e n t s ,  eq u atin g  c o e f f ic ie n t s  o f  powers o f  h .
The gen era l s o lu t io n  o f  equation  (7 .7 $ )  i s  com p lica ted , 
However, fo r  la rg e  h the s e r ie s  fo r  p^ and u ^  converge q u ick ly  and on ly  
the f i r s t  few terms need be co n sid ered . I f  on ly  th e  f i r s t  two terms 
are taken in  equation  (7 .7 7 )  ( c f .  equation  ( 6 , 4 2 ) ) ,  equation  (7 .7 ^ )
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reduces to
( 1 + 4  e "h ) ui v  + 2 uU i  + u11 -  0 (7 .8 0 )
E X X X
which has the gen era l s o lu t io n
-h  r J  - 2 h \
-  boo 11 + b0 l  + (blo h + * 1 1 %  + 0 \ j f )  ^ - 8 1 )
where b f b , f bn and K -  are a r b itr a r y  con stan ts to  be determ ined  oo* ol* lo  11 ° '
by the boundary c o n d it io n s . The co n d itio n  (7 .7 3 )  req u ires  th a t  
b Qo = 0 , Equation ( 7 . 69 ) may be used  to  f in d G )^ 0 i ° wes"^ o^cder in  
e -h/E . I t  i s  found th a t
chom--k 2l / 4 (h o h + h i  -  2h o > + • • •  <7 -8 2 >
C ondition (7*73) then req u ires th a t b^Q = 0 , so th a t
C \ 0 -  - j i  *X /\ X + Q ( j r )  as h -»  cO (7.83)
There i s  th ere fo re  e q u a to r ia l a c c e le r a t io n  i f  b ^  i s  p o s i t iv e  and 
th e  r o ta t io n  lav/ w i l l  o.gree w ith  th a t o f  the Sun i f  b ^  = 6 ,6 ,
S ince b^Q = 0 , u ^  i s  g iven  by
b 1 /4
u ,£  = b Ql + - j r  e + . . .  as z — > + c O  ( 7 .8 4 )
The con stan ts bQ^  and b ^  can on ly  be determ ined by the boundary 
co n d itio n s  at the low er boundary, z  =  z q ,  and so th ey  cannot be found  
w ithou t the num erical in te g r a t io n  o f  equation  ( 7 . 76) ,  u s in g  equation  
(7 .8 4 )  as a s t a r t in g  s e r i e s .  In p r a c t ic e , the in te g r a t io n  would be 
performed fo r  v a r io u s t r i a l  v a lu es o f  b Q^  and b ^  u n t i l  v a lu es ?/ere
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found which enabled th e  s o lu t io n  to  s a t i s f y  the boundary co n d itio n s  a t
z -  z . S ince th ere  are two co n d itio n s  to  be s a t i s f i e d  th e r e , i t  i s  o 9
not p o s s ib le  to  demand u ^ =  0 Q-t the su r fa c e , s in c e  th a t would req u ire
b Q^  -  0 and would le a v e  on ly  one con stan t to  be determ ined by two
c o n d it io n s . In g e n e r a l, th e r e fo r e , one would exp ect th a t u n d o e s
not v an ish  a t the su r fa c e .
This a f f e c t s  the behaviour o f  U near the su r fa c e , v/hich cans 9 .i «
now be found from th e c o n tin u ity  equation  . To lo w e st order9 the  
c o n t in u ity  equation can be w r itte n
^  (P oV  -  -  2 p ^ ( z ) P 2( c o s X )  (7 .8 5 )
which has the gen era l s o lu t io n
p*TTs = -  2P2\  p*ux dz' + X(X)  (7.86)
where A i s  an a r b itr a r y  fu n ctio n  o f  ^  , Assuming the boundary 
co n d itio n
U i s  f i n i t e  as z —>+C*9, (7 .8 7 )s
and w r it in g  U = u (z )P Q(c o s % ), i t  can be shorn th a t
o a
us m i *  0 2p tux ^  (7 -88)^o z
M' _ _ -
i f  the in te g r a l converges and tends to  zero f a s t e r  than pQ as z #
That th ese  co n d itio n s  are s a t i s f i e d  can be seen  by s u b s t itu t in g  the  
asym ptotic ex p ressio n s fo r  and u ^ i n t o  equation ( 7 . 88) and
in te g r a t in g . I t  i s  found th a t
i / a b n  0V 4
= 2 ' (b Ql + 2g -  e" Z + . . )  as z -W -o O ,(7 .8 9 )
- I 72-
a r e s u l t  which s a t i s f i e s  the co n d itio n  (7*87)♦ Like u^, ug does n o t ,  
in  g e n e r a l, van ish  a t the su r fa c e , a lthough the case b Q^  = 0 i s  not 
exclu d ed . I t  i s  a fea tu r e  o f  a l l  th e o r ie s  o f m eridian c ir c u la t io n , up 
to  and in c lu d in g  the p resen t one, th a t  one i s  not a b le  to  demand th a t v  
sh ou ld  be zero a t th e  su r fa c e . N o n eth e less , th ere  i s  no mass ou tflow  
a t  th e  su r fa c e , s in c e  the d e n s ity  tends to  zero th e r e , so  th is  fea tu re  
i s  n o t too  se r io u s  a d e fe c t ,
4 . Q u a lita t iv e  d is c u ss io n  o f  the emergent f lu x
One o f  the o b je c ts  o f  th is  t h e s is  was to  d isc o v e r  whether or  
n ot von Z eip el*s r e s u l t ,  th a t the r a d ia t iv e  f lu x  a t the su rface  i s  
p rop ortion a l to  the su r fa ce  g r a v ity j  i s  a  good approxim ation.
A lthough t h is  q u estion  could  have been answered in  th e  n e g a tiv e  i f  the  
th eory  o f  Chapter 6 had boon v a l id  a t th e  su r fa c e , the presence o f a 
tu rb u len t la y e r  throws doubt on t h is  co n c lu s io n , and the theory  
p resen ted  above i s  n ot adequate to  remove the doubt.
This i s  a se r io u s  shortcom ing o f  the th eo ry , s in c e  the on ly  
way a t presen t o f  o b ta in in g  the a c tu a l r o ta t io n  speeds o f  in d iv id u a l  
s in g le  s t a r s ,  even in  p r in c ip le ,  i s  by the e f f e c t  o f  r o ta t io n  on the  
s t a r ' s  p o s it io n  in  the H-R diagram (se e  Appendix i ) .  This i s  
c r u c ia l ly  a f fe c te d  by the d is tr ib u t io n  o f  b r ig h tn ess over the su rfa ce  
o f  th e  s ta r ,  which i s  u s u a lly  assumed to  be g iven  by the von Z eip el 
g ra v ity -d a rk en in g . I f  th a t assum ption i s  s e r io u s ly  wrong, many 
cu rren t models o f  r o ta t in g  s t e l l a r  atm ospheres w i l l  have to  be
' i
r e -c a lc u la te d ,
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Von Z e ip e lfs r e s u lt  i s  t r i v i a l l y  tru e  fo r  a un iform ly  
r o ta t in g  s ta r  i f  the lo c a l  th eory  o f  tr a n s fe r  i s  assumed to  h o ld , s in c e  
in  th a t  case QI'cC VST and the f lu x  i s  a u to m a tica lly  p rop ortion a l to  th e  
su r fa c e  g r a v ity . I t  i s  th ere fo re  u s e fu l  to  u se the lo c a l  th eory  as a 
com parison, to  see  how fa r  the f lu x  in  o th er  th e o r ie s  departs from 
p r o p o r t io n a lity  to  g r a v ity .
In the lo c a l  theory  i t  was found th a t the f lu x  on ly  had on 
s-com ponent, g iven  ( to  low est order in  £s,) by
4
( A  = 1 + 6  -  | p 2( o) + f p 2( c o s X ))+  . 1  ( 7 .9 0 )
( s e e  equations (A 7 .6 ) and (A 7 .2 2 )) , w h e r e ^  and p £ (o ) have the v a lu es  
g iven  in  Appendix V I, In th e  n o n -lo c a l th eory , on the o th er  hand, th e  
f lu x  s t i l l  on ly  had an s-com ponent, to  low est order i n ( ^ ,  but i t s  
v a lu e  a t the su rfa ce  (^t'= 0) would be
f  / y X
= i 1 + £ < t l  '  3P2(0 )  + 3 (1 '  2(2 - 'A ) ) P 2( ° 0sX ) ) + . . .  ( 7 . 9 1 )
L - 1
i f  the theory were v a l id  th ere  ( s e e  equations ( 6 , l ) ,  ( 6 ,3 l ) *  ( 6 ,6 l )  and 
( 6 , 64))*  The e f f e c t  o f  the n o n -lo c a l theory  i s  th e r e fo r e  to  malte the  
f lu x  more s p h e r ic a lly  symmetric than p red ic ted  by the lo c a l  th eo ry .
The d if fe r e n c e s  are summarised in  the fo llo w in g  t a b le ,  in  which the
■ (
e n t r ie s  are (rI s - C T T f y ^ f c  .
1 P ole Equator
Local + 0.60 -1 .4 0
N o n -lo ca l
i—
-0 .1 2 -1*04
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I t  i s  im m ediately obvious th a t th e  d if fe r e n c e  between the p o le  and th e  
eq uator i s  ap p rec iab ly  l e s s  on th e  n o n -lo c a l th eo ry . (The f a c t  th a t  
a t both  p o le  and equator i s  sim ply  a r e s u lt  o f th e  decrease  
o f  lu m in o sity  produced by r o ta t io n  -  i s  d e fin ed  in  terms o f  Lq, the  
lu m in o s ity  o f  the corresponding n o n -r o ta t in g  s t a r . )
The q u estio n  to  which one would l ik e  an answer now i s  :
How much e f f e c t  does turbu lence have on t h is  r e s u lt?  Ho d e f in i t iv e  
answer i s  y e t  p o s s ib le ,  but the fo llo w in g  co n sid era tio n s  su ggest th a t  
th e  e f f e c t  o f tu rbu len ce i s  to  rev erse  th e  e f f e c t  produced by the  
n o n - lo c a l th eory , th a t i s ,  th e  f lu x  from the su rface  may be expected  
to  be l e s s  s p h e r ic a lly  symmetric than would be p r e d ic te d  by th e  lo c a l  
th e o r y .
I t  i s  a curiou s fea tu re  o f  flow  in  a reg ion  w ith  a  
r a d ia t iv e ly  s ta b le  tem perature grad ien t th a t the energy c a rr ie d  by the
i
f lo w  i s  propagated in  the o p p osite  d ir e c t io n  to  the v e lo c i t y  v e c to r .
On th e  lo c a l  th eo ry , the v e lo c i t y  a t the p o le s  i s  m ainly  d ir e c te d  away 
from th e su r fa c e . The c ir c u la t io n  th e r e fo r e  c a r r ie s  energy towards 
th e  su rfa ce  at the p o le s .  In the absence o f  d is s ip a t io n , t h is  energy  
i s  n o t a v a ila b le  to  be rad ia ted  away and i t  co n tr ib u tes  n o th in g  to  the  
observed  r a d ia t io n . However, i f  the energy in  the c ir c u la t io n  were 
a v a i la b le ,  the t o t a l  f lu x  ra d ia ted  away would presumably be even l e s s  
s p h e r ic a l ly  symmetric than the lo c a l  r a d ia t iv e  f lu x  a lo n e .
In the tu rb u len t la y e r , much o f  the c ir c u la t io n  energy w i l l  
be d is s ip a te d . Of co u rse , the sim ple lo c a l  theory  i s  n ot v a l id  in  
th e  tu rb u len t la y e r .  However, the tu rb u len t la y e r  i s  f a i r l y  th in  and
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i t  m ight be a reason ab le  approxim ation to  suppose th a t  th e  e f f e c t  o f  the  
tu rb u len ce  i s  to  convert the c ir c u la t io n  energy in to  r a d ia tio n  in  s i t u ,  
w ith ou t r e d is tr ib u t in g  i t  over . This would mean th a t the t o t a l  
f lu x ,  r a d ia t iv e  p lu s c o n v e c tiv e , would be e s s e n t ia l ly  co n sta n t, f o r  a 
g iven  , throughout the tu rb u len t region* I f  th a t were s o ,  the v a lu e  
o f  th e  constan t would be g iven  by the t o t a l  f lu x  e n te r in g  the tu rb u len t  
reg io n  from below* At th e  base o f  the tu rb u len t la y e r , a l l  q u a n t i t ie s ,  
excep t p o s s ib ly  v^ , can be adequ ately  rep resen ted  by the lo c a l  th eo ry , 
and so  the to t a l  f lu x  would be l e s s  s p h e r ic a lly  symmetric than  
req u ired  by g ra v ity -d a rk en in g , fo r  the reasons g iven  in  the l a s t  
paragraph.
I t  i s  ea sy  to  see  how la rg e  the e f f e c t  would b e . The 
ex p r ess io n  fo r  the co n v ectiv e  f lu x  i s  g iven  in  Appendix I I I  (eq u ation
i
(A 3 .4 ))  and i t  may be eva lu a ted  u s in g  th e  r e s u lt s  o f  Appendix V II,
S in ce  v  has a ^ -co m p o n en t, th e  t o t a l  f lu x  a lso  has a "^-com ponent, so  
th a t now the f lu x  i s  n ot even normal to  the su r fa c e , excep t a t p o le s  
and equator where v<^  ® 0* Assuming the lo c a l  th eory  throughout, and 
ta k in g  £. -  0 . 1 , i t  can bo shorn th a t
-  CT T  ^ 1^ 2 ,02  (p o le s )
^  - S  ,  -  o*73 + 2 .75  P2( c o s X )  - J  •  ^ ( 7 .9 2 )
£  CTT - 2 .11  (eq u ator)e
and
£  CT Te
4 “ -  2 .49  s in  2-x ( 7 .9 3 )
This i s  not even approxim ately the same as the von Z e ip e l g r a v ity -  
darkening*
However, the p resen t r e s u l t  i s  based on th e  assum ption th a t
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th e  flu :: v/hich en ters  th e  tu rb u len t reg io n  a t a p a r t ic u la r  va lu e  o f  
le a v e s  i t  a t approxim ately the same v a lu e  o f  ^  .  I t  i s  not c e r ta in  
w hether th a t assum ption can be r e c o n c ile d  w ith  the f a c t  th a t the f lu x  
e n te r in g  the reg ion  has an ap p rec iab le /^ -com p on en t -  about 25$  o f  the  
s-com ponent a t 71/ 4 . I f  the n o n -lo c a l th eory  r,rere to  be used  fo r
as might be more ap p rop ria te , the ^ -com pon en t o f  the f lu x  cou ld  
even be la r g e r  than the s-com ponent. I t  i s  d i f f i c u l t  to  b e l ie v e  th a t  
t h i s  w i l l  be d is s ip a te d  in  such a way th a t the t o t a l  f lu x  emerges
' 1
u n a lte r e d  at the su rfa ce*  N o n eth e less , i t  i s  ju s t  as u n lik e ly  th a t  the  
emergent f lu x  v / i l l  a d ju st i t s e l f  to  be p rop ortion a l to  the su rface  
g r a v ity .  The above model may not be v a lid *  but the d is c u ss io n  shows 
th a t the von Z e ip el grav ity -d ark en in g  i s  by no means th e  only  
p o s s i b i l i t y  and th a t  i t  should  not be used  w ithout more j u s t i f i c a t i o n  
than i s  u su a lly  g iv e n .
ITo fu r th e r  r e s u lt s  can be obta in ed  fo r  the tu rb u len t reg io n  
v/ithout prolonged computation which, as mentioned e a r l i e r ,  does not 
seem j u s t i f i e d  fo r  such a crude m odel. I t  i s  c le a r  th a t much v/ork i s  
s t i l l  n ecessary  b e fo re  a d e ta i le d  model o f  the extreme ou ter  la y e r s  o f  
an e a r ly  type s ta r  can be con stru cted ; in  p a r t ic u la r , b efore  the  
emergent f lu x  can be p r e d ic te d  w ith  any co n fid en ce . The presen t 
ch ap ter  i s  in tended to  in d ic a te  t e n t a t iv e ly  the kind o f  approach which  
w i l l  be needed to  produce such a m odel.
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CHAPTER 8 
Summary and con c lu sion s
"Begin a t th e  beginn in g" , the King s a id , very g r a v e ly , "and 
go on t i l l  you come to  th e  ends then sto p ."
Lewis C a r r o ll, A lic e  in  Wonderland, Ch. 1 2 .
Other authors ( s e e  Chapter l )  had found th a t  th e  m erid ian -  
plane v e lo c i t y  f i e l d  in  r o ta t in g  s ta r s  p o sse ssed  a l /d e n s i t y  
s in g u la r i ty  a t the su r fa c e . This r e s u lt  fo llo w s  from the use  o f  a  
lo c a l  th eory  fo r  the tr a n s fe r  o f  r a d ia t io n , as i s  shown in  Chapter 3 .
I t  has now been found th a t  i t  i s  n ecessa ry  to  take in to  account the  
n o n - lo c a l nature o f  r a d ia t iv e  tra n sfer*  When th a t i s  done, th e  
s in g u la r i ty  i s  no lo n g e r  p r e sen t, as i s  shown in  Chapter 4 .
N o n eth e less , th a t model s t i l l  does n ot rep resen t r e a l i t y  s in c e ,  
although  there i s  no lo n g er  a form al s in g u la r ity  in  the v e lo c i t y  f i e l d ,  
the n o n -lo c a l th eory  i s  a ls o  s in g u la r  in  the sen se  th a t  i t  p r e d ic ts  
u n r e a l i s t i c a l ly  la rg e  c ir c u la t io n  speeds a t the su rfa ce  (se e  Chapter 6 ) .  
This r e s u lt  was ob ta in ed  in d ep en dently  by Osaki ( 1966) ,
I t  has been found (se e  Chapters 6 and 7) th a t  th e  flow  
becomes u n sta b le , and th a t turbu lence d eve lop s, when the h o r izo n ta l  
speed i s  o f  the order o f  the speed o f  sound. The flow  breaks up in to  
e d d ie s , in  which i t s  energy i s  d is s ip a te d , and the mean speed o f  the  
flow  in c re a se s  no fu r th e r . This model appears to  be p h y s ic a lly  
r e a l i s t i c  when examined q u a l i t a t iv e ly  and i t  i s  hoped th a t i t  Y /ill be
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p o s s ib le  la t e r  to  develop  th e  model q u a n t ita t iv e ly .
In the meantime, two co n c lu sio n s o f  a q u a l ita t iv e  nature can 
be drawn. The main con c lu sion  i s  th a t  one should exp ect to  observe  
turb u len ce  in  r o ta t in g  e a r ly -ty p e  s t a r s ,  w ith  tu rb u len t v e lo c i t i e s  o f  
the order o f the speed o f  sound. I t  was th ere fo re  encouraging to  
lea r n  th a t Miss U n d erh ill ( 1967, personal communication) has observed  
tu rbu len ce in  B s t a r s .  The tu rb u len t v e lo c i t i e s  she has observed a r e , 
a t  about 10 km /sec, a l i t t l e  sm a ller  than those p r e d ic te d  by the p resen t  
th eo ry , but the d iscrep an cy  i s  n o t s ig n if ic a n t  in  view  both  o f the  
u n c e r ta in t ie s  in v o lv ed  in  th is  k ind  o f  ob servation  and o f  the  
q u a lita t iv e  nature o f  the th eo ry .
The second con clu sion  i s  th a t the d is tr ib u t io n  o f  r a d ia t iv e  
f lu x  over the su rfa ce  o f  a r o ta t in g  e a r ly -ty p e  s ta r  departs g r o s s ly  
from the von Z e ip e l g ra v ity -d a rk en in g . I t  was o r ig in a l ly  hoped th a t  
i t  would be p o s s ib le  to  f in d  a q u a n t ita t iv e  ex p ress io n  fo r  the f lu x  
d is tr ib u t io n  which cou ld  be compared w ith  the von Z e ip e l d is tr ib u t io n .
I t  would then have been p o s s ib le  to  r e -a s s e s s  the work o f  Roxbur^i and 
S tr it tm a tte r  ( 1965, 1966 a and b) and others ( s e e  Chc.pte r  l )  on the  
e f f e c t  o f  r o ta t io n  on a s t a r ! s p o s it io n  in  the HR diagram.
U n fortu n ate ly , the presence o f  a tu rb u len t reg ion  n ear the su rfa ce  puts  
a q u a n tita t iv e  comparison beyond th e  scope o f  t h i s  t h e s i s .  I t  i s  n o t  
even p o s s ib le  to  say  d e f in i t e ly  whether the f lu x  d is tr ib u t io n  i s  more 
or l e s s  s p h e r ic a lly  symmetric than the von Z e ip el gra v ity -d a rk en in g , 
although  some t e n ta t iv e  su g g estio n s are made in  Chapter 7*
N o n eth e less , there i s  no doubt th a t i t  i s  not a good approxim ation to
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assume th a t the emergent f lu x  i s  p rop ortion a l to  g r a v ity . I t  i s  
in t e r e s t in g  to  n o te  th a t Roxburgh ( 1967b ) comes to  a s im ila r  c o n c lu sio n  
fo r  h ig h ly  d is to r te d  s ta r s  whose ou ter  la y e r s  are in  co n v ectiv e  
e q u ilib r iu m . He f in d s  th a t von Z e ip e lf s r e s u lt  must be rep laced  by  
th e  approximate r e la t io n
* *
f lu x  (g r a v ity )0 ,6  ( 8 . l )
However, he claim s th a t von Z e ip e lfs r e s u lt  i s  reasonably"accurate fo r  
s t a r s  w ith  r a d ia t iv e  o u ter  la y e r s .  This i s  presumably because he does 
n o t co n sid er  c ir c u la t io n  and so h is  models con ta in  no tu rb u len t la y e r  
a t  the su r fa c e .
I t  i s  app rop riate  to  conclude by c o n sid er in g  b r i e f ly  what 
can be sa id  q u a l i t a t iv e ly  about the o v e r a ll  s tr u c tu r e  o f  the o u ter  
la y e r s  o f  a r o ta t in g  e a r ly -ty p e  s t a r .  I t  i s  conven ien t to  d is t in g u is h  
f i v e  zo n es, a lthough in  p r a c tic e  the d iv id in g  l in e s  are probably n ot  
w e ll-d e f in e d . In the lo w est zone, which f i t s  d ir e c t ly  on to  the  
in t e r io r  s o lu t io n , the photon mean fr e e  path i s  sh o rt compared w ith  th e  
s c a le  h e ig h t and the lo c a l  th eory  may s a f e ly  be u sed . The zone i s  
assumed to  be m aintained  in  uniform  r o ta t io n  by a weak m agnetic f i e l d ,  
which i s  not s ig n i f i c a n t ly  d istu rb ed  by the com paratively  slow  lam inar  
c ir c u la t io n  in  m eridian p la n e s . The zone i s  above the c ir c u la t io n  
r e v e r s a l  d iscu ssed  by Opik ( l9 5 l )  and M estel ( 1966) and so  the mass 
flo w  i s  downward a t the p o le s .
Consider what happens to  th e  flow  as i t  r i s e s  again a t  the  
eq u a to r . As the d e n s ity  d ecrea ses , so  the speed o f  the flow
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in c r e a s e s , u n t i l  i t  i s  g rea ter  than the speed a t  which the m agnetic f i e l d  
l in e s  can d if fu s e  through the g a s . This marks the b eg in n in g  o f  th e  
second zone. I t  i s  n ot c le a r  what happens to  the m agnetic f i e l d  in  
t h i s  zone, but i t  i s  c e r ta in  th at i t  can no lon ger  sim ply  be taken f o r
i
granted  as an agent to  keep the r o ta t io n  uniform . I t  may w e ll have 
been e x p e lle d  a lto g e th e r  from the zone i f  the t im e -sc a le  fo r  ex p u ls io n
■ i *
i s  sh ort enough. I f  n o t ,  i t  w i l l  need to  be co n sid ered  e x p l i c i t l y ,
i
In e i t h e r  c a se , non-uniform  r o ta t io n  must appear.
Further up in  the atm osphere, the speed o f  the f lo w , though 
s t i l l  su b so n ic , becomes la rg e  enough th a t the in e r t ia  o f  the flow  
b eg in s to  ex er t fo r c e s  which are an ap p reciab le  f r a c t io n  o f  the  
c e n tr ifu g a l fo rc es  due to  the r o ta t io n  o f  the s t a r .  There i s  th e r e fo r e  
a th ir d  zone, in  which in e r t ia l  e f f e c t s  are im portant but the flo w  i s  
s t i l l  lam inar. I t  seems l ik e l y  th a t th ere  w i l l  be no m agnetic f i e l d  
in  t h i s  zone, which i s  again in  non-uniform  r o ta t io n .
As the flo w  i s  fo llo w ed  s t i l l  h igh er  in  the atm osphere, i t  
e n te r s  a zone in  which the photon mean fr e e  path has become so  lo n g  
th a t n o n -lo c a l e f f e c t s  must be co n sid ered . This fo u r th  zone i s  
o th erw ise  s im ila r  to  the th ir d  zone.
The flow  which passed from po le  to  equator in  the f i r s t  th ree  
zones returns to  the p o le  near the top  o f  the fou rth  zone a t  speeds 
which are now approaching the speed o f  sound. The h o r iz o n ta l sh ear  
becomes tu rb u len t because o f  the K elvin-H elm holtz i n s t a b i l i t y .  This 
murks the boundary o f  the f i f t h  zone, which extends from here to  the  
su r fa c e  o f the s t a r .  S ince the i n s t a b i l i t y  occurs a t about the speed
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o f  sound, com plicated  shock phenomena may occur near th e  boundary. The 
p o s s i b i l i t y  o f shock waves a r is in g  in  th e  ou ter  la y e r s  o f  r o ta t in g  s ta r s  
w ith  c ir c u la t io n  cu rren ts has p r e v io u s ly  been su g g ested  by Sweet (19&5* 
p erson a l communication) and Kippenhahn (1 9 5 9 ).
W ithin the tu rb u len t zone, th e  flow  i s  r a p id ly  broken up in to  
ed d ies which are sm all compared to  the s c a le -h e ig h t . No coherent 
m agnetic f i e l d  can e x i s t  in  such c o n d it io n s . The r o ta t io n  i s  
non-uniform , and the d i f f e r e n t ia l  flo w  round th e  r o ta t io n  a x is  i s  a ls o  
u n s ta b le . I t  th e r e fo r e  co n tr ib u tes  fu r th e r  to  the turbu lence which  
can be regarded as b e in g  is o tr o p ic  in  the and ^ - d i r e c t i o n s ,  The 
la r g e  d ivergence in  the r a d ia t iv e  f lu x  i s  now b a lan ced , not by the  
divergen ce o f  the co n v ec tiv e  f lu x ,  as in  the o th er  zo n es, but by the  
d is s ip a t io n  o f  the energy o f  the flow  in  tu rb u len t e d d ie s . This 
energy e v en tu a lly  reaches the su rfa ce  and co n tr ib u tes  to  the emergent 
f lu x  o f  r a d ia t io n , whose d is tr ib u t io n  over the su r fa ce  i s  c e r ta in ly  
n o t g iven  by the von Z e ip el g ra v ity -d a rk en in g . The a c tu a l  
d is tr ib u t io n  m ust, however, remain a su b je c t  fo r  fu tu re  in v e s t ig a t io n .
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APPENDIX I  
Z ero -ro ta tio n  main sequenoe
1 .  .ghepasr
The p o s it io n  o f a s ta r  in  a colour-m agnitude diagram i s  not 
determ ined u n iq u e ly  by i t s  mass and chem ical com p osition , hut depends 
a ls o  on i t s  r o ta t io n  speed . The lo cu s o f the p o s it io n s  in  the diagram  
o f  n o n -ro ta tin g  s ta r s  o f  var iou s m asses and com positions may he teim ed  
th e  z e r o -r o ta t io n  main sequence. For a s ta r  o f  a g iven  mass and 
chem ical com p osition , the d isp lacem en t, due to  r o ta t io n , from the z e r o -  
r o ta t io n  main sequence depends on v ,  the e q u a to r ia l r o ta t io n  sp eed , and 
i ,  the angle o f in c l in a t io n  o f  the r o ta tio n  a x is  to  the l in e  o f  s ig h t .  
This i s  i l l u s t r a t e d  in  F ig , 15, which shows, among oth er  th in g s , the  
displacem ent o f  a s ta r  o f  g iven  mass and com position  in  the two extreme 
ca ses  when the s t a r  i s  r o ta t in g  p o le -o n  and equator-on  to  the o b serv er .
iolG-on
i= 90° i
equator-on  
^  ( i« 0 ° )
z e r  o^rc^bat i  on 
main uence
F ig ,  15, E ffe c t  o f r o ta t io n  on a s ta r * s  p o s it io n  in  the HR diagram.
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The lo cu s  o f  s ta r s  w ith  a g iven  v  and i ,  but v ary in g  m asses, 
i s  a l in e  roughly  p a r a l le l  to  th e  z e r o -r o ta t io n  main sequence, but 
somewhat above i t  a t  a g iven  B-V, Although the va lu e  o f  i  makes a
la rg e  d if fe r e n c e  to  the p o s it io n  o f  a g iven  s t a r  on the HR diagram,
th e  d if fe r e n c e  in  m agnitude, a t  a g iven  co lo u r , between the l o c i  
d efin ed  by ( v , i  = 0) and ( v , i  » 90° )  i s  in  gen era l sm all compared w ith  
th e  mean d isp lacem ent o f  the l o c i  above the z e r o -r o ta t io n  main sequence  
a t  th e  same c o lo u r . That i s ,  in  F ig ,1 5 , a<*£b. I t  i s  th e r e fo r e  
p o s s ib le ,  fo r  each va lu e  o f  v ,  to  d e fin e  a " r o ta tin g  main sequ en ce11, 
whose d isp lacem ent from the zero  r o ta t io n  main sequence, a t  a g iven  
co lo u r , depends e s s e n t ia l ly  on ly  on v .  The equation  o f  t h is  r o ta t in g  
main sequence i s
(B-V) -  = h v ' -  ( A l . l )
where M*(B-V) = a b so lu te  m agnitude o f  a s t a r  o f  g iven  B-V and v
M ^(B-V) -  ab so lu te  magnitude o f  a s t a r  o f  same B-V and zero
r o ta tio n
v  = eq u a to r ia l sp eed  o f  r o ta t io n ,  
and k i s  a  q u an tity  which i s  e s s e n t i a l ly  a c o n sta n t . I t  v a r ie s  
s l i g h t l y  w ith  i  and i s  a s lo w ly  vary in g  fu n c tio n  o f  mass and rad iu s  
a lo n g  the main sequence. These v a r ia t io n s  are sm all enough to  be 
ign ored  in  the f i r s t  in s ta n ce  (S tr it tm a tte r  1 9 6 6 ).
The va lu e  o f  k can be c a lc u la te d  t h e o r e t ic a l ly ,  and t h i s  has 
been done (Sweet and Roy 1953, Roxburgh and S tr it tm a tte r  1966b,
-1 8 4 -
S tr it tm a tte r  1 9 6 6 ), I t  i s  o f  some in t e r e s t  to  se e  i f  the v a lu e  o f  h 
can a ls o  be ob ta in ed  from o b serv a tio n a l data w ith  s u f f ic i e n t  accu racy  
to  be used  as a check on the th e o r e t ic a l  v a lu e s  so  fa r  ob ta in ed .
P raesepe and he cla im s to  be ab le  to  e stim a te  a va lu e  fo r  h from th is
‘ i
d a ta . In s e c t io n  4 o f  t h is  appendix h is  method i s  examined in  some
■ i
d e t a i l  and i t  i s  shown th a t h is  c la im  r e s t s  on a very  shaky fo u n d a tio n . 
S e c tio n s  2 and 3 con ta in  n e c essa ry  p relim in ary  d is c u s s io n ,
2 . A p p lica tio n  o f  th eo ry .
equ ation  cannot be used  im m ediately  to  f in d  h . For a p a r t ic u la r  * S ta r , 
the observable q u a n t it ie s  are M v , B-V and v  s in  i .
Suppose th a t the s ta r s  are randomly o r ie n te d , so  th a t the  
d is tr ib u t io n  o f  i  among the observed s ta r s  i s  random and
S tr it tm a tte r  ( 1966) has r e c e n t ly  examined the data  a v a ila b le  f o r
known a p r io r i .
In  equation  ( A l . l ) ,  on ly  i s  d ir e c t ly  o b serv a b le , and so  t h i s
p ( i )  d i « p r o b a b ility  o f  i  b e in g  in  range i , i + d i  * s in  i  d i (A l,2 )
Then (Chandrasekhar and MHnch 1950)
(a i .3 )
v/here , , . ■ .
f f ( v )  dv
1 (A 1 .4 )(a )
O
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pco
\  (h (v  s in  i ) ( v  s in  i )  d (v  s in  i )
^ ( v  s in  i )  y  = ---------------—5  •* (A 1 .4 )(b )
o f t  ^  ^
f ( v )  dv i s  the number o f  s ta r s  w ith  v  in  the range v ,v  + dv and
^ ( v  s in  i ) d ( v  s in  i )  i s  the number o f  s ta r s  w ith  v  s in  i  in  th e  rangs
v  s in  i ,  v  s in  i  + d (v  s in  i ) ,  The d is tr ib u t io n  p  can be ob served .
The d is tr ib u t io n  f  cannot, but equation  (A 1 .3 ) en ab les to  be
found from th e o b ser v a tio n s . In g en era l, (fi and f  w i l l  depend on
B-V, so th a t th e  averages are on ly  m eaningful i f  taken in  a
s u f f i c i e n t l y  r e s t r i c t e d  range o f  c o lo u r . Denote the average a t  a
41
p a r t ic u la r  B-V by <  > 0 . Then fo r  a g iven  B-V the average o f
eq u ation  ( A l , l )  over v  i s
< K > o  ■ ■ * < v ’ > c » (A1*5>
ka(^s in c e  I \v i s  independent o f  v .  In t h is  eq u a tio n ,
( M v ) c   ------------  (A 1.6)
0
(v )  dv
E lim in a tin g  betvreen eq u ation s ( A l , l )  and (A 1 .5 ) , and u s in gv
eq u ation  ( A l ,3 ) ,  g iv e s
H v  -  < K k  -  -  « '  ■*» ! ) * > „ )  ( “ -T)
S in ce  M  i s  observable and th e  averages are averages o f  observab le
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q u a n t i t ie s ,  the value o f v f o r  a s t a r  w ith  an observed N'lycan be found 
from th is  equation i f  n i s  assumed known from th eo ry , The only
' i
problem i s  to  ev a lu a te  the averages in  p ra c t ic e .
I t  i s  obviously  le g itim a te  to  approximate <^Jv s in  
by an a rith m e tic  means
i  N e
<^(v s in  i f  ^ >o -  —  y  { v  s in  i)*  (A1.8)
0 j-= l
where 11^  i s  the t o t a l  number of observations a t  a  given co lo u r,
< M y > c  can be s im ila r ly  approxim ated fo r  the fo llow ing  reason .
Suppose
f  (v) dv * no , of s ta r s  of given B-V in  range v , v + dv c
and g„(M v)dM v = no, of s ta r s  of same B-V in  corresponding range c
M v, M v+ dMv
where the corresponding range i s  defined  by equation  ( A l , l ) ,  which 
shows th a t  ts*/]vris a  fu n c tio n  of v only , f o r  a  given co lo u r.
Then
f  (v ) dv = g„(Mv) d M v  (A1.9)
'C
§  e0(M v) M v d ftv, 
and / M  V  =   (A l.lO )
V  l''>0 J \ ( H . )  d M v
which may, now obviously , be approximated by
• ( “ -u >
0
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Once v  has been found fo r  a  p a r t ic u la r  s t a r ,  M
found from equation  ( A l . l ) .  In p r in c ip le ,  each s t a r  o f  the same
a s l i g h t  s c a t t e r ,  due m ainly to  o b serv a tio n a l e r r o r . The tru e va lu e
s e v e r a l co lou r  in t e r v a l s .
3* A method o f  f in d in g  k
The d is c u ss io n  o f s e c t io n  2 i s  on ly  u s e fu l  i f  th e  th e o r e t ic a l  
r e s u l t s  are known to  be r e l ia b le .  That i s  not the case  and i t  i s  
d e s ir a b le  to  have a method o f  determ ining w from th e o b ser v a tio n s .
The fo llo w in g  method has a sounder th e o r e t ic a l  b a s is  than th a t u sed  by 
S tr it tm a t te r  (1 9 6 6 ), but i t  w i l l  be seen  to  req u ire  more data than i s  
a t  p resen t a v a i la b le .
c o lo u r  w i l l  g iv e  the same va lue o f  \ . In p r a c t ic e ,  th ere  w i l l  be
c o lo u r  may be estim a ted  by ta k in g  an a r ith m etic  mean.
Kyi WThe z e r o -r o ta t io n  main sequence i s  then  d efin ed  by f in d in g  fo r
o
z e r o -r o ta t io n
main sequence
F ig . 16 . P o ss ib le  va lu e s  o f  i  fo r  a s ta r  w ith  a g iven  M v ,  B-V.
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Consider the p o in t P in  f i g .  16 , A s t a r  in  th is  p o s it io n  
has a d e f in i t e  a b so lu te  magnitude and co lo u r  and s o ,  from equation  
( A l . l ) |  i t  has a d e f in i t e  va lu e  o f  v .  However, i t  may have any va lu e  
o f  i ,  depending on i t s  m ass. Any s t a r  in  the mass range corresponding  
to  th e  p ortion  AB o f  th e  z e r o -r o ta t io n  main sequence cou ld  he d isp la c e d  
to  P i f  i t  had the c o r r e c t  va lu e  o f i .
Suppose a number o f  s ta r s  w ith  the same (M y , B-V) but 
d i f f e r in g  v  s in  i  are observed . Then an average may be taken , u s in g  
th e  form ula fo r  f ix e d  v
<^(v s in  i ) l ^ 0 == \  v *  (A 1.12)
which corresponds to  (A 1 .3 ); th is  w i l l  im m ediately g iv e  the va lu e  o f
t •
v x  f o r  the observed M*. According to  equation  ( A l . l ) ,  a p lo t  o f My 
a g a in s t  v  should  g iv e  a s tr a ig h t  l in e  w ith  s lo p e  k and in te r c e p t  r i v  
on th e  M  v a x i s , Such a l in e  can be obta in ed  in  p r in c ip le  fo r  each  
c o lo u r , so th a t can be found as a fu n ctio n  o f  co lo u r  and the
z e r o -r o ta t io n  main sequence can be determ ined. A lso , s in c e  u should  
be th e  same fo r  each c o lo u r , the l in e s  w i l l  be roughly p a r a l le l  and h 
can be a ccu ra te ly  found by superim posing the l in e s  and ta k in g  th e  mean 
s lo p e .  A lte r n a t iv e ly , i f  th e  data were good enough, the s l i ^ i t  
v a r ia t io n  o f h w ith  B-V cou ld  be d e te c te d .
There are two d i f f i c u l t i e s  in  t h i s  method, one o f p r in c ip le  
and one o f p r a c t ic e . Equation (A 1.12) assumes th a t the axes o f  the  
s ta r s  a t P are randomly o r ie n te d . That i s  reasonable on ly  i f  the
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corresponding s ta r s  on the main sequence are supposed un iform ly  
d is tr ib u te d  w ith  s p e c tr a l  type over th e  range AB ( F i g . l 6 ) .  I f ,  f o r  
exam ple, the main sequence con ta in ed  no s ta r s  e a r l ie r  than X, fo r  
e v o lu tio n a ry  or o th er  rea so n s, s ta r s  appearing a t  P cou ld  on ly  have i
' i
in  th e  range i^ ^  i  90° •  In  th a t  c a se , p ( i )  ^ s in  i  as assumed,
4 I
s in c e  p ( i )  -  0 fo r  0 i  ^  i^* However, so  lo n g  as an a c tu a l
c u t - o f f  l ik e  th a t i s  n ot p resen t, the v a r ia t io n  o f  number o f  s ta r s  i s
probably slow  enough, a t  l e a s t  fo r  e a r ly -ty p e  s t a r s ,  th a t equation
(A 1 .12 ) i s  a good approxim ation.
The second d i f f i c u l t y  i s  t h a t ,  fo r  the method to  be u sed ,
* *
se v e r a l  s ta r s  in  each in te r v a l o f  B-V must have the same In
p r a c t ic e ,  not enough s ta r s  are a v a ila b le  fo r  t h i s  method to  be u s e f u l .  
C e r ta in ly  the data a v a ila b le  fo r  P raesep e , the c lu s t e r  s tu d ied  by
’ i
S tr it tm a t te r ,  i s  in s u f f i c i e n t  fo r  t h i s  method to  be a p p lie d ,
4^ S tr it tm a t te r ! s method fo r  f in d in g  k
One way o f  making up fo r  th e  la ck  o f  data a v a ila b le  i s  to  
p lo t  M f v  ag&izist v 1, s in c e  t h i s  d iffe r e n c e  i s  independent o f
c o lo u r  and the r e s u l t s  from a l l  the co lo u r  in te r v a ls  can be
» ‘ i
superim posed. Of co u rse , f ^ ^ i s  n o t known as a fu n c tio n  o f  c o lo u r . 
However, i t  i s  u s u a lly  p o s s ib le  to  e stim a te  a t l e a s t  the s lo p e  o f  th e  
z e r o -r o ta t io n  main sequence by drawing a l in e  through th ose  s ta r s  in  
th e  HR diagram which have the sm a lle s t  b r ig h tn ess  fo r  a g iven  c o lo u r . 
T his should  g iv e  a re feren ce  l i n e ,  r(B -V ), which d i f f e r s  from
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M y -  r  ag a in st v*” w il l  have a slope h and the same in te rc e p t
( « -  r )  fo r  a l l  co lo u rs . I t  may a lso  he assumed th a t  a l in e
p a r a l le l  to  the l in e  r(B-V) w il l  he made up of s ta r s  of the  same v ,
though vary ing  v s in  i .  I t  i s  then  p o ss ib le  to  f in d  th is  value of v
hy averaging  over the s ta r s  on th is  l i n e .  Since s ta r s  o f a l l  co lours
can now he considered , more s ta r s  are  av a ila b le  f o r  the average and a
%m eaningful value fo r  v can he ob ta ined , although even w ith  th is  
method b a re ly  enough s ta r s  are  a v a ila b le  in  p ra c tic e  f o r  the  la rg e r  
values o f v .
S t r i t tm a t te r  uses e s s e n t ia l ly  th i s  method, bu t combines the 
d a ta  in  a s l ig h t ly  d if fe re n t  manner, which obviates any averaging 
problem fo r  la rg e  v bu t which in tro d u ces f re sh  d i f f i c u l t i e s .  In s te a d  
o f p lo t t in g  M v  -  r  ag a in s t v 1, S t r i t tm a t te r  p lo ts  M v -  < H V>0 
a g a in s t Q « (v s in  i )  -  s ^n **e expects a mean r e la t io n
between these  q u a n t i t ie s ,  and th e re fo re  f i t s  a  b e s t s t r a ig h t  l in e  to
the p lo t te d  p o in ts , u sin g  a le a s t  squares a n a ly s is , whose slope i s  
claim ed to  be p ro p o rtio n a l to  m, I t  i s  no t c le a r  th a t  th is  procedure
■ i ,
i s  j u s t i f i e d .  From equation  ( A l . l ) ,
' i
M v  ■ ■ ! .mI^  + ? mv^ ( I  ■ s i n l  U 1 . 1 3 )
so th a t  the r e la t io n  between M v -  \ M v X j  and Q i s  c e r ta in ly  no t 
l in e a r ;  the s c a t te r  in  S t r i t t m a t t e r ^  diagram is  i n t r in s i c  r a th e r  
than  due to  random e r ro r  and a le a s t  squares an a ly s is  i s  no t s t r i c t l y  
a p p lic a b le . I t  i s ,  th e re fo re , no t s u rp r is in g  th a t  S t r i t tm a t te r  f in d s
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a ro o t mean square e r ro r  of about 18$  in  the determ ination  of th e  s lo p e .
However, when the th e o re t ic a l ly  co rrec t method of an a ly sin g  
the p lo t  of ag a in s t Q, i s  considered , i t  i s  found no t to
i ^  »
be p ra c t ic a b le .  From equation  (A 1.7), s ta r s  w ith  a given
i
bk M v * M \y -  *lave a X » s -^n
From the  p lo t of A  M y ag a in s t Q, i t  can be found what values of Q, 
correspond to  a p a r t ic u la r  value of X.
The p o in ts  which give these  values o f Q w il l  l i e  in  a
1 i
h o r iz o n ta l s t r i p  o f the p lo t ,  defined  by a  sm all range in  AM v*
The value of X corresponding to  th is  range can be es tim ated  by ta k in g  
th e  a r ith m e tic  mean o f the  Q-values o f the  po in ts  in  the  h o rizo n ta l 
s t r i p ,  although i t  i s  no t c le a r  th a t  th i s  i s  the c o rre c t average to  
ta k e . I t  i s  then  p o ss ib le  to  p lo t  A My ag a in s t X, which should
* i
*
give a s t r a ig h t  l in e  of slope x . However, fo r  a given small range 
of A M  v th e re  are no t r e a l ly  s u f f ic ie n t  po in ts  to  g ive a meaningful
, ■ i
average value f o r  X. I t  i s  th e re fo re  probably ju s t  as a c cu ra te , in
p r a c t ic e , to  take an average over a l l  the po in ts in  the p lo t by doing
* *
a l e a s t  squares a n a ly s is , as S t r i t tm a t te r  does. The main snag of such
a  procedure i s  th a t  i t  i s  not a t  a l l  c le a r  what i s  th e  th e o re t ic a l
r e la t io n  between the  l in e  given by a p lo t of ag a in s t X and the
1 •
l in e  ob tained  by a  le a s t  squares a n a ly s is .  There i s  th e re fo re  no way 
of knowing how good an approxim ation fo r  x i s  given by the  le a s t  squares
1 i
a n a ly s is .
I t  seems, th en , th a t  the  only p ra c tic a b le  method of f in d in g  
k from observations r e s t s  on a  r a th e r  insecure  th e o re t ic a l  foundation
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w h ile  th e  methods which are t h e o r e t ic a l ly  sound, and sim ple in
' i
p r in c ip le ,  are unworkable in  p r a c t ic e  through la c k  o f  d a ta . The o n ly  
d e f in i t e  con c lu sion  one can reach from t h i s  stu dy  i s  th a t ,  w h ile  th e  
z e r o -r o ta t io n  main sequence can be found i f  the th e o r e t ic a l  v a lu e s  o f  
x are accep ted , n ot enough in form ation  i s  a t p resen t a v a ila b le  to  
en ab le  k to  be found s u f f i c i e n t ly  a c c u r a te ly  from ob serva tion s to
* i
p rov id e a m eaningful check on the th e o r y .
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APPENDIX I I  
P ro p e rtie s  o f h(Nr)
In  the lo c a l  theory  th e re  appears a fu n c tio n  h defined  by
1 Ch (i|r)   -----------  gradllf.dSy, (A2,X)
4ir J
^  -  co n st.
where th e  in te g ra l  i s  taken  over a  su rface  of constan t ^  . In  terms 
o f th e  dim ensionless ra d iu s , C T 9 and the  c o la ti tu d e  0 , *\|/ i s  defined  
by (equation  ( 3 , 9 ))
1 % *5
"  P  + C Tsin 0 (A2.2)
Because o f the  lack  o f s p h e r ic i ty  o f th e  ^  su rfaces 
(see  F ig , 5 ) the  fu n c tio n  h t y ) i s  extrem ely com plicated,
p a r t ic u la r ly  n ea r the  su rface  of the  s t a r  and f o r  s ta r s  r o ta t in g  a t
■ <
the  l im it  of s t a b i l i t y .  The theo ry  of Chapter 3 has been ap p lied , 
by Roxburgh, G r i f f i th  and Sweet (1965) ,  to  f in d  the  s tru c tu re  of a 
s t a r  r o ta t in g  a t  break-up speed. In  th a t  trea tm ent an expansion fo r  
h(qjf) n ea r the su rface  was req u ired  to  s t a r t  the  num erical in te g ra t io n  
and, f o r  convenience, th i s  expansion was sim ply ob ta ined  from the  
num erical determ ination  of h by f i t t i n g  a curve to  th e  num erical v a lues 
(Roxburgh, 1966, p r iv a te  communication). The expression  found was 
(RGS, equation (4 .2 3 ))
W  * 1
h (< f)« 0.639275  + 0 ,8 4 9 ( ^  (A2.3)
- vS *where ^  =3^ 2  i s  th e  su rface  value o f ^  a t  b reak-up . This r e s u l t
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i s  quoted fo r  l a t e r  comparison w ith  a s e r ie s  f o r  h ( ^ )  ob ta ined  by- 
expansion o f the in te g r a l .
Before a ttem p tin g  the expansion, i t  is  necessary- to  put the
i
in te g ra l  in  s c a la r  form . The f i r s t  requirem ent f o r  th i s  i s  to  know
the  expression  f o r  an element of a rea  on a ^  - s u r fa c e . Let be the
angle between a normal n to  the t[/* - su rfa c e  and the  rad iu s  v e c to r
through the same p o in t {Fig. 17)* Then
. d r  d c r  
ta n  * —— ■ — —
rd0 <J~d0
and th e  dim ensianless element o f a rea  i s
i  /aer de
t e v l cos A
. €T s in  0 d (f> * s in  6 d0 d ^
n
(A2.4)
*  \a e *const
(A2.5)
y-su rface
dr
F ig . 17. See te x t
From the  d e f in it io n  of f  i t  i s  now p o ss ib le  to  express the  in teg ran d  
as a fu n c tio n  of 0~ and p * cos 0. On a su rface  of constan t 'xj/, 
p =* pCtr") and the in teg ran d  must be expressed  as a fu n c tio n  of Cr ' only
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by w r it in g  throughout
' t j-  '\J/0"+ 1
li = (A2.6)
From the form o f  equ ation  (A 2 .2 ) , t h i s  i s  more con ven ien t than 
e lim in a t in g  cT from th e  in tegran d . A lso fo r  con ven ien ce , the v a r ia b le  
o f in te g r a t io n  should  now be changed to  x ,  where
1
x  -  (A 2 .7 )
so  th a t p * (x  — *ljf x  + 1) . The l im i t s  o f in te g r a t io n  fo r  p are 0 
and 1 ( t h i s  g iv e s  the in te g r a l  over h a l f  the su r fa c e , which must be 
m u lt ip l ie d  by 2 to  g iv e  hC^ VJr) ) ;  the corresponding l im it s  fo r  x  are:
p = 1 x  ■ 'ij/
p ~ 0 x  « x^ y  (A 2.8)
where x ( i s  the la r g e s t  root o f x  - ' \ | f x  + l « 0
I t  should  be noted  th a t x ,<  *\|/ f o r  a l l  , Some m anipulation  now 
g iv e s
1 \  (5x -  -  4x + 4llO  dx
\ ------- 7 T 1 ------- £ -------33T— *
2 (x  -  ^ 'x  + 1 /  x
X»
A lte r n a t iv e ly , h^ X)/*) may be w r itte n  as
(A 2 .9 )
h ( ^ )  * - k  + -  21 . t
^  x1* dx (A 2.10)
where 1 ^
J ( x 3 -  ^  xa +
h ( V )  i s  an e l l i p t i c  in t e g r a l ,  and i t  may he exp ressed  in
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terms of elem entary fun c tio n s and the standard  Jacob i e l l i p t i c
i ■ l
in te g ra ls  (see , fo r  example, Yi/hittaker and Watson, 1927 > P.512 e t  s e q . ) .
However, the r e s u l t in g  form ula, which i s  given below, i s  no t
p a r t ic u la r ly  u s e fu l,  because of i t s  com plexity. I t  i s
2A 
— (
3q.
h ( y )  -  + -vjrpq -  3) jjCCk*') +
2A ^(p-q ) f ............................1  2A(p-q)'r
3 ( 1 - ^ )  U J  pq
+ A ( p - q ) f
h i(k a) + E (k \  0  )j +
2 ^  lo g  ( r f s )
3 ( l-k a )\. X
w here: A -
y ( p , ‘-  I ' X k V ' -  <t)  .
 ---------------------------  / l  -
} X = y ^ 5 (x* -  2) } Y = ( ~ x
x ?  -  2
2x7 -  1 r  2X
R
da
* ( * V >  =
J  ( l - k  s i
+ 1 
$ 
irix a)
(pfc-  q’- ) ( l  -  k*Y) 
( ^ p * -  q.*)(l -  Y)
(A 2 .ll)
K(k*) -  F ( k \ n / 2 ) ;
, *sin* ot
0 « £ ( ^ , 71/ 2);
E(ka , ^ )  * ^ (l-k ^ sin ^ a ) da 5 T1 (-^  Jz)  =TT(-^ ,kx ,n /2 );
<t>
p’
da 1 -  X
; and s in
T l ^ p ' i  ^ J  ^  (l-^;sin'*’a )^ ^ l-k ^ s in 9‘a)
o p’1
The functions F, E and T T  are the Jacob i e l l i p t i c  in te g ra ls  of the 
f i r s t ,  second and th i r d  k ind  re s p e c tiv e ly . Note th a t  these  in te g ra ls
-1 9 7 -
2
are  n o t  d e f in e d  when k * 1 , w hich i s  th e  ca se  a t  th e  su r fa c e  o f  a s t a r  
r o t a t in g  a t  break-up sp e e d , v/here x^ = 2 ( t h i s  r e s u l t  f o llo w s  from  
Y - r  0 a t  6 * rc /2 ). However, th e  v a lu e  o f  h when x^ = 2 can be 
c a lc u la t e d  d ir e c t ly  from eq u a tio n  (A 2 .1 0 ) ,  s in c e  in  th a t  ca se  th e  I  can  
be in te g r a te d  d i r e c t l y  in  terms o f  e lem en tary  f u n c t io n s .  The r e s u l t  i s
hg = •U -  2 / ?  + 2 In  = 0.639256 (A2.12)
This r e s u l t  was f i r s t  derived  by G r if f i th ( l9 6 2 ) .  Comparison w ith 
equation  (A2.3) shows th a t  the  value given in  RGS i s  c o rre c t to  4 
s ig n i f ic a n t  f ig u re s  ,
In  ord er  to  t e s t  th e  a ccu ra cy  o f  th e  n u m erica l exp an sion  u se d
i
in  RGS i t  i s  d e s ir a b le  to  expand h(~vjr) about T his i s  a v e r y
cllic o m p lica ted  p roced u re , s in c e  t t  has a  lo g a r ith m ic  s in g u la r i t y  a t
a y
Y - U ' . -  However, by w r it in g
o ) T -  l{fs + * (A 2.13)
and u s in g  th e  e x p r e s s io n  (A 2 .1 0 ) f o r  h ( 'u f) , i t  can be shown, by  
r ed u c in g  th e  problem to  one o f  s o lv in g  a secon d  ord er d i f f e r e n t i a l  
e q u a t io n , th a t
h ( ^ )  = h + 2"i3~J’H  l n ( lA )
--<3+ 2 ' J  |  + 3_V  5 - ^ l n 2 + | l n 3 - ^  ln (2  +V?))J 6
+ (A2.14)
=  0 . 639256 + 0.45025 & l n ( l / £ )  + 0.1084 S + . . .
Comparison of th is  r e s u l t  w ith  th a t  o f RGS (equation  (A2.3)) shows
t i
th a t  th e  r e s u l t s  agree  to  w ith in  one p a rt in  s i x  hundred f o r  £ 0 , 0 2 ,
-19Q-
Even a t  £ -  0 ,1 ,  th e  r e s u l t s  d i f f e r  by  l e s s  than 3 $ ,
Except in  C hapter 3 , i t  has b een  p o s s ib le  in  t h i s  t h e s i s  o n ly  
to  s tu d y  s lo w ly  r o t a t in g  s t a r s .  In  th a t  ca se  i s  la r g e  compared 
w ith  1 , even  n ea r  th e  su r fa c e  o f  th e  s t a r ,  and i t  i s  more u s e fu l  to  
expand in  powers o f  l / \ j r .  I t  i s  co n v en ien t to  do t h i s  by
w r i t in g
- \ J / -  -  x  ( 1  +  e )
1 S (A 2 .15)
where e =   — > 0  as — 3s o O
and expanding h(\Jf ) (g iv e n  by eq u a tio n  (A 2 ,1 0 ))  in  powers o f  e f i r s t ,
I t  i s  th en  e a sy  t o  show th a t
4  1 8 1 188 1 f ^ ( \  \  ( m \ c \
h t y )  -  1 — ---------- - + I J -  ' • U 2 *16)
31|A 3*TJ/ 15
-1 9 9 -
APPENDIX I I I  
The g e n e ra l en erg y  b a la n ce  eq u a tio n
In  C hapter 2 ,  th e  en ergy  b a la n ce  eq u a tio n  was quoted in  th e
' i
fo rm (eq u a tio n  ( 2 . 1 0 ) )
L = j l .  dS (A 3.l)
^ jf-c o n st
where th e  in te g r a t io n  i s  over a s u r fa c e  o f  co n sta n t 'Ajr and ^  i s  th e  
r a d ia t iv e  f lu x ,  g iv e n  b y
= - - ^ - - 3V t  , (A 3 ,2 )'•rad  3 k p ~ \ /
More g e n e r a l ly ,  i f  i s  th e  t o t a l  f lu x  o f  en ergy  through th e  s u r fa c e
la y e r s ,  th e  eq u a tio n
L = \ § L f  as (A3.3)
s r
i s  v a l i d  f o r  any c lo s e d  s u r fa c e  2 1  c o n ta in in g  th e  e n e r g y -g e n e r a tin g
‘ 1
core o f  th e  s t a r ,  ( i t  i s  assum ed th a t  th e re  are  no en ergy  so u r ces  in
th e  a tm o sp h ere .) In  a  r a d ia t iv e  atm osphere w ith  c ir c u la t io n  c u r r e n ts ,
th e  t o t a l  f lu x  i s  th e  sum o f  th e  r a d ia t iv e  f lu x ,  % « •  and th e  
c o n v e c t iv e  f lu x ,  g iv en  by
^ c a n v - t  T ^ T P - P f ^  <A3- 4 >
( c f .  f o r  exam ple, RGS, eq u a tio n  ( 2 . 8 ) ) .
I f  th e  s u r fa c e  2 J  i s  a  s u r fa c e  o f  c o n sta n t th en , s in c e  P ,
p and T are fu n c tio n s  o f  o n ly , i t  may be shown (u s in g  th e  eq u a tio n
f*200-
o f  s t a t e )  th a t
g ^  . as = ( -% )  \pv . as = o (A3 . 5)o  ^.conv -  l r - i .  i
The second e q u a lity  fo llo w s  from the assumption th a t th ere  i s  no n e t flow  
o f  mass over any c lo s e d  su rface  co n ta in in g  the cen tre  o f  the s t a r  ( c f , 
equ ation  ( 2 .8 ) ( b ) ) .  In th a t c a se , equation  (A 3.3) reduces to
L V  S  ^  (A3.6)
f(£«const
which i s  ju s t  equation  ( A 3 . l ) .
For a gen era l su r fa c e , which i s  not a l e v e l  su r fa c e , th is  
r e s u lt  i s  not tru e  and equations (A 3 ,2 ) to  (A 3.4) must be u sed . I f ,  on 
the o th er  hand, the su rfa ce  ^  i s  such th a t i t s  d is ta n c e  from a g iven  
l e v e l  su rface  i s  everywhere o f  order ^  , an approximate r e s u lt  may be 
o b ta in ed . In th a t c a se , equation (A 3.3) may be w r itte n  as
L -  ® + ( S  ~ S  ^ )2 o n V  ®  <A3‘ 7)
2  V S' “const /
by making use o f  equation  (A 3.5)« The second in te g r a l  i s  the in te g r a l
o f  d iv  4-r over the volume between the two su r fa c e s . S in ce the  
‘x'conv
d is ta n c e  betv/een the su rfa ces  i s ,  by h y p o th e s is , o f  order , the volume
elem ent must a lso  be o f  order £  . At the same tim e, the in tegrand
in v o lv e s  v , which i s  known to  be a t l e a s t  o f  f i r s t  order in  £  (secon d
order in  the lo c a l  th e o r y ) . The in te g r a l  i s  th e re fo re  a product o f  tv/o
2 3q u a n t it ie s  o f  order £  and must be i t s e l f  o f order £  ( £  in  the lo c a l  
th e o r y ) . Hence equ ation  (A 3.3) may be w r itte n  approxim ately as
-2 0 1 -
2where th e  e r r o r  i s  o f  ord er £  . The s u b sc r ip t  £* i s  in te n d ed  to  be a 
rem inder th a t  t h i s  r e s u l t  h o ld s  o n ly  f o r  su r fa c e s  w hich are n e a r ly  
l e v e l  s u r fa c e s .
APPENDIX IV 
S in g u la r  P ertu rb ation  Theory,
1 .  The problem s ta te c L
Once i t  has been  proved  th a t  th e  l / d e n s i t y  dependence o f  th e  
v e l o c i t y  f i e l d  in  th e  l o c a l  th e o r y  i s  a  g en e ra l r e s u l t  ( c f  C hapter 3 
and M este l 196 6 ) ,  th e r e  i s  no rea so n  why p e r tu r b a tio n  methods sh o u ld  
n o t be u se d  even  in  th e  su r fa c e  la y e r s  o f  a s t a r ,  p ro v id ed  th e
' i
r o t a t io n  i s  s lo w  enough* In d eed , th a t  was i m p l i c i t l y  assumed in
' *
expanding and u ^  in  powers o f  l / ^  in  Chapter 3 .
However, ca re  i s  r eq u ire d  in  u s in g  a p e r tu r b a tio n  th e o r y ,
* I
b eca u se  o f  th e  d i s t o r t io n  o f  th e  r o t a t in g  s t a r  from a s p h e r ic a l  sh a p e . 
A n a iv e  u se  o f  s p h e r ic a l  p o la r  c o o r d in a te s  le a d s  to  f i r s t  ord er term s 
w hich are com parable w ith , o r  g r e a te r  th a n , th e  zero  ord er term s n ea r  
th e  s u r fa c e ,  and i t  i s  n e c e ssa r y  to  in tro d u c e  a  new co o r d in a te  system
■ i
to  surmount t h i s  d i f f i c u l t y .
The problem  i s  m ost e a s i l y  i l l u s t r a t e d  by u s in g  th e  l o c a l  
th e o r y , f o r  w hich an e x a c t  s o lu t io n  i s  known to  e x i s t ,  but i t  a l s o  
occu rs in  th e n o n - lo c a l  th e o r y , and th e  new c o o r d in a te s  must be u se d
■ i
in  th a t  case  a l s o ,
1 i  ■ .
2 . G eneral r e s u l t s .
In any problem  in  w hich p e r tu r b a tio n  m ethods are a p p l ic a b le ,
* i
th e r e  e x i s t s  a  sm a ll p aram eter. In  t h i s  ca se  i t  i s  ^  , d e f in e d  in  
C hapter 2 , Then a g e n e r a l fu n c t io n  Q may be w r it te n
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I .11' I
Q 83 Qq + S. Q»| + • (-M-*l)
I f  one supposes th a t  sp h e ric a l p o la r  coord inates a re  a p p ro p ria te , then
i
Q « Q (r, 0 ,£ £ ), A lso, s in ce  £  « 0 corresponds to  a sp h e ric a l s t a r ,
i i
Q0 ■* Q0(r) .  111 g e n e ra l, Q( = Qf ( r ,  e).
In  a r o ta t in g  s t a r ,  in  which equation (2 .6 )  i s  v a l id ,  P , p
I
and T are fu n ctio n s of r\jf  (and £  ) on ly , Now i t  i s  p o ss ib le  to  w r i te ,
fo r  a general fu n c tio n  Q o f ^  and £  ,
(A4.2)
€ «  0+  • •
) = Q ( ^ ( r ,  e , £  ) |  € )
= 6, 0 ); 0) + e
* *  f  < -  »■ °> ( M .  o ■ •
(1L £) - lig a n d  / e)Gt) « <{ ( lj> ( r ,  6, 0 ) ;  0 ) «= Q ^(r),
Vae k =  o x t o
I t  th en , fo llo w s from th e d e f in i t io n  o f  '\jj (eq u ation  ( 2 .1 6 ) )  th a t
Q ( f  , £  )  = Q0W  + €  [ j l , 00(r ) sin^e + Q , | ( * ) j  (M .3 )
1 r^ d Q
where Q. ( r )   ------- =5; — ° ( M .4 )
,co 2 R° dr
Thus, once the zero  order theory  i s  com plete, the 0-dependence o f
1 i
Q , ( r ,  e) i s  known im m ediately . This i s  a con sid erab le  s im p l i f ic a t io n ,  
s in c e  i t  means th a t the d i f f e r e n t ia l  equations in  the f i r s t  order  
th eory  are ordinary ra th er  than p a r t ia l .
I t  i s  more convenient to  exp ress Q ,(r , 0) in  terms o f
i * i i i »
Legendre polynom ials, P (cose) (n = 0 , 1 , 2 . . , , ) ,  Equations(A 4.3 ) ,
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( a / .  4 ) show th a t on ly  P and K  appear and th a t the c o e f f ic ie n t  o f  P i s
1 A  dQ
Q, -  -  ~  Q, -------- =5 —  (A 4.5)
tx ^ loo  ^ R dr
This ex p ress io n  may be v e r i f ie d  by w r it in g
o o
Q ( r ,  e) -  . ( r )  P .( c o s e )  (A 4 .6 )
* 1 * 1  a  1
fo r  the fu n c tio n s  P, p and T and determ ining the CL , ( r )  frcm thei.x ., . 4 <,
h y d r o s ta t ic  equation  and the equ ation  o f  s t a t e  (eq u ation s ( 2 . 6 ) , ( 2 #7 ) )» 
Only the Q,jD and th e  are n o n -zero , and the are indeed  g iven
t * i
by equation  (A 4.5)*  The %0 must be determ ined by u s in g  th e  eq uation s
However, to  dem onstrate the problem r a is e d  by u s in g  
sp h e r ic a l p o la r  co o rd in a te s , i t  i s  n o t n ecessa ry  to  f in d  the QIC, 
s in c e  the , which can be found im m ediately from th e  zero order  
th eo ry , s u f f i c i e n t ly  show the nature o f the problem.
* * i
3 , The problem i l l u s t r a t e d ^
The com plete equations fo r  the lo c a l  th eory  are equations'4 I i * I
( 3 .1 )  to  ( 3 .7 ) .  Equations ( 3 .4 ) , ( 3 . 5 )  are not req u ired  h ere , and i t  
i s  e a s i ly  seen  th a t ,  when *= 0 , th e  other equation s reduce to
l = j> J"'. as ( a 4 . i i )O t O —r * c o n s t .
Equations (A 4.10) and ( A 4 . l l )  may be combined to  g iv e  a d i f f e r e n t ia l  
equ ation  fo r  Tq :
Pr
31 „ 2 4 P^  m ,T*i r r t
dr ^ r
0 (M.12)
T/here th e  d e f in it io n  (2 ,1 9 )  has been u sed  to  g ive  L in  tern s o f  B
i i i ^
and T , Equations (A 4.9) and (A 4 .1 2 ), to g e th er  w ith  the boundarye
co n d itio n s
* Tq * 0 on r  = R (A 4.13)
■ i
then u n iq u ely  determ ine P^, pQ and Tq as fu n ctio n s o f  r .  I t  i s  easy  
to  show th a t the s o lu t io n s  o f  th e se  equation s are
GM 4  A  A 4
Po -  ~ 2 T T T 4  “  " ^  (A4-14)A  3(4£,) Vr
1 4 A
-  -  1 (A 4.15)
0 : i ^ E 3 ( 4 6 , ) 3
1 /R
To " Te —  ( “  " ^  (A4*16)4^ i \ r
' * ' i
i f  th e  d e f in i t io n  (2 .1 8 )  i s  u sed  fo r  S im ila r  r e s u l t s  have
p r e v io u s ly  been ob ta in ed  fo r  a more gen era l o p a c ity  law by Eddington
14
(1930a) and Chandrasekhar ( l939yP300) ,  I t  i s  now p o s s ib le  to  f in d  
P ^  , p and TJ2 im m ediately from eq u ation  (A 4 .6 ) . The r e s u lt s  are:
Since P/2 , p and T ^  are  a l l  f i n i t e  o r zero a t  r  «* Hf the  s in g u la r i ty  
may n o t appear d isa s tro u s  from a  ph y sica l po in t of view . However, i t  
i s  q u ite  c le a r ly  inadm issib le  m athem atically  since  i t  v io la te s  the 
b as ic  p r in c ip le  of a p e r tu rb a tio n  a n a ly s is , th a t  the  zero  o rder terms
' i
should be dominant everywhere.
As was mentioned in  se c tio n  1, e s s e n t ia l ly  the  same problem,
¥ r
though in  a le s s  severe form, occurs in  th e  n o n -lo ca l th eo ry , so th a t  
the d i f f i c u l ty  i s  n o t caused by u s in g  the  lo c a l th e o ry . To see the
n a tu re  of the tro u b le , consider the  fo llow ing  ro u ^ i p h y sica l argument,
•»
based on f i g ,  1 8 ,
s p h e r ic a l, n o n -ro ta tin g  s t a r  o f rad ius R.
b
su rface  of same s t a r
when ro ta t in g
'« i
F ig , 1 8 , See t e x t ,  (a and are  defined  in  l a t e r  s e c t io n s ,)
In  th a t  case , u s in g  the  plane p a r a l le l  approxim ation (see  Chapter 5)#
2^  3
^ ^  - —  r o - 10 as z — $ rO O
3 £ t
T12— —^  0 as z O , bu t 
To
This follow s from equation (A4.5) and the zero order re su lts  o f
Chapter 6 ,
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Take a  sp h e r ic a l, n o n -ro ta tin g  s t a r  o f rad iu s R, and l e t  the p ressu re  
he given by PQ( r ) ,  where Pq-  0 a t  r  -  R (and, im p l ic i t ly ,  PQ= 0 
o u ts id e  th e  s t a r ) ,  Now suppose th e  s t a r  i s  s e t  r o ta t in g .  I t  w ill  
be d is to r te d  in  such a  way th a t  the  e q u a to r ia l rad iu s  becomes g re a te r
* i
than  the p o la r  ra d iu s . Suppose th a t  th e  p o la r  rad iu s  i s  now le s s  than
the rad iu s  of the n o n -ro ta tin g  s t a r  by an amount b (F ig . 18 ) .  For
the models of RGS, b i s  p o s i t iv e ,  (More g en e ra lly , th is  may n o t be
tru e  and the  fo llow ing  argument would then  need to  be m od ified .)
■ *
Consider the  sphere r  *= R -  a ,  a < b .  At the  po in t X on 
th i s  sphere , chosen so as to  be o u ts id e  the ro ta t in g  s t a r ,  th e  value 
of the  p ressu re  P has changed from Fq(R -  a) to  zero and equation 
(A 4 .l) gives ( to  f i r s t  o rder i n € )
4 i
0 -  P (R -  a) +£■ P( (R -  a , e) (A4.18)
which immediately im plies th a t  P, P . Of course , i f  b th is
argument no longer holds and so tro u b le  i s  to  be expected only near 
the  su rfa c e .
The above argument shows th a t  the  tro u b le  a r is e s  e s s e n t ia l ly  
because the  p e rtu rb a tio n  i s  about a f ix e d  po in t in  space . That i s ,  
the  change, due to  r o ta t io n ,  in  the  p re ssu re , d en s ity  o r tem perature
i
a t  a f ix e d  p o in t in  space i s  supposed sm all. The above argument
1 t
shows why th is  i s  a poor assumption n e a r  the su rfa c e . I t  would be 
more c o rre c t to  suppose th a t  P, p and T remain approxim ately constan t 
f o r  any f lu id  element of the  s t a r ,  which may of course be d isp laced  by 
r o ta t io n .  Thus the  coord inates of a f lu id  elem ent, as w ell as i t s
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p r e ssu re , d e n s ity  and tem perature, may be expected  to  be a f fe c te d  by  
r o ta t io n . This crude p h y sica l d is c u ss io n  i s  made p r e c is e  in  the  
n ex t s e c t io n .
' i
4 , L ig h t h i l l !s method
M athem atically , the above problem req u ires th e  methods o f  
s in g u la r  p ertu rb ation  th eory  fo r  i t s  s o lu t io n . The author i s  in d eb ted  
to  P r o fe sso r  M ilton  Van Lyke fo r  drav/ing h is  a t te n t io n  to  L ig h t h i l l ’ s 
method o f  s tr a in e d  c o o rd in a tes , which i s  admirably s u it e d  to  the  
p resen t s i tu a t io n  ( s e e ,  fo r  example, Van Dyke 1964, Chapter 6 ) .
The p r in c ip le  o f  L ig h th il l* s  method i s  to  in trodu ce new 
co o rd in a tes d i f f e r in g  on ly  s l i g h t l y  from the o ld  ones and obtained  by 
expanding the o ld  coord in ates in  powers o f  the p ertu rb ation  param eter. 
In th e  presen t c a se , the new c o o rd in a te s , («*,>*) sa y , w i l l  be d e fin ed  
in  terms o f  ( r ,  o) by
Only the coord inate r  need be changed, s in c e  th ere  i s  no evidence th a t  
the 8-dependence i s  cau sin g  any tr o u b le . Later i t  w i l l  bo seen  to
be more appropriate to  rep lace  0 by th e  d efin ed  in  Chapter 2 . For  
'-v '*th e  moment, / {  w i l l  be w r itten  as 8 throughout.
I f  a l l  o th er  fu n c tio n s , Q, sa y , are w r itte n
th e fu n ctio n  r ^ ( s ,e )  may be d e te m in e d  by the co n d itio n  th a t
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^ i—  ^  1 everywhere, (A 4 .2 l)
%
in  p a r t ic u la r  near the su r fa c e . This procedure has been c a rr ied  o u t, 
u s in g  the lo c a l  th eo ry , and a fu n c tio n  r . , ( s ,6 )  has been found which
P1 Pi T1makes vr-, —  and •=— f i n i t e  a t the su rfa ce  o f  the s t a r .  I t  v/as found  Jr 7 n T0 ^ 0  o
th a t  th ere  i s  a sim ple p h y sica l in te r p r e ta tio n  fo r  s Yrhich makes s 
con stan t on a l e v e l  su r fa c e . In v iew  o f  the exact th eory  o f  
Chapter 3 , the use o f such a coord in ate  appears e n t ir e ly  n a tu r a l,  
and i t  i s  not su r p r is in g  th a t t h i s  ch o ice  fo r  s  removes th e  tr o u b le .
For t h is  reason , and because the d e t a i ls  o f  the process are  
t e d io u s , th e  method o f  o b ta in in g  r^ w i l l  on ly  be o u t lin e d  very  
b r i e f l y .  The r e s u lt s  o f  a lo c a l  p ertu rb ation  th eory  are req uired  
to  provide boundary co n d itio n s  fo r  the n o n -lo ca l th eo ry . However, the  
r e s u l t s  are on ly  req u ired  in  the p la n e -p a r a lle l  approxim ation and are  
more a p p ro p ria te ly  d erived  se p a r a te ly  (Appendix V II) ,
5 , A s o lu t io n  fo r  r^
To apply L ig h t h i l l^  method, the coord in ates ( r ,0 )  are 
w r itte n  as in  equation  (A4*19) and. a l l  o th er  fu n ctio n s  are expanded
as in  equation (A 4 ,2 0 ), Working to  f i r s t  order in  , one can y /r ite  
th e  grad ien t operator as
and then the equations ( 3 . l )  to  ( 3 .3 ) ,  ( 3 .6 )  and ( 3 .7 )  may he w r itte n  
in  the new c o o rd in a tes , to  f i r s t  order in
I t  i s  i n t u i t i v e l y  obvious t h a t ,  s in ce  r  =* s* to  low est order, 
the zero order eq u ation s w i l l  be the same as In s e c t io n  3 , except  
th a t r  w i l l  be rep la ced  by s throughout. The zero order p ressu re , 
d e n s ity  and tem perature are th e re fo re  g iven  by equation s (A 4.14) to  
(A 4 .16) w ith  r  rep la ced  by s .
To w r ite  down the f i r s t  order equations in  general i s  a 
le n g th ie r  procedure. However, i f  i t  i s  assumed, as seems reason ab le , 
th a t r^ can be exp ressed  as
^ ( 8 , 6 )  = r10( s )  + r 12(s )P 2(cos e) (A 4.23)
the methods o f  s e c t io n  2 show th u t , as b e fo r e , P^, and T  ^ on ly
have P and P_ terms and th at in  t h i s  case  the c o e f f i c i e n t s  o f  P^ o 2 2
are g iven  by ex p ressio n s o f  the f o m
0 l 2( s )  = ( r 12( s )  + y i 3 j | f o  (A4.24)
The d if fe r e n c e  between th is  equation  and equation (A 4 .5 ) a r is e s  from 
the d if fe r e n t  ex p ress io n  f o r i n  the now c o o rd in a tes .
I t  then fo llo w s  a t once th a t
3T12 3 P12 p12 s 2 ^  + 3r12 s4 ^
4 P„ p R2 ( P -  l )
(A4.25)
a r e s u l t  which should  be compared w ith  equation  (A4.17)* ^h t h i s  case  
i t  i s  p o s s ib le  to  p reven t a s in g u la r i ty  a t  s = R by ch oosin g  r ^  
s u i ta b ly .  An obvious ch o ice  i s
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which makes P12 £ p12 £ T ^  = 0 . This appears to  be a very  d r a s t ic  
s o lu t io n  to  the problem, but i t  i s  j u s t i f i e d  by the v ery  n a tu ra l 
in te r p r e ta t io n  o f s to  which i t  le a d s .
Of cou rse , r ^ is  not f u l l y  determ ined u n t i l  a  s u ita b le  
fu n c tio n  has been chosen fo r  r -^ Q. Such a fu n ctio n  was o r ig in a l ly  
found by s o lv in g  the f i r s t  order eq u ation s fo r  P^q, P^q ^10 
ap p ly in g  the co n d itio n  (A 4 .2 l) .  I t  i s  unnecessary to  go in to  the  
d e t a i l s  o f  th is  p r o c e ss , and i t  i s  sim ply  noted th a t one o f  the  
p o s s ib le  so lu tio n s  fo r  r^Q i s  c o n s is te n t  w ith  the in te r p r e ta t io n  o f  s 
g iven  below , which i s  in trodu ced  on a more in t u it iv e  b a s i s .
6 .The in te r p r e ta t io n  o f  s
The r e s u lt  o f  the ch o ice  (A 4 .26) fo r  r^2 i s  to  make P^, 
p^  and T  ^ fu n ctio n s o f s o n ly . I t  i s  a lread y  knov/n th a t P, p and T 
are fu n ctio n s o f  o n ly . This im m ediately su g g ests  th a t  s sh ou ld  be 
chosen in  such a way as to  be con stan t on a su rfa ce  o f  con stan t *"^ 3^  
( f o r  a given  £  ) .  One way o f  doing t h is  i s  as fo l lo w s . Suppose 
th a t the p o lar  radius o f  a r o ta t in g  s t a r  i s  l e s s  than R, the radius  
o f  th e  n o n -ro ta tin g  s t a r  o f  the same m ass. This i s  c e r ta in ly  true  
o f  the models con sid ered  h ere , which are based on RGS. Then i t  i s  
c le a r  th a t , whatever the r o ta t io n  sp eed , there w i l l  always be a 
sm all c ir c le  on the su rfa ce  (cen tred  on the a x is  o f  r o ta t io n )  whose 
d is ta n ce  from the cen tre  o f  the s ta r  i s  R (F ig . 18)♦ Let 0q be the  
angu lar radius o f  th is  c i r c l e .  The c ir c le  then d e te m in e s  a cone o f
sem i-an g le  0q whose a x is  i s  the r o ta t io n  a x is .  This cone w i l l  cu t any
su rfa ce  o f con stan t r\^ f~ in  a sm all c i r c l e  o f  angular rad iu s 0Q# s w i l l
be d e fin ed  to  he the d is ta n ce  o f  t h is  sm all c ir c le  from the cen tre  o f  
the s t a r « I t  i s  then im m ediately c le a r  from P ig . 18 th a t the su r fa ce
o f  th e  s t a r  i s  Afven by s = R. and a ls o  th at
^  = f  ( 1 + | e | 3  s iA  ) . (A 4 .27)
Prom equation  (2 ,1 6 )  f o r  in  terms o f  r , and u s in g  the fa c t  th a t  
s in  6 = — ( l  -  P „ (co s6) ) ,  i t  may then  be shorn th a t
r
(M.28)
,  4  f
= j 531 P2(o o se o) -  P2 (c o s e )
in  agreement v/ith  equation  (A 4 .26) .
With t h i s  ch o ice  fo r  s ,  the pertu rb ation  i s  about a p o in t  
e s s e n t i a l ly  f ix e d  on a l e v e l  su rfa ce  and the e f f e c t  o f  d is to r t io n ,  
in trod u ced  by th e  r o ta t io n , i s  in c lu d ed  in  the zero order fu n c t io n s ,  
which can no lo n g er  s t r i c t l y  be thought o f  as the fu n ctio n s  
appropriate to  a  n o n -r o ta tin g  s t a r ,  although th ey  reduce to  th ese  as 
€*■"^0. Since the boundary co n d itio n s  are now to  be a p p lied  on a 
su r fa c e  o f con stan t s ,  s * R, i t  i s  c le a r  th at no p o in t w ith  a  
co n sta n t value o f  s can ever  cro ss  the boundary and the argument o f  
s e c t io n  3 no lo n g er  a p p lie s .  For t h i s  reason , i t  i s  v ir t u a l ly  
c e r ta in ,  not on ly  th a t th ere  w i l l  be no trou b le  in  th e  n o n -lo ca l  
th eory  when i t  i s  exp ressed  in  terms o f  s ,  but a ls o  th a t no trou b le  
w i l l  a r is e  in  h ig h er  order t e r n s .
S ince s  i s  con stan t on a l e v e l  su r fa c e , th e  coord in ates
-2 1 3 -
( s , 0 ,  (j)) do not form an orthogonal s e t .  I t  i s  th e re fo re  more 
appropriate to  exp ress the r e s u lt s  in  terms o f  the orthogonal 
coord in a tes (s ,^ £ ,(^ ))  where i s  d e fin ed  as in  Chapter 2 , For u se  in  
a p ertu rb ation  th eo ry , the ch o ice  o f  ' j /  which makes 6 to  low est
order (eq u ation  ( 2 ,2 3 ) )  i s  most co n v en ien t. Then, s in c e  0 on ly  
appears in  the f i r s t  order th eory , the d iffe r e n c e  between 0 and on ly  
a f f e c t s  the second order theory*
F in a lly ,  th e  va lu e  o f  the angle  0q must be co n sid ered . I t  
i s  n o t im m ediately c le a r  how t h is  angle v a r ie s  w ith  r o ta t io n  sp eed .
In p r in c ip le ,  6q i s  determ ined by th e  co n d itio n  th a t the mass w ith in  
the su rfa ce  s » R i s  the seme as the mass o f  the n o n -r o ta tin g  s t a r  o f  
rad ius R, This co n d itio n  can on ly  be a p p lied  i f  the coirplete  
s tr u c tu r e  o f  the s t a r  i s  known. In p r a c t ic e , i t  i s  convenient to  
make u se o f p r e v io u sly  con stru cted  models and to  determ ine 6q from 
the p o la r  radius o f  the r o ta t in g  s t a r ,  which has been found in  terms 
o f  R by Roxburgh, G r i f f i t h  and Sweet (Roxburgh and S tr it tm a tte r  1965)*
* t
The v a r ia t io n  o f  0Q w ith  r o ta tio n  speed  i s  d iscu ssed  in  Appendix V I,
Of cou rse , i f  the p o la r  r a d iu s , R^, o f  the r o ta t in g  s ta r  i s  
g r e a te r  than R, 0q cannot be d efin ed  a t a l l .  In th a t case  the b e s t  
d e f in i t io n  fo r  s i s  probably to  take s to  be the p o la r  radius o f  the  
su rfa ce  on which s i s  to  be c o n sta n t . I t  i s  e a s i ly  shown th a t  
Y/ith th a t d e f in it io n
r  = s + ~  (1  -  P ) + (A 4.29)
R *
which i s  s t i l l  in  agreement w ith  equ ation  (A 4 .2 6 ), However, in  th a t
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case  the boundary o f  the s ta r  (on  th e  lo c a l  th eory) would be s * R
• P
and so  would depend on the r o ta t io n  sp eed . S in ce  s appears in  the  
zero order th eo ry , th a t means in tro d u c in g  an unknown v a r ia t io n  w ith  £  
in to  th e  zero order th eo ry . That seems l e s s  s a t i s f a c t o r y  than the  
presen ce o f  0q in  the above d e f in i t io n  o f  s ,  which on ly  in trod u ces an 
unknown v a r ia t io n  w ith  ^  in to  the f i r s t  order th e o iy . I t  th ere fo re  
seems p re fera b le  to  use  the d e f in i t io n  o f  s in  terms o f  H and 0Q where 
t h i s  i s  p o s s ib le .
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APPENDIX V 
Some r e la t io n s  i n v o l v i n g a n d 7C .
1 .A lgeb ra ic  r e la t io n s
In th is  s e c t io n ,  on ly  i s  con sid ered . The d e f in i t io n  o f  
r\jj~ in  sp h e r ic a l p o la r  coord in ates i s
' f  -  f  + j a 2 r 2 san2e (A S .!)
By d e f in i t io n  o f  s and 6q ( se e  Appendix IV ), t h is  may a ls o  be w r itte n
~  + 2‘5 £  s 2 s in 20o . (A 5 .2 )
S in ce  the boundary o f  a s ta r ,  on th e  lo c a l  th eory , i s  g iven  by s « R,
where R i s  the rad iu s o f  the n o n -r o ta t in g  s ta r  o f  the same m ass, the
boundary value o f ^ T  i s
O IT  GM  ^ 1 r,2 ^2 . 2 *  / AC A \
vj )b " Y* 2'^  s in  o U 5 .3 )
Suppose th a t the e q u a to r ia l and p o la r  r a d ii  o f  t h is  l e v e l  su rface  are
R and R r e s p e c t iv e ly .  Then, from equation ( A 5 . l ) ,  o th er  
P
ex p ress io n s fo r  ares
a  .  f  .  a  .  ^  (A5. 4)
p -*■ eq x
For a s t a r  o f  a  g iven  m ass, can on ly  take va lu es up to  a
c e r ta in  maximum va lu e a t which th e  c e n tr ifu g a l fo rce  balan ces g r a v ity
a t the equator, TThen £1 has t h is  maximum v a lu e , the eq u a to r ia l rad ius
i s  a ls o  a maximum and th e  s ta r  i s  on the verge o f  r o ta t io n a l  break-up .
I f  th e  maximum e q u a to r ia l radius i s  denoted by R , the maximum 
^  e^max
va lu e  o f - h A is  given by th e  c o n d itio n
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X I 2  R 3
— p W  = l  (A5.5)
I f  th e  parameter oc i s  d e fin ed  in  gen era l by
a “ ^^~^eq (A 5 .6 )
GM
i t  i s  c le a r  th a t a measures the r a t io  o f  c e n tr ifu g a l fo rc e  to  g r a v ity  a t  
th e  equator o f  the s t a r  when i t  i s  r o ta t in g  w ith  angular speed X I  and 
th a t  oc^ 1 , ta k in g  th e  va lu e  1 when the s ta r  i s  on the verge o f  break-up . 
In tern s o f  a , equation (A 5 ,4 ) reads
Y2- = 1 + |  « (A5.7)
P
so  th a t  R^/R ^ = 3 /2  fo r  a s ta r  r o ta t in g  on the verge o f  break-up  
( c f .  RGS, s e c t io n  3 ) ,
However, th e  parameter a i s  n o t r e a l ly  s u ita b le  fo r  use in  a  
p ertu rb a tio n  th eory , s in c e  R depends on X I 2 . There are two ways o f  
overcoming t h is  d i f f i c u l t y .  The way adopted in  t h i s  t h e s i s ,  which i s  
s u ita b le  i f  R < R < R  (so  th a t dQ and s may be d e f in e d ) , i s  to  u se  th e
param eter ^  , d efin ed  by
R3
£  = 't m ~  (A5-8 )
T his has the d isadvantage o f  not b e in g  equal to  one w hen_0_= X l g - i  
a lthou gh  o f  course <C 1 fo r  a l l . O .  The advantage o f  th is  parameter
i s  th a t  i t  i s  exp ressed  e n t ir e ly  in  terms o f  q u a n t it ie s  known a p r io r i ,
2The a lte r n a t iv e  param eter CJ 9 used  by Roxburgh and S tr it tm a tte r  ( 1965) 
and d e fin ed  by
2 O 2 E 3
^  =  GM™8*  » U 5 .9 )
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does n o t  have t h i s  ad van tage , s in c e  R i s  n o t known u n t i l  th e
hnax
s o lu t io n  fo r  th e s t a r  i s  co m p le te . On th e  o th e r  hand, when n -  Q „ » .
2 x-e o  « i .  However, ^  i s  a  more s u ita b le  parameter fo r  u se in  a 
p ertu rb ation  th eory , where Q-  never g e ts  as la rg e  as and R^
%iax
can n o t be determ ined. A lso , s in c e  R tends to  R as the r o ta t io n• * eq
sp eed  tends to  zero , £  i s  more n e a r ly  a measure o f  the r a t io  o f
2c e n tr ifu g a l  fo rce  to  g r a v ity  than i s  C*3 fo r  slow  r o ta t io n .
In terms o f  €  , may be w r itte n  as
^ r ( l + 2 ^ r3 s in 2 e) “ k 1 + "2^f3 s in 2eo) (A5.10)
and a ls o
R 3
=r^ ' = ^ l + | £ s i n 26 )  (A 5 .l l)
eq R
From equation  ( A 5 . l l )  i t  fo llo w s th a t
Req = 1 + | - 6 c o s 2 e + 0 ( ^ 2 ) ( A 5 . 1 2 )
R *
but t h i s  r e la t io n  i s  s l i g h t l y  unsat i s  fa c t  ory as 0Q a ls o  depends on £  , 
I t  i s  b e t t e r  to  use equation  (A 5.4) to  ob ta in  the ex a ct r e la t io n
|  = l + | £ s i n 2e0 (A5.13)
P
This r e la t io n  can be u sed  to  f in d  0 as a fu n ctio n  o f  £  i f  r/R  i so P
known from the in t e r io r  s o lu t io n . Values fo r  0Q are g iven  in  Appendix
V I, where i t  w i l l  be found n ecessa ry  to  have a r e la t io n  b e t w e e n ^  and
CO2 , Let the value o f  R when Q - S -  be R , Then, u s in g  * p max P • ^ -wnin
eq u ation  (A5.7)>
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£  = JL
c :  271
R
R C3 (A4.14)
mm
This i s  the req u ired  r e la t io n .
2 .D i f f e r e n t ia l  r e la t io n s
In th is  s e c t io n ,  the form ulae fo r  the v a r io u s s c a la r  and
v e c to r  d e r iv a t iv e s  o f  r\jf, s  and ~ /^ are  summarized. S in ce  i s  d e fin ed
by equ ation  ( A 5 . l ) ,  i t s  grad ien t in  sp h e r ic a l p o la r  coord in a tes i s
3 3 *”1
a -  -2— l  -  £ —3 s in 20; ~£r-§3 s in e  cose? 0 (A 5.15)
I t  fo llo w s  e a s i ly  th a t
1 -  2^:'§3 s in 2 0 + ^ 2 ^6 s in 2 0
From the d e f in i t io n  fo r
(A5.16)
9 ( f  = 4  (c o se  + lo g  t a n |  ) + ^ ? | 3  oos^e (A 5.17)
i t  fo llo w s  th a t
V x  = 1
3 cos 6 1 
2 s in  0 r
L
^r^3 sm 0  cose? 1
and so
I ?  9(1 A cos 0 1.2 s in  0 r 1 -  2£  ^3 s in 2 G + ^6 s in ^ e
(A5.18)
(A5.19)
N o tice  th a t  each o f  tho ex p ress io n s fo r  Ip’hjL jfX jh as the same 
square ro o t appearing in  i t .  A lso , the ex p ress io n s fo r  the grad ien ts  
in  the coord in ate  system  ("^ T, are
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S^j> = (Iy^I; o ; 0 ) 5 V / f  = (0 ;V7*I} 0 ) (A5 . 2 0 )
The above ex p ress io n s are e x a c t .  In a p ertu rb ation  th eo ry , 
i t  i s  more u s e fu l to  work in  terms o f  ( s , ^ , ^ )  ( s e e  Appendix IV) where
“■f,.
s i s  d e fin ed  in  terms by equation  (A 5 .2 ) , Then
| F $ |  “ ^  -  f € | 3  ( !  + p2( 0  ^ “ 2P2( cos + 0 ^ 2 j )  (A5 . 21)
where P^Co) i s  a shorthand fo r  p 2 (c o s0 o) .  S ince V s  -  d ^ ^ ' ^
0114 ^  ™  (1 -  f  ^ r3(1 -  P2(0) ) )  (A5.22)
s
i t  fo llo w s  th a t
( V s |  -  1 - | £ § 3  (P2(0) -  P2( c o s ^ ) )  + 0 ( € 2) (A5.23)
In th e  equations ( A 5 .2 l ) ,  (A 5.23) th e  which appears i s  th a t d e fin ed  
by ( c f .  equation ( 2 , 2 3 ) )
~ 0 + 3 ^ 1 ^  sin© c o s 0 + Q( €L^)  (A 5.24)
For t h i s  d e f in it io n  o f ^ ^ ,  i t  fo llo w s  th a t
W X  \ -  J ( l  -  ^ § 3 ( 1  + 3P2 (o )  -  7P2( c o s 7 ( ) )  + 0 ( £ 2 ))(A 5 .2 5 )
I f  second order terms are req u ired , i t  must be remembered th a t 0
and so  the exp ression s
-2 2 0 -
cose « cos^ f( l  + ^ ^ 3  (1 -  P2( c o s / t ) ) )
P2(cose) « P2(co s^ 0  + 9 ^ f3  U  + P2( cos^ )  “ 2(P2( c o s / ( ) )  ) j>(A5.26)
(P2(co s^ ))2* ~ |  P^coqX ) + j  ?2(cosX  ) + J  J
must be u sed . These ex p ress io n s are a ls o  needed to  work out r  s in e ,  
Y/hich appears because IV ^ d o e s  (Chapters 5 and. 6 ) and
1 =1 r s in 0 (A5.27)
I t  i s  found th a t
r s in 6 s s in
r
1 -  f ^ | 3 ( l  -  3P9 (0 )  + 5P9(c o e 7 ( ) )  + 0 ( < £ 2)
(A 5.28)
-221-
APPENDIX VI
f)
Num erical v a lu es fo r  6  ^ and
' 4
l.T h e  va lu e  o f 6 —* =------- ;---- o
I t  was shown in  Appendix V th a t  6q could  be found i f  R/R^ 
were known as a fu n c tio n  o f  r o ta t io n  sp eed . An e x p ress io n  f o r  R^/R 
can be found from th e  r e s u lt s  o f  RGS, and i s  quoted by Roxburgh and 
S tr it tm a t te r  ( 1965) 25
R = R (l -  0,1087£J2) (A6.1)
IT
‘ 1
2
where i s  d efin ed  in  Appendix V.
2
The con stan t in  t h is  form ula v/as c a lc u la te d  forC*> * 1> so
2
th a t  equation  (A 6 . l )  s t r i c t l y  on ly  h o ld s fo r  C3 ** 1 (S tr it tm a tte r
«
1967, personal com m unication). However, work done s in c e  t h is  form ula
v/as p u b lish ed  has in d ic a te d  th a t the con stan t does n o t vary much w ith
(jd  .  S in ce  no d e t a i ls  o f  the v a r ia t io n  were a v a i la b le ,  the author has
assumed in  what fo llo w s  th a t equation  ( A 6 , l )  holds fo r  a l l  v a lu es o f  
2( j j  . The fo llo w in g  r e s u lt s  are th e r e fo r e  su b je c t  to  v a r ia t io n  when
more d e ta i le d  in form ation  becomes a v a i la b le .
I t  i s  worth n o tin g  here th a t  th ere  i s  a m istake in  s e c t io n  2 
o f  th e  paper from which equation ( A 6 . l )  i s  taken (Roxburgh and 
S tr it tm a tte r  1965) .  Equation ( 2 , 7) in  th a t s e c t io n  should  read  
*1 a 9 0  0 K  0.3913
“  + 4? CJ x ( l  -  n ) = =  o (A6.2)
X 27 P 1 -  0.1087W 2
where x = r/RD • In "the d e r iv a tio n  o f  t h e ir  equation  ( 2 . 7)1 
^min
-2 2 2 -
Roxburgh and S tr it tm a t te r  took x  » r /R  and confused  R and R , so  
• 1 • p p pmin
th a t th e  R .H ,S. o f  the equation v/as j u s t  1 , This was probably due to
the f a c t  th a t in  RGS, whose r e s u lt s  th ey  were u s in g , on ly  the case
1 t
2
= 1 was con sid ered - so  th a t R and R were th e  same. TheV p p .
author i s  g r a te fu l to  Dr, S tr it tm a tte r  fo r  p o in tin g  out th is  m istak e .
Equation ( A 6 , l )  w i l l  now be used  to  d er ive  num erical v a lu es
2
fo r  0 . F ir s t  o f  a l l ,  the r e la t io n  (A 5.14) between andCO mus^
be in trod u ced  in to  equation  (A5 .13 ) .  This g iv e s :
i p = 1 + 2 (A6- 3)
From equation  ( A 6 , l ) ,  R * 0 ,8913  R. This i s  an exact r e s u l t ,
pmin
Hence £  = 0 .4 1 8 4 Q 2 (A6 . 4 )
e x a c t ly  end a lso
-  1
t l l f ,  ,  l  -  .  (a 6 . 5 )
0 ,2092  o n
I t  then fo llo w s a t once th at
. 2in “ 0. = 0 .5331  )
6 = 490 47' (> f o r  O2 -  1 (A6.6)
P2(c o s e 0 ) -  0 .1 2 5 4  j
These r e s u lt s  are exa.ct. I f  i t  i s  assumed th a t equa/tion ( A 6 , l )  ho ld s
2
a„lso fo r  sm all , then i t  can be shown th a t
' i i
s i n 2 eo •= 0 .5196 + 0 .0565 CJ2 + 0 ( w 4 ) (A6.7)
-223-
so  th a t  6 — >  46° 7'"h
° V as (2) — ^  o (a6 , 8 )
Pq(cos0o) —^  0,2206 J
These r e s u lt s  are l i k e l y  to  be a t l e a s t  q u a l i t a t iv e ly  c o r r e c t , and o f  
the r ig h t  order o f  m agnitude. In p a r t ic u la r , i t  i s  c le a r  th a t 0q does
n ot vary  much w ith  r o ta t io n  speed and th a t the l im it in g  va lu e  o f  0Q as
2 oC) ^ 0  i s  f a i r l y  la rg e  (<^45 )•  U n fortu n ate ly , s in c e  has a zero
a t about 55° ( cos0  = P2(c o s0 o ) does vary ap p rec iab ly  w ith
r o ta t io n  sp eed . For purposes o f c a lc u la t io n , the v a lu es
G  =  0 .1
L
P 2 ( c o s 0 q )  *  0 ,2
(A6,9)
w i l l  be taken . These are approxim ately s e l f - c o n s i s t e n t ,  (P2(c o s0 q) 
= 0 .2  ■=£>£« 0 ,101  i f  equation  (A6,7)  i s  u s e d ,)  For t h is  va lu e  o f  
a == 0 , 107, so  th a t ^  i s  a good measure o f  the r a t io  o f  c e n tr ifu g a l
■ 1
fo r c e  to  g r a v ity .
2 .The va lu e  o f  £^
Roxburgh and S tr it tm a tte r  ( 1965) a lso  g iv e  a formula fo r  the  
v a r ia t io n  o f lu m in o s ity  w ith  r o ta t io n  sp eed . In t h e ir  n o ta tio n  i t  i s
L = Lu ( l  -  0 .247C O 2 ) (A 6.10)
Like equation ( A 6 , l ) ,  t h is  form ula i s  s t r i c t l y  c o rr ec t  on ly  fo r
C0^ -  1 (S tr it tm a tte r  19^7f personal com m unication). However, i t  w i l l
' 12
be assumed to  ho ld  approxim ately fo r  sm all CO , as equation  ( A 6 , l )  d o e s .
-224-
i s  the lu m in o sity  o f  the n o n -r o ta t in g  s ta r  o f  the some mass as th e  
r o ta t in g  s t a r ,  and corresponds to  Lq in  the n o ta tio n  o f  Chapter 2 . 
U sing equation  ( a6 , 4 ) ,  the formula may th ere fo re  be w r itte n  as
' i
L « L ( l  -  0 . 6 0 5 £ )  ( A 6 . l l )
Hence, s in c e  i s  defined, by L = L ( l  + 6 ‘ ) ( s e e  Appendix V I l) ,
. I
t i  m ~ °* 60 (A6.12)
This r e s u l t  i s  g iven  on ly  to  two s ig n i f ic a n t  f ig u r e s  because o f  
u n c e r ta in ty  as to  the accuracy o f  equation  (A 6,10) fo r  slow  r o ta t io n .
-2 2 5 -
APPENDIX VII
S o lu tio n  o f  the lo c a l  eq u ation s by pertu rb ation  methods
l.T h e  lo c a l  equations in  the p la n e -p a r a lle l  approxim ation
The only j u s t i f i c a t io n  fo r  s o lv in g  the lo c a l  equations by th e  
approximate methods o f  a p ertu rb ation  th eory  i s  th a t th e  r e s u lt s  are  
req u ired  to  provide boundary c o n d itio n s  fo r  the n o n -lo c a l eq u a tio n s. 
S in ce  the boundary co n d itio n s  w i l l  be a p p lied  in  th e  p la n e -p a r a lle l  
approxim ation (se e  Chapter 5)> the lo c a l  equations w i l l  on ly  be so lv e d  
in  th a t  approxim ation. A more ex a ct so lu t io n  has been d er ived , andf 
fo r  com p leteness, the r e s u lt s  found w i l l  be quoted a t  the end o f  t h is  
appendix.
same in  the lo c a l  th eory  as in  the n o n -lo c a l th eo ry . I t  th ere fo re  
fo llo w s  im m ediately from Chapter 5 th a t
The h y d r o s ta t ic  equation  and the equation  o f  s ta t e  are the
dz (A7.1) 
(A7.2)and
where z i s  defin ed  by
s = R (l + z )  
and, u s in g  equations (5 .2 0 )  and (A 5 .2 2 ),
(A7.3)
E (£ )  -  1 -  | € ( l  -  P2(0)) . (A7.4)
As in  Appendix V, u s°d- as a shorthand fo r  P 2 (cos0o) ,  where 0q
i s  d efin ed  as in  Appendix IV.
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Since boundary co n d itio n s fo r  v  are n ot req u ired  from the  
lo c a l  th eory , the o n ly  o th er  equation s o f  in t e r e s t  are equations ( 3 ,6 )  
and ( 3 ,7 ) ,  3ji terms o f  s ,  equation  ( 3 ,7 )  i s
B efore  e x p ress in g  t h i s  in  tern s o f  z , i t  i s  conven ien t to  w rite  i t  in  
terms o f  the d im en sion less v a r ia b le s  p , p , t  and CD d efin ed  by 
eq u ation s (5 .1 4 )  end ( 6 . l ) .  S in ce  / s  « ( \ V S | .  0 ; 0 ) ,  i t  fo llo w s  th a t
q *  = (A7. 6 )
3 p dz
and th a t -  *"3  ^ = 0 .
In terms o f  s ,  equation ( 3 .6 )  h
U 7 .7 )
D e fin in g  by
,2o  'iQ
u s in g  the d e f in it io n s  (5 .1 5 )  fo r  C and D, and remembering th a t a l l
fu n c tio n s  are 0  - in d ep en d en t, t h i s  equation  reduces to
rtf
5/ 2 \ CD (A 7 .9 )
0
in  th e  p la n e -p a r a lle l  approxim ation. From Appendix V i t  fo llo w s th a t
C = l  -  i £ ( l  + 3P? (o )  -  7Pp) + 0 ( 6 2 ) • t
(-A-7.10)
and D = + | < 5 ( 1  -  3P2 ( 0 )  + 5P2 ) + < 9 ( £ 2 ) )
That Appendix a ls o  g iv e s  s i ,  to  lo w est order in  £ \  :
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| V b (  =  1  -  | g ( P 2 ( 0 )  -  P 2 ) + 0 ( £ 2 )  ( A 7 . l l )
Equations (A7.6 )  and (A 7.9) combine to. g iv e
0  -  1  1 d t4 0 "  l ? s l  w  / A7 1 2 \
< / "  " 3 p* dz CD d A  (A7.12)
The eq uation s must now be developed to  the f i r s t  order in  £  
by w r it in g
JCm i  + + . . .  (A7.13)
a .  ^
and p , p^, t  and Cr s im ila r ly ,  as in  equation  (6 ,1 4 ) .  The zero orders
v a lu e  fo r  fo llo w s  im m ediately from d e f in i t io n  (2 .1 9 )  fo r  T . The
v a lu e  o f  the f i r s t  order q u a n t i ty ^   ^ i s  approxim ately - 0 .6  (se e  
Appendix V I) .
I t  i s  easy  to  show th a t eq u ation s ( A 7 . l ) ,  (A 7 .2 ) and (A 7.12) 
y i e l d  the zero order equations
g o  -  (A7.14)
P0 » p j t 0 (A7.15)
t e °  “ “ 4 ^ ” (A7.16)
A fte r  some m an ip u lation , the correspond ing f i r s t  order equations are 
found to  be
g l  + f t  = f p ^ d  -  P2 ( 0 ) )  (A7.17)
-  $  + 7  (A7.18)
r o ^o o
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These equations may now be so lv e d , u s in g  the boundary co n d itio n s
po “ P1 = *0  = t l  “  °  a t  3 = °> (A7.20)
to  g iv e  p , p and t  to  f i r s t  order in  £ ,  (These boundary c o n d itio n s  
are j u s t  the u su a l c o n d itio n s  P = T « O a t s = R  exp ressed  in  the  
p resen t app roxim ation s.) The r a d ia t iv e  f lu x ,  however, fo llo w s  
im m ediately  from eq u ation  (A7.6 )  by u s in g  equations (A7 . 16) and (A 7 .1 9 ).
I t  i s  = 1 +£  -  |  P2(0) + |  P2 (o o s X ))  . (A7.21)
2 .The zero order s o lu t io n s
I t  fo llo w s  e a s i ly  from eq u ation s (A 7 .1 4 ), (A 7«l6) and the  
boundary co n d itio n s th a t
P0 = §  t j  (A7.22)
W ith t h i s  r e s u l t ,  eq uation s (A 7 .1 5 )9(A 7.16) g ive
t 0 = -  7  3 (A7.23)
I t  then fo llo w s a t once from equation s (A 7 .2 2 ), (A 7.15) th a t
3 .The f i r s t  order so lu t io n s
Using equation  (A 7.23) fo r  t Q, equations (A 7 .1 3 ), (A 7.19) 
g iv e  an exp ression  fo r
4 t n d tn A p 
pl  -  » « , ( “  (A7*26)O
I f  t h i s  r e s u lt  i s  s u b s t itu te d  in to  both  o f  equations (A 7 .1 7 )>(^7*18) 
and i f  i s  e lim in a ted  between the two r e s u lt in g  e q u a tio n s, a second  
order d i f f e r e n t ia l  equation  fo r  t^ i s  obtained  (u s in g  equations  
(A 7 .23 ) to  (A 7 .2 5 )):
2
d t ,  4 dt
— 2 + ------= #  7  (1 -  P2 ( 0 ) )  (A 7 .27)
dz z dz
4
This can be in te g r a te d  once u s in g  the in te g r a t in g  fa c to r  z and the  
r e s u l t in g  f i r s t  order d i f f e r e n t ia l  equation  can be in te g r a te d  
im m ediately  to  g iv e
1 B
t 2 = £  z ( l  -  P2( 0 ) )  -  — 3 + B2 (A 7.28)
3z
where B  ^ and B  ^ are a r b itra r y  c o n s ta n ts . The boundary co n d itio n s  
p^ = t^ = 0 at z -  0 req u ire B  ^ = B^ =0 so  th a t f i n a l ly
q  = |  z (1  -  P2( 0 ) )  (A 7.29)
I t  then fo llo w s from equation (A 7.26 ) th a t
4
■  "  + f ~  3 P2 ( 0 ) )  (A7' 30)
and from equation  (A 7.18) th a t
pl
That com pletes the lo c a l  p ertu rb ation  th eory  in  the form 
req u ired  fo r  the n o n -lo c a l boundary c o n d it io n s . For th a t purpose, th e
4 .The "exact" s o lu t io n
I t  i s  shown in  Appendix IV th a t an a n a ly t ic  s o lu t io n  can be
ob ta in ed  fo r  the zero order lo c a l  eq u ation s even when th e  e f f e c t s  o f
curvature are co n sid ered . The s im p l ic i t y  o f  the p la n e -p a r a lle l  r e s u l t s ,  
even in  the f i r s t  order th eory , s tr o n g ly  su g g ests  th a t  i t  should  a ls o  be 
p o s s ib le  to  so lv e  the f i r s t  order eq uation s w ith  curvature e f f e c t s
in c lu d e d . Such a s o lu t io n  would be "exact" in  the sen se  th a t the
p la n e -p a r a lle l  approxim ation had not been used .
recorded here fo r  in t e r e s t  and com p leten ess, a lthough  no use i s  made o f  
i t .  I t  would f in d  a u se fo r  i t s e l f  i f  a method were developed fo r  th e  
s o lu t io n  o f  the n o n -lo c a l equations which d id  not invoke the  
p la n e -p a r a lle l  approxim ation.
The r e s u l t s  fo r  the s tr u c tu r e  v a r ia b le s  P, p and T are r a th er  
cumbersome. They ares
o n ly  im portant eq u ation s are
fo r  t .  The l a s t  two may be more c o n c is e ly  w r itte n  as
t  = -  J  z (1 -  (1 -  P2( o ) ) )  (A 7.32)
A s o lu t io n  o f  th is  k ind has been obta in ed  and w i l l  be
P „ 4 1 GM
3 ( 4 £ . ) 4 hR2
4 1 1
P 3 I 7 7 -----
Cf - ^ T 1+€(4Af t ) (a ? - 33)/  i— —
3 (4 < S ,)3 h£|R
( f  - a) 3 11 + 6  <3A( D  -  b @ ) 3  ( A 7 *3 4 )
I_
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where
A(y ) - 1  r f - P2( 0 ) ( l  -  y 2 ) + ^  + ----- —
- 2  3 (1 -  y)
3(y3i°& y
and
B(y) = t  —£
3 ( i  -  y ) 4
+ -^(3 -  y ) ( i  -  y) -  3 ( l  -  y ) 2 + 1  y ( l  -  y)^>
3 2 1 3i  + 2 y - 3 y  + 2 * y + 3 y  lo g  y
(A7.36)
(A7.37)
Although i t  i s  not im m ediately ob v iou s, th e se  r e s u lt s  reduce to  the  
p la n e -p a r a lle l  r e s u l t s  when s/R  i s  w r itte n  as 1 + £^ z and the fu n ctio n s  
are expanded to  lo w est order in
The r e s u lt  fo r  the r a d ia t iv e  f lu x  i s  much s im p ler . I t  i s
= <*Te h  f 1 + £  ( £ l  “ 3 J  ? 2(0 )  + f  ^3 P2 (c0SlS I  i n  i n
(A7.38)
and i t  i s  im m ediately obvious th a t t h i s  reduces to  the p la n e -p a r a lle l  
r e s u l t  when s = R.
F in a lly ,  th e  v e lo c i t y  on the lo c a l  theory  has been derived  
to  lo w e st order in  £  in  terms o f s and ^ , w ith  the h e lp  o f M estel*s  
fo m u la  (luestel 1966) ,  and used as a check on the r e s u l t s  o f  s e c t io n  3 
o f  Chapter 3 . I t  was found th a t
,2
v  (= _ V ) = 2048 £ 4  k E % t 4  J b / i L  p  (oos-y3 3 ’ e ( 3 ^ ) 3  V oos4
and
V  = raf*3" 1!  ■•8 / , R ')' i ■> s in  3* f 2
*■ 3 01 e ( l - s / R ) 3
(A7.39)
(A7.40)
With a su ita b le  change o f  v a r ia b le s , and u s in g  eq u ation  (A7.34)* th e se  
r e s u l t s  can be shown to  agree w ith  equations (3 .3 7 )»  derived  from the
exact s o lu t io n .
W riting s * R (l + € . j z ) ,  the r e s u lt s  become
"4 v - 3!f-<*!t « t eSN f  &2 <«.«>
[ Z 1
to  lo w e st order in  6fj. From the r e s u l t s  in  th is  form, i t  can be seen  
th a t the order o f  magnitude e stim a tes  fo r  v  in  Chapter 3 hold  a t
i i
about z = -  3*5> th a t  i s ,  “ 1 ( s e e  Appendix V T Il) , This i s  a 
u s e fu l  check on tho co rr ec tn e ss  o f  the estim a tes in  Chapter 3 .
I t  i s  worth n o tin g , in  c o n c lu s io n , th a t the lo c a l  v e lo c i t y  
i s  n o t on ly  second order in  £  but i s  a ls o  f i r s t  order in  ^ . This 
p o in t i s  d iscu ssed  in  Chapter 6 ,
-2 3 3 -
APPENDIX V III  
B ehaviour o f  the zero order fu n ctio n s
S ince the zero order s tr u c tu r e  o f  the s ta r  i s  p rescr ib ed , and 
i s  u n a ffe c te d  by the d e t a i ls  o f  the p ertu rb ation s induced by r o ta t io n ,  
the s o lu t io n s  o f  the zero  order eq u ation s can be ta b u la ted  once and fo r  
a l l*  In the n o n -lo c a l th e o iy , s o lu t io n s  have on ly  been obtained  in  
the p la n e -p a r a lle l  approxim ation, and i t  i s  th ese  r e s u l t s  which w i l l  
be ta b u la ted  here*
-¥r ‘X 'The dim ension l e s s  zero order fu n ctio n s are p , p , t  , B ,. r o* *o ’ o 7 o’
^  t .v ^  A
J and 't* ( se e  Chapter 6 ) .  However, CT = 1 ,  J = B  = t  and o ^ s o  * ’ so  ’ to o o
AL
p = p t  so  th a t o n ly  p and t  need be tabulated ,, p i s  chosen^o *o o 47 r o o * r o
ra th er  than pQ because the op tica .l depth i s  g iven  by = pQ# The 
fu n c tio n s  pQ and t Q are g iv en , in  terms o f  the h e ig h t in  the atm osphere, 
z f by the equations ( c f ,  Chapter 6)
p 0 = f  ( 2 t 4 -  1 )  (A 8 .l )
and . l / 4 t  _ x
t 0 + J  2~1//4( l o g 1 14  0------- -  2 tan _1(2 1/ 4t o) )  = -  J z  -  2"1/ 4 f  (A 8.2)
2 ' t  + 1
fo r  th e  n o n -lo ca l th eo ry , and by the equation s ( c f .  Appendix V I l)
.4
'oh " 3(^4P„t = i f § )  (z  ^ 0 )  (A 8.3)
fo r  th e  lo c a l  th eo ry . The lo c a l  s o lu t io n s  are n ot d e fin ed  fo r  z 3 > 0 .
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The graph o f  t   ^ a g a in st z i s  a s tr a ig h t  l i n e ,  and so  t ^
need n o t be ta b u la te d . The oth er  th ree  so lu tio n s  are ta b u la ted  in
ta b le s  I  and I I .  t^  i s  a ls o  ta b u la ted  fo r  con ven ien ce .* o
Table I  Local p a g a in st z
z
P°L
0.0000 0 ,0000
-  1 ,0000 0,0052
-  2 .0000 0.0832
-  3 .0000 0.4212
-  4 .0000 1.3312
-  5 .0000 3.2500
-  6 .0000 6.7392
The fo u r  so lu tio n s  are graphed in  Graphs I  and I I ,  to g e th e r  w ith  th e
asym ptotic  exp ress ion s fo r  pQ and as z - >  + oO , which are derived
below  and tab u la ted  in  Table I I I ,  I t  i s  a lso  u s e fu l  to  have
asym ptotic  exp ress ion s f o r  pQ and t  as The boundary
co n d itio n s  ensure t h a t ,  fo r  example, t Q -  as z - O Q ,  but i t
may sometimes be n e c essa ry  to  know how f a s t  t Q -  t   ^ ten ds to  zero .
U xpressions fo r  p and t  which g iv e  t h is  in form ation  are derivedAo o °
below , and the q u a n t it ie s  (p Q -  ^oL^^oL1 ^ o  ~ ^ oL^^oL 8X8
in  Table I I I ,  but n o t graphed.
Consider f i r s t  the expressions a s  z-~> + o O # I t  i s  c le a r  
from Table I I  th a t t  i s  very  c lose  to   ^ fo r  a l l  z gre a te r  than
z e r o . Thus, as z —^oO  , t  may be Yn?itten
-2 3 5 -
Table I I  N on -loca l t> and t  a g a in st z
r—■ ■' ■■■■■■ » —
z p„ ( - ' t >
1 - ill *0
'<■ 0
-p
+ 0 0 0 0.8408964 1 /2
3 .6420 0.000328 0 .8410 0.500246
1.5496 0.0035 0.8420 0.5026
0 .9640 O.OO67 0*8430 0 .5 0 5 0
0 .6200 0.0099 0 .8440 0 .5 0 7 4
0.3752 O.OI3I 0 .8450 0 .5098
0 .1 8 8 4 0 .0164 0.8460 0 .5123
+ 0 .0284 0 .0196 0 .8470 0 .5 1 4 7
-  0 .1044 0 .0228 0 .8480 0 .5171
-  0 .2196 0.0261 0 .8490 0 .5196
-  0 .3216 0.0293 0 ,8500 0 .5 2 2 0
-  0 .9652 0.0627 0,8600 0 .5 4 7 0
-  1 .3464 0,0972 0 .8700 0 .5729
-  1 .6200 0.1329 0.8800 0 .5997
-  1 .8388 0.1699 0.8900 0 .6 2 7 4
-  2 .0208 0.2081 0.9000 0 .6561
-  3 .1168 O.6667 1.0000 1 .0 0 0 0
-  3 .5344 1.00000 1.05737 1 .2500
-  3 .8048 1.2855 1 .1000 1 .4641
-  4 .3668 2.0981 1.2000 2.0736
-  4 .8712 3.1415 1.3000 2.8561
-  5 .3424 4.4555 1 .4000 3.8416
-  5 .7940 6.7500 1.5000 1 5.0625
-  7 .9156 20,667 2,0000 16 ,0000
-  n .9 7 5 107.33 3.0000 81 .0000
-  15 .990 340.67 4.0000 256.0000
-
1
+ O O
—
+ 04? + c O
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t  = + 5) where 6 ^ 10 (A S.5 )
I t  may be shown th a t
(A8.6)
I t  then fo llo w s from equation  (A8 . 2 ) ,  in  which z has been rep laced  fo r  
convenience by h « 2 ^ ^ z ,  th a t
l o g  r; = - h - - | - 4 - 2 6 (A 8 .7 )
Hence
- 5 ,
o r , expanding e
6 - h -(■£ + 4) -  ^— =* o e v2 e 2
in  a power s e r ie s  in  6 ,
-h2e
:e
where
Thus
K A— + 4
e « 262.65  = 263
, - l / 4
r
0 ( g ) )
= 0 .840896 1 + O.OO762 e - 1 *18^z ( l  -
(A8.8) 
(A 8 .9 )
(A 8.10)
0 . 019o“1 ,1 8 ^z +
and th en , from equ ation  (A 8 .l ) ,
-a: -h/'"’ 0 -h  - 2h V \
p. - ¥ f  t - T  +^ v ) j
V E / 'V - |> ( A 8 . l l )
= 0 . 0203e “1 ,1 8 9 z ( l  -  0 . 0076o-1 ,1 8 9 z  + .„ . )
I t  i s  c le a r  from Table I I  and the graphs th a t th ose  ex p ress io n s g iv e
v ery  good va lu es fo r  pQ and t  fo r  a l l  p o s i t iv e  z .
For la rg e  n e g a tiv e  z , the ex p ress io n s are s im p ler . Table I I
-2 3 7 -
shows th a t  t^^-^OO and so  the ex p ress io n  fo r  t Q> g iven  by equation  
(A 8 ,2 ) , can be expanded as a power s e r ie s  in  l / t  # I t  can be shown th a t
, -1 . n i l l
tan A ru 2 ** I  + 3 “ 3
log; 1. - l/A ^  . 1 . 2 1  |1 + 1/A A 3 a 3 J
■k 1 as A — > 0 0  (A 8.12)
I t  then  fo llo w s th a t
3
*0 + 4 z ^  ~ i { *) ^  z ^ ~  0 0
so  th a t
4
as z —^  (A8#13)
° 1 V4^ L
The ta b u la ted  q u a n tity  i s
^PoL oL b ^ z '
and i s  tab u la ted  on ly  f o r  \ z | 3.  I t  can be seen from Table I I I  th a t  
the n o n -lo c a l s o lu t io n  agrees w ith  the lo c a l  so lu tio n , to  nrithin about
' I
Vfo f o r  z <^ -  8 .
The tab u lar  v a lu es fo r  z in  Tables I I  and I I I  were chosen  
fo r  convenience in  the c a lc u la t io n s , which were c a r r ie d  cut on a 
desk c a lc u la to r .
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Table I I I  Asym ptotic exp ression s
.—  —.. -
h - 21^ z z 16 ~21//4zW 2 - ^ d 4 , - 2 l / S HD4
- - - --- --- - »
6 5 .0 4 5 4 0.000051■ 1
0.8409
4 3 .3636 0.000372 0 .8410
2 1.6818 0,00275 0.8418
0 0 ,0000 0,0203 0,8473
-  1 -  0 .8409 0 .0552 0.8583
-  2 -  1 .6818 0.1501 0.8882
-  3 -  2 .5227 0.4078 0.9695
-  4 -  3 .3636 1.1098  4)
1.1908 0,3333
-  5 -  4 .2045 3.0313 1.7968 0.1365
-  6 -  5 .0 4 5 4 8 .1239 3.4027 0.0658
-  6 .0000 0.0329
-  8 .0 0 0 0  
1
0 .0104
-  10 ,0000 0 .0043
-  12 .0000 0.0021
-  14 .0000 0.0011
-  16 .0000 0.0007
-  20 ,0000 0,0003
-
-  24 .0000
L,---- . , , -  ■ ..................
!
_____
0.0001
-2 3 9 -
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APPENDIX IX
A lte r n a tiv e  d e r iv a tio n  o f eq u ation s ( 4-.16) and (4.1Q )
In Chapter 4 (pp 72 -3 ) a d e r iv a tio n  was g iven  fo r  equations  
(4 .1 6 )  and ( 4 .1 8 ) .  These equation s may a ls o  be d er ived  as fo l lo w s .  
Choose lo c a l  r igh t-h an d ed  C artesian  axes (O xyz), ( P x ^ ’ z 1) such th a t  
Oz and P zT are p a r a l le l  to  the r o ta t io n  a x is  o f  th e  s t a r  and Ox and P x 1 
are in  th e  m eridian p lan es through 0 and P r e s p e c t iv e ly .  Then, as 
regards o r ie n ta t io n , th e  axes (P xfy !z ! ) are e q u iv a len t to  the axes 
(Oxyz) r o ta te d  in  the p o s i t iv e  d ir e c t io n  about the z -a x is  through an 
an g le  d 0  . Suppose th a t  ( l ,m ,n )  and ( l ' j i n ^ n 1) are th e  d ir e c t io n  
c o s in e s  o f  d l in  the two coord in ate  fram es. The c o n d itio n  th a t d l 
i s  co n sta n t in  d ir e c t io n  in  a f ix e d  coord in ate  frame then  lea d s tos
“• -1
1
m =
n
cos(d<zO -  s in (  &</)) 0
s i n ( d 0 ) cos(d.c6) 0
i0 0
—
l f
m*
_ 
1
(A 9 .1 )
where, o f  cou rse, ( l ,m ,n )  and ( l ^ m ’ jn 1) are known in  terms o f
(A , H , e )  and ( l \ +  d ^ , H + d H  ,G+d0) r e s p e c t iv e ly .  Only two o f  the throe
eq u ation s a r is in g  from equation  (A 9 .l )  are l in e a r ly  independent.
These two equations reduce to  equation s (4*16) and (4 .1 B ) a f t e r  some 
m an ip u la tion .
-2 4 2 -
APPENDIX X 
N otes to  Chapter 7
N ote ( a ) (se e  p. 143)
In making th e  order o f  magnitude e stim a tes  which g iv e  r i s e  to  
eq u ation s (7 .5 )#  i t  has been assumed th a t the v e r t i c a l  s c a le  f o r  the  
v a r ia t io n  o f v  i s  th e  s c a le  h e ig h t H and th a t the h o r iz o n ta l s c a le  o f
i
v a r ia t io n  i s  the s t e l l a r  radius R. This i s  c e r ta in ly  tru e in  the absence  
«
o f  tu rb u len ce . When turbu lence i s  p r e se n t, the ty p ic a l  s i z e  o f  an
* i
eddy i s  another param eter a f f e c t in g  the f lo v /. However, i t  seems 
reason ab le  to  suppose th a t the eddy s i z e  i s  the s c a le  o f  v a r ia t io n  o f  
the f lu c tu a t io n s  in  th e  flow  and th a t the mean flow  s t i l l  v a r ie s  on a 
s c a le  o f H v e r t i c a l ly  and R h o r iz o n ta lly .
Note (b ) (se e  p . 144)
I t  should  be noted  th a t ,  in  equation  (7 .5 )#  th e  phrase
" c en tr ifu g a l terms" i s  u sed , ra th er  lo o s e ly ,  to  cover the th ree  terms
i V  p , and Tor the moment, D .  i s  assumed co n sta n t, so  th a t
th e  l a s t  tv/o terms are sim ply  The ^^-componont th e re fo re  a r is e s
s o l e l y  from This has a non-zero  component because P, p and T
are no longer fu n ctio n s  on ly  o f when in e r t ia l  and /or v isc o u s  terms
are in c lu d ed  in  the equation  o f  m otion .
N ote i c )  (see  p . 147)
I t  has been su g g ested  by M estel ( l 966 , p erson al communication)
-2 4 3 -
th a t ,  in  s ta r s  w ith  s tr o n g  m agnetic f i e l d s ,  a mechanism o th er  than  
tu rb u len t v i s c o s i t y  may operate to  damp the c ir c u la t io n .  I t  i s  p o s s ib le  
t h a t ,  a t a depth below  th a t a t which i n e r t ia l  terms become im portant, the  
m agnetic fo r c e s  have become comparable w ith  the c e n tr ifu g a l f o r c e s ,  which  
decrease  w ith  the d e n s ity . Then the m agnetic f i e l d  would become th e  
dominant p ertu rb ation  and i t  i s  p o s s ib le  th a t t h i s  would cause the  
m erid ion a l c ir c u la t io n  (which i s  r o ta t io n a lly  d riven ) to  d ie  o u t, the  
s tr u c tu r e  o f  the f i e l d  b e in g  determ ined in  such a way th a t d iv * ^  « 0 ,  
Once s e t  up, t h is  s tr u c tu r e  would probably be s ta b le  to  changes in  th e  
f i e l d ,  which does n ot tran sp ort angu lar momentum. For th is  model to  be 
v a l id ,  one would req u ire  f i e ld s  g iven  by
\  p h 2 r 2  s ( a i o . i )
' I
th a t  i s ,  more than 1000 gau ss. Such f i e l d s  appear to  e x i s t  in  some 
s tr o n g ly  m agnetic s t a r s ,  in  which, th e r e fo r e , th ere  i s  p o s s ib ly  no 
atm ospheric c ir c u la t io n .
In s ta r s  w ith  weaker f i e l d s  the tu rb u len t model d escrib ed  in  
Chapter 7 i s  more l i k e l y  to  be v a l id ,  w ith  the f i e l d  m ostly  e x p e lle d  
from th e tu rb u len t zon e . Any f i e l d  l in e s  e x p e lled  to  the s t e l l a r  
su r fa c e  would be un attached  to  the in te r n a l f i e l d  and would probably  
be blown away by the s t e l l a r  wind. The f i e l d  in  such s ta r s  would 
then be m ostly  trapped beneath the su rfa ce
One would th e re fo re  exp ect turbu lence and str o n g  m a g ic tic  
f i e l d s  to  be a n t i-c o r r e la te d  in  the o b ser v a tio n s . I t  i s  in t e r e s t in g ,  
th e r e fo r e , th a t Babcock ( 1958a, and F ig . 3) f in d s  l i t t l e  ev idence fo r
-2 4 4 -
m agnetic f i e ld s  in  e a r ly  B s t a r s .  I t  might a ls o  be exp ected  th a t  
no m agnetic f i e l d s  would be d e tec ted  o f  a s iz e  l e s s  than some l im it in g  
v a lu e  a t  which tu rb u len ce  becomes dominant -  but t h i s  va lu e  migjit be 
below th e l im it s  o f  o b serv a tio n .
-245-
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Errata
equation (4.76) -  (4.79) . should read
1 \  f  k
K^k + i  (4 .7
j k
Sx1 ^x1 ii %i c)x* ' '
12=1 ^  - - I  <5 3 (4 .7
I V ' X l  3--V  (4. ,
E quation (5.16) should read
r^ / y =  M .  t  -£ . • - l i -
3 l  <2* (5*x
